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FOREWORD 

The beginning of the scientific conferences in the field of descriptive 
geometry and engineering graphics dates back to 1953. For years, it has been 
a gathering place for leading experts in the field of geometry and graphics at 
which professional and scientific achievements in these fields have been 
presented. The scientific conferences for one of the professional activities of 
the association, primarily the Yugoslav Association for descriptive geometry 
and engineering graphics (JUNGIG until 1997), the Serbian Society for 
Geometry and Graphics (SUGIG from1997), which discussed the problems of 
education, human resource issues and the status of geometry and graphics in 
accordance with modern scientific and technological achievements. 

The University of Niš is the host of the XXVII Counseling and the IV 
International Scientific Conference "moNGeometrija 2014", which is taking 
place from 20th to 22nd June at Vlasina. The main organizer of the event is 
the Faculty of Civil Engineering and Architecture and the co-organizers are 
the Faculty of Mechanical Engineering, the Faculty of Occupational Safety and 
the College of Applied Technical Sciences in Niš. It gathers scholars from over 
ten countries and it is supported by SUGIG. The global development of 
technologies and the availability of information have contributed to better 
connecting of experts. The tendency of development of moNGeometrija is the 
inclusion of university centers from other countries in organizing this 
gathering. 

Geometry, one of the oldest scientific disciplines, has been applied in 
various areas of technology, medicine and the arts. The importance of 
geometry is great, which is confirmed by its application, actuality and 
possibility of connection with other areas of modern, multi-disciplinary 
science. Scientific and professional papers published in recent years have 
shown an increasing tendency of research with the possibility of direct 
application in practice. Modern scientific achievements in geometry are 
applied to computer graphics and the precise visualization of objects from 
technical practice. The global development of modern digital technology 
conditioned the development of young professionals whose elementary 
knowledge is computer technology. Their ideas, substantiated by the 
knowledge of geometry, are applied in various fields of modern science and 
represent the future of the development of applicable, multidisciplinary 
geometry.  

We thank the participants of this event and the members of the Scientific 
Committee from the country and abroad, for their cooperation and support. 
The great number of works with different topics of geometry and computer 
technology application confirms the importance of the multidisciplinary 
approach to researches presented in the Proceedings from the Conference 
"moNGeometrija 2014". 
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VISUALIZATION OF GENERALIZED ROSE SURFACES  
 

Sonja Gorjanc 1 
Ema Jurkin 2 

 
 

Abstract 

Special circular surfaces, that we defined in our previous work, 
with cyclic-harmonic curves as the directing lines are called 
generalized rose-surfaces. We classified this family of surfaces 
according to their algebraic properties (order, singular points and 
lines) and visualize their interesting shapes with the program 
Mathematica. 

Key words: circular surface, cyclic-harmonic curve, singular 
point, congruence of circles 

 

1. INTRODUCTION 

In paper [2] the authors defined three types (elliptic, parabolic and 
hyperbolic) of congruences  that contain circles passing through 
two points  and . Then, for a given congruence  of a certain 
type and a given curve  they defined a circular surface  as the 
system of circles from  that intersect . These surfaces contain 
the generating circles of variable radii. The circular surfaces were also 
studied in [4]. 

In this paper we study circular surfaces  when  a cyclic-
harmonic curve ,  (see [3], [5]). For such 

                                            
1 Sonja Gorjanc, Assistant Professor, Faculty of Civil Engineering, University of 
Zagreb  
2 Ema Jurkin, Assistant Professor, Faculty of Mining, Geology and Petroleum 
Engineering, University of Zagreb 
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surfaces, we give an overview of their algebraic properties and 
visualize their numerous forms with the program Mathematica. 

2. CYCLIC-HARMONIC CURVE  

A cyclic-harmonic curve is given by the following polar equation 
 

 
 
where n d is a positive rational number in lowest terms and . 
It is a locus of a composition of two simultaneous motions: a simpe 
harmonic motion , and an uniform angular motion 

. According to [5], a cyclic-harmonic curve is called foliate, 
prolate, cuspitate or curtate if , ,  or , 
respectively. Without the loss of generality, we will suppose that 

 and denote a cyclic-harmonic curve by . 
 

                                                                

 
Figure 1. Some examples of  

Some calculations deliver the implicit equations of  on 
the base of which it can be proved that a cyclic-harmonic curve has 
the properties presented in the following table: 

 

Table 1: Properties of     

 
order of  

 
multiplicity of 
the origin  

multiplicity of the 
absolute points 

 
 odd 

 
 

 
 

 
 

 

 
other 
cases 

 
 

 
 

 
 

 
 



 

15 

 

3. GENERALIZED ROSE SURFACES  

In paper [2] the authors studied a congruence of circles  that 
consists of circles in Euclidean space passing through two given points 

 and . The points ,  lie on the axis  and are given by the 
coordinates , where , . If  is greater, equal to or 
less than zero, i.e. the points ,  are real and different, coinciding  
or imaginary, the congruence  is called an elliptic, parabolic or 
hyperbolic congruence, respectively. 

 
            a                                     b                                      c                

Figure 2. Some circles of an elliptic, parabolic or hyperbolic congruence                                                    
            are shown in a, b and c, respectively. 

For every point , there exists a unique circle  
passing through the points ,  and . For every point at infinity 

, the circle  splits into the axis  and the line at 
infinity in the plane through the axis  and the point .  

A point is said to be a singular point of a congruence if infinitely 
many curves pass through it. The singular points of  are the points 
on the axis  and the absolute points of the Euclidean space.  

For a given congruence  and a given curve , a circular 
surface  is defined as the system of circles from  that 
intersect . A special class of circular surfaces was studied in [1]. 
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            a                                     b                                  c                

Figure 3. A circular surface  when  is an elliptic, parabolic                        
           or is shown in a, b and c, respectively. 

In [2] the authors showed that if , is given by 
, , and if its normal projection on 

the plane  is denoted by , then  is 
given by the parametric equations: 

 

 

 

,              . 

 
It was also showen in [2] that if  is an mth order algebraic curve 

that cuts the axis  at  points, the absolute conic at  pairs of the 
absolute points and with the points  and  as  1-fold and  2-fold 
points, respectively, then, the following statements hold: 

1.  is an algebraic surfaces of the order 
.    

2. The absolute conic in an –fold curve of 
. 

3. The axis  is an –fold line of . 

4. The points  are -fold points of 
. 

The singular lines and points of  are the following: 
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- The line  and the absolute conic are in the general case the 
singular lines of . In particular, the points ,  are of 
higher multiplicity than the other points on the line . 

- If different points of the curve  determine the same circle 
, this circle is a singular circle of  and its 

multiplicity equals the number of intersection points of  and 
. Through every singular point of , the singular circle of 

 passes. 

- The intersection points of  and , where  is the circle 
given by the equations  and , are 
the singular points of . 

In this paper we investigate a class of circular surfaces given by 
the following definition: 

Definition  A generalized rose surface is a circular surface  
when the curve  is a generalized rose  lying in a plane that 
does not contain the axis . 
 

Let  lie in any plane that does not contain the axis , let 
its -fold ( -fold) point be denoted by , and let its another real -
fold points be denoted by . 

A classification of generalized rose surfaces can be made 
according to their order and the multiplicity of the axes , the 
absolute points and the points , . Since this classification  depends 
on the position of  with respect to the singular points of the 
congruence , the following cases should be taken into 
consideration: 

Type 1:  or ; 

Type 2: ; 

Type 3:  or ; 

Type 4:  

Type 5:  

In Table 2 the algebraic properties of generalized rose surfaces are 
given. They are the immediate consequence of the algebraic 
properties 1–4 of the circular surface  and the properties of the 
cyclic harmonic curve  given in Table 1. 
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Table 2: Properties of  

Type of 
 

order of 
 

multiplicity of 
the absolute 

conic 

multiplicity 
of the axis  

multiplicity 
of the points 

 

1 

 
 odd 

 
 

 
 

 
 

 
 

 
 

other 
cases 

 
 

) 
 

 
 

 
 

 
 

2 

 
 odd 

 
 

 
 

 
 

 
 

 
 

other 
cases 

 
 

 
 

 
 

 
 

 
 

3 

 
 odd 

 
 

 
 

 
 

 
 

 
 

other 
cases 

 
 

 
 

 
 

 
 

 
 

4 

 
 odd 

 
 

 
 

 
 

 
 

 
 

other 
cases 

 
 

 
 

 
 

 
 

 
 

5 

 
 odd 

 
 

 
 

 
 

 
 

 
 

other 
cases 

 
 

 
 

 
 

 
 

 
 

 

4. VIZUALIZATION OF GENERALIZED ROSE SURFACES   

For a particular generalized rose surface parametric and implicit 
equations can be obtained on the basis of the parametric equations of 

 given in the previous section. In this section we visualize some 
generalized rose surfaces and we check their check the properties 
given in Table 2. For computing and plotting we use the program 
Mathematica. 

The circular surfaces  for , is shown in 
Figures 4. The curve  lies in the plane  and the point  
coincides with the directing point  and of the parabolic 
congruences . Therefore,  is an algebraic surface of the 
order 20 having the absolute conic as a 6-fold curve, axis  as an 8-fold 
line and point  as a 14-fold point.  
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Figure 4. A circular surface  of type 1 

The circular surface  shown in Figure 5 is defined by a 
hyperbolic congruence and a curtate , lying in the plane 

, with the 2 -fold point on the axis . It is a surface is of type 2. 
The absolute conic is a quadruple curve and the axis  is a 32-fold line 
of the surface. 

 
Figure 5. A circular surface  of type 2 

The surface  shown in Figure 6 is defined by the 
parabolic congruence C(0) and the cyclic-harmonic curve  
intersecting the axis  at its regular point . The obtained 
surface is of type 3 and the order 20. The absolute conic is a 9-fold 
conic, the axis  is a double line and  is an 11-fold point of the 
surface.  

 
Figure 6. A circular surface  of type 3 
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A surface of type 4 is presented in Figure 8.  in case a is 
defined by . All three roses lie in the plane and 
intersect the axis  at the regular point . The surface is of the order 
9 with the absolute conic as a triple curve, axis  as a triple line and 
the points ,  as the 6-fold points. All surfaces of type 4 pass 
through the real lines at infinity. 

 
Figure 7. A circular surface  of type 4 

A surfaces of type 5 defined by  and  is shown in 
Figure 8.  lies in the plane  and has a triple point at the 
point .The surface is of the order 10, has the absolute conic as 
a quadruple curve, axis  as a double line and the directing points as 
the 6-fold points. 

 
Figure 8. A circular surface  of type 5 
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SPACE-FILLING MOSAICS OF 3D MODELS OF 3-13D CUBES 
RELATED TO REGULAR AND SEMI-REGULAR POLYHEDRA 

 
László Vörös 3 

 
 

Abstract 

The truncated cuboctahedron is the hull of a 3-model of the 9-
cube. The chamfered cube is the hull of a 3-model of the 7-cube. The 
7 differently oriented edges joining a vertex can be completed with 
two ones ordered symmetrically. We gain 13 differently oriented 
edges if these 9 edges and those of the former solid have a common 
vertex. Thus we can construct a special 3-model of the 13-cube. This 
and the derived lower-dimensional parts of it can be stones of 
periodical space-filling mosaics. In some cases, the vertices of the 
stones, ordered in a mosaic, join a point-net structure derived from 
groups of Platonic and Archimedean solids. 

Key words: Platonic and Archimedean solids, chamfered cube, 
hypercube, planar and spatial tessellation 

 

1. INTRODUCTION 

The 3-dimensional model (3-model) of a k-dimensional cube (k-
cube) may be generated by the well known procedure of moving the 
lower-dimensional elements along edges parallel to the direction of 
the next dimension. This procedure is easy to follow from a vertex 
through edge, face and cube and following up to the four- and further 
to more-dimensional cubes. (The 3-dimensional model of a three-
dimensional element derived from a more-dimensional cube can be a 
parallelepiped as well.) The model has 2k vertices and k groups of 

                                            
1 László Vörös, DLA, assoc. prof./habil. docent, University of Pécs, Hungary 
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parallel edges. Each vertex join k edges. If more than two of them are 
coplanar, faces of the model consist of inner edges as well. We can 
even get multiple coinciding vertices and edges, as well as we may 
demand that the length of the edges be equal. 

We may classify the Platonic and Archimedean solids by the 
number of their edges having different spatial orientations. There is 
one polyhedron in every group which is the hull of a possible three-
dimensional model of a more-dimensional cube. Group 3 has one 
member, the common cube (4.4.4). The 3-model of the 6-cube is the 
truncated octahedron (4.6.6) in the group 6. Group 9 is described in 
the next section. These groups are embedded into each other 
according to their parallel edges: ((group3) (group 6) group 9). (The 
two snub Archimedean solids are not members of these groups due to 
our points of view.) The whole system is discussed in [5]. 

2. THE TRUNCATED CUBOCTAHEDRON 
AS A 3-MODEL OF THE 9-CUBE 

The edges of the next polyhedra have 9 different spatial orienta-
tions: Archimedean truncated cube (3.8.8), (small) rhombicubocta-
hedron (3.4.4.4) and great rhombicuboctahedron or truncated cub-
octahedron (4.6.8). We can gain the same set of basic edges from 
Platonic solids if we construct a tetrahedron (or the dual pair of two 
ones) into a cube or if we take the dual pair of an octahedron and a 
cube [5]. Gathering 9 starting edges, parallel with the differently 
oriented edges of these solids, we can construct a 3-model of the 9-
cube based on the method described in the introduction. The hull of 
this model is the truncated cuboctahedron (Figure 1). 

The vertices of our model fit onto parallel planes. It is indicated 
by these planar patterns that we complete the nets of the vertices 
(Figure 3 front and top views: the vertices of the 9-cube's 3-model are 
the red and green points, the additional nodes are the gray ones). With 
an additional layer (Figure 2, front view) we gain the following 
structure: the a and b nets of points are vertices of congruent planar 
Archimedean tessellations of squares and octagons (4.8.8). Pairs of two 
a and two b nets follow each other. The distance between the pairs is 
2, the distance between neighbouring a and b nets is 21/2. These nets 
are shifted with 21/2 related to each other and the distance of 
adjoining vertices is 2 inside of the same nets (Figure 2). 
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Figure 1. The truncated cuboctahedron as 3-model of the 9-cube 

 

 
Figure 2&3.a-c The development of the point-net structure 
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We need 23 cubes, attached with faces to each other, to double 
the edges' length of a cube and we need m3 3-cubes to m-tuplicate the 
edges' length. Generally, we need mk k-cubes to m-tuplicate the edges' 
length of a k-dimensional cube. This construction may be described as 
moving of the cubes along the edges in all combinations [4]. The 
doubling of the edge length of our 9-cube's 3-model generates a new 
pattern of vertices. It is enough for the completion in interest of a 
periodical 3-dimensional point-net structure. We can describe the 
whole net of nodes in the following way as well: the above congruent a 
and b nets (Figure 2) are parallel with three planes perpendicular to 
each other. These nets must be copied in their own planes in 
directions of three vectors determined by nodes of the basic net. The 
last construction and the newer planar pattern are showed in figure 
3a-b. Figure 3c shows the new, shifted a and b nets together which are 
signed with red and green points, respectively. 

Branko Grünbaum, in his paper, Uniform tilings of 3-space [3], 
enumerated the possible space-filling periodical tessellations con-
sisting of the Platonic and Archimedean solids as well. Based on all 
interrelations described up till now and in [5], we can say that all the 
possible 11 space-filling mosaics of Platonic and Archimedean solids fit 
into this structure with some restrictions regarding the proportion of 
the solids' edge length and distances of nodes of the point net [5]. 

We may chose in different combinations of 3<k<=9 differently ori-
ented edges of our 3-model of the 9-cube. It is possible in the former 
described way to construct the 3-models of the k-cube and those of 
the derived 3<j<k cubes. These models can join each other in congru-
ent faces and create a space-filling periodical tessellation. The 
3-models of 3-cubes (parallelepipeds) and 4-cubes (rhombic dodeca-
hedra) fill the space alone, naturally. The creation of the tessellations 
is easier if we choose k-cubes' 3-models having three symmetry planes 
at least, perpendicular to each other. We may have 9 such models if 
4<k<=9 is. Some of them also fill the space without additional elements 
as well. It follows from the construction of our above described infinite 
point-net that the vertices of the stones in all mosaics, built with the 
discussed j- and k-cubes, join the nodes of our point-net structure. 
Figure 4.a-f shows an example based on a possible 3-model of the 7-
cube. Moved intersecting planes create plane-tiling patterns cut from 
our space-filling mosaics. Figures 5-8 illustrate some examples gained 
from the above tessellation. 
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Figures 4.a-f Steps of the creation of a periodical space-filling mosaic 
based on a 3-model of the 7-cube 
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Fig. 5-8. Plane-tiling patterns cut from the above space-filling mosaic 

3. THE CHAMFERED CUBE AS A 3-MODEL OF THE 7-CUBE 

Alejandro Baranek's method of modelling of hyper cubes [2] drew 
my attention to the chamfered cube as a possible 3-model of the 7-
cube. Rhombic dodecahedrons can be transformed in polyhedra having 
equilateral hexagon and square faces if the sides of the rhombuses are 
cut in the way showed in figure 9. The new polyhedra are hulls of 3-
models of 7-cubes. We gain the chamfered cube after the above trun-
cation if 8 vertices of the rhombic dodecahedron are at (±1,±1,±1) and 
its 6 vertices are at the permutations of (±2,0,0). If 4<k<=7 is, we may 
construct 4 cube-models having three symmetry planes at least, per-
pendicular to each other. These models are based on the seven dif-
ferently oriented edges of the chamfered cube and have similar sets of 
faces like the corresponding 4 members of the above group but the 
distances of horizontal planes consisting of the vertices are not the 
same. Figure 10 shows a possible very simple spatial tessellation con-
structed in the way described in the above section. The stones are 
common cubes and chamfered cubes as 3-models of the 7-cube. 
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Figure 9. Truncation of a rhombic dodecahedron to an equilateral polyhedron 

Fig. 10. Tessellation based on the chamfered cube as 3-model of the 7-cube 

 

 
  Figure 11.b Some groups 
  of coplanar edges gathe- 
  red from the 13 initial 
  edges of the discussed 3- 
  model of the 13-cube. 
  Explanation of the simp- 
  lification of the shape. 

Fig. 11.a The 3-model of the 13-cube based on the edges of both above solids 
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4. COMBINATION OF THE EDGES OF THE TWO MODELS 

Gathering the edges of the truncated cuboctahedron and the 
chamfered cube in a common endpoint results in 13 differently orien-
ted initial edges for 3-models of 3-13 dimensional cubes. Groups of 
three or more edges can be coplanar, thus the shapes of the models 
may be more simple than in general cases. The above figures 11.a and 
11.b illustrate this phenomenon by our 3-model of the 13-cube. We can 
construct 25 models having three symmetry planes perpendicular to 
each other if 4<k<=13 is. Some of them are congruent but differently 
oriented. The gained 3-models of the 10- up to 13-cubes are showed in 
the figures 13-18. A possible periodical space-filling mosaic based on a 
3-model of the 11-cube may be seen in figure 12.  

 
Figure 12. Periodical space-filling mosaic based on a 3-model of the 11-cube 
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Figure 13-18. Symmetric 3-models of the 10-13 dimensional cubes 

5. CONCLUDING REMARKS 

This paper deals with possible 3-models of higher dimensional 
cubes based on differently oriented edges of two polyhedra. It would 
be possible to construct models of more than 13 dimensional cubes if 
we multiplied rotationally the described initial edges. These would 
have similarly symmetric properties like the discussed models. 
However, the table of the periodical space-filling mosaics based on 
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3-models of higher dimensional cubes can be extended with new tes-
sellations [6]. 

The construction of the models and tessellations as well as the 
creation of the figures for this paper are aided by the AutoCAD pro-
gram and AutoLisp routines developed by the author. The plane-tiling 
patterns, cut from the space-filling mosaics by moved intersecting 
planes, can be framed in animations. Some examples are collected on 
this page: http://icai.voros.pmmf.hu menu item Videok. 
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Abstract 

Large scale vortices cause velocity change with great period in 
flows. As it shown by prof. Butakov applying classical momentum 
equation for such flows cause error up to 15%. Non-quasi-steady flows 
with constant parameters averaged by some long finite time period 
are named flows with averaging possibility. For such flows we must 
integrate equations by this time period. Using geometrical analysis of 
macrostructure we find an approach to calculate correction factors for 
this kind of flows. The approach gives correction of momentum for 
free currents 1,11. The difference with experimental data is only 3,5 
%. The same approach can also provide the correction factor for semi-
restricted currents laid on surfaces, for turbulent mixing boundary 
layer and many other. 

Key words:Large-scale vortices, momentum, non-quasi-steady 
flows, flows with averaging possibility 
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1. MOMENTUM CALCULATION PROBLEM IN CURRENTS 

In HVAC, industrial machines, aviation, aeronautics etc. we use 
air, liquid or gas turbulent (with vortices and velocity pulsation) 
currents (jets). Research experienceusing aerodynamic balances shows 
that in free (without obstacles) isothermal (with temperature of 
ambience) submerged (the same substance as ambience) 
turbulentcurrents the momentum is constant. If there is a difference 
between current and ambience density the momentum change is equal 
to gravitational force impulse. Classic and modern theories are based 
on this momentum law. 

Professor S. Butakov [3] showed high error in momentum 
calculation in currents by velocity profiles. The momentum calculation 
performed by S. Butakovusing Foerthmann’s velocity profiles shows 
momentum drop at initial current portion up to 15…25%. But no 
physical reasons for real momentum drop was found. Tolmien’s theory 
[1] coincides with experimental data only if we accept different pole 
distances (between inlet hole and current boundaries intersection) – 
4.75 for velocity calculation and 1.2 for geometrical calculation. There 
is no accepted explanation of this phenomenon. 

 S. Butakov tried to explain these problems. He proposed to take 
into account rearrangement of particles during the turbulent current 
motion. But the particle rearrangement appears in all turbulent 
flowsincl.many local resistances successfully calculated by the 
momentum equation [2,5]. 

The momentum equation in projection on some axis s is obtained 
by L. Euler fora part of elementary (through infinitely small contour) 
stream (fig. 1 a) of a steady flow without parameters change in the 
time [1]: 

 

( ),2 ,1s s sv v G P− = Σ , (1) 

 

where vs,1 and vs,2 – velocity projection to an axis s at the beginning 
and at the end of the part, G – mass flow in the elementary stream, Ps–
projection to axis s of external forces to the part of the elementary 
stream. 
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a b  

Figure 1. The scheme of momentum calculation: 
a – portion of an elementary stream of a steady flow; 

b – scheme for momentum calculation of a steady or non-steady flow. 

 

The turbulent flows are non-steady because of pulsations. So 
integral equations of steady flowsbased on equation (1) used for 
turbulent onesalways cause some error. If it is negligible such flows 
called quasi-steady. 

We cannot find some specific recommendation to theoretically 
distinguishaquasi-steady flow. In fact S. Butakov [3] propose to 
consider the currents as non-quasi-steady flows. The alternation in 
velocity recording at currents periphery is a well-known fact. It shows 
that currents are not quasi-steady flows (the most of local resistances 
are quasi-steady). 

2. MAIN CONCEPTS 

A non-quasi-steady flow is a 4-D flow. So equations require 
integration by the space and the time. Let us consider some fixed 
closed reference surfaceA0 (fig. 1 b). In the common case the 
volumeW0in the surface can accumulate or release mass (for example, 
filling or emptying a gas bottle), momentum, energy etc. So equations 
maybe additionally integrated by the volume in the reference surface. 

Most of flows in stationary conditions have averaging possibility. A 
flow with averaging possibility by time interval Δτ with error ε is the 
flow with less than ε deviation of integrals of physical quantities by 
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any fixed volume and any time interval with length Δτ. The derivative 
of such integral by the starting time τ0is near to zero for small ε. 

The example of flows with averaging possibility is a periodical flow 
with period Δτ. All parameters values of the flow in any point of the 
space are repeated with the period. By the definition this flow has 
averaging possibility by the time interval Δτwith zero error ε. 

Professor of Kyiv National University of Construction and 
Architecture A. Tkachuk [6] propose a theory of turbulent boundary 
layers based on singularities method. The layer calculated as a flow of 
ideal liquid with vortices as a foreign bodies (singularities). Surfaces of 
tangential velocity discontinuity presented as vortex sheets. Magnus 
powers move some vortices away from the layer but new vortices are 
formed immediately. So we can consider such layers as periodical. 

The same large-scale semi-periodical structure is formed in 
currents called jet boundary layer. The large scale gives a possibility of 
geometrical analysis. The results [4] are coincides with experimental 
data. But to obtain lows of current development we need a momentum 
analysis. 

3. MOMENTUM CALCULATION IN NON-QUASI-STEADY FLOWS 

Let us obtain the most common form of momentum equation. We 
consider an axis s. During the elementary time period dτfrom the time 
moment τ0mass m in the volume W0 occupies a figure W1 in a surface A1 
(which infinitely close to A0 because dτis infinitely small). We consider 
a volume W as an intersection of volumes W0 and W1. 

The difference between momentum of mass m from volume W0 to 
W1 during the time dτ: 

 

( ) ( )
0 0

0 0

τ τ τ

τ τ τs s s s
m m d

I I d v dm v dm
+

   
− + = −   

   
∫ ∫ . (2) 

 

The index near to parenthesis is the integration time. The  particle 
set is fixed. The flow was occurred and cannot be changed. We only 
describe it. So position and velocity of a particle is dependent only on 
a time. So the integrals in the equation (2) are only time-dependent. 
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Also all external forces P and surface area A(τ) are time-dependent 
only. So we can apply the momentum theorem taking into account 
closeness of surfaces A0, A1and A(τ). 

 

0 0τ τ τ

τs s s s
m m m Ad

v dm v dm d v dm P dAd
+

     
− = =     

     
∫ ∫ ∫ ∫ . (3) 

 

We can replace the mass m by the volume W if the elementary 
volume dW is small and density in it may be considered as a constant: 

 

1 0
0 0τ τ τ

ρ ρs s s
W W Ad

v dW v dW d P dA
+

  
   − =

   
   
∫ ∫ ∫ . (4) 

 

We can transform the equation (4) taking into account that in any 
point the velocity is only time-dependent (the flow is occurred): 

 

( ) ( ) ( )
τ τ τ0 0

1 1 0\W \W

ρ
τ ρ ρ

τ d

s
s s

W W W

v
dWd v dW v dW

+

 ∂
 + − =
 ∂  

∫ ∫ ∫  

s
A

P dAd= τ∫ . (5) 

 

Wi \ W indicates difference between figure Wi and W (a part of 
figure Wi not included in W). Both differences are infinitely thin. They 
consist of elementary tube fragments of inflow and outflowfrom the 
volumeW. If the fragments are too small then velocity in a fragment is 
near to constant and the shape of it is near to frustum with bases dA 
and dA". The volume of it: 

 

( ) ( )τ 3 τ cos ωn ndW v d dA dAdA" dA" dA'v d dA'v d= + + = = τ , (6) 
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where vn – velocity projection on normal n to the surface A;ω–angle 
between n and velocity vector;dA' – surface area parallel to bases that 
gives equivalent volume. This area is the arithmetical meanof the 
areas of bases and the geometric mean of them. So it is always inside 
the frustum. If the time interval dτ tends to zero all sections of the 
frustum tend to dA. We can complete the surface A including in the 
equation (5)zero integral by zero volume with zero velocity at the 
surface A. We call angles between axis s and velocities as φ and 
between axis s and powers as ψ. After transformation we obtain the 
most common momentum equation with 3 forms of left part: 

 

( ) ( ) ( )2cos cos cos
W A

d v dW d v dA
  

ρ ϕ τ + ±ρ ϕ ω =  
   

∫ ∫  

( )cos n s
W A

d v dW d v v dA
  

= ρ ϕ τ + ±ρ =  
   

∫ ∫  

( ) ( ) ( )cos cos cos
W A A

d v dW d v dG P dA
  

ρ ϕ τ + ± ϕ = ψ  
   

∫ ∫ ∫  . (7) 

 

Plus corresponds to outflow from the volume W and minus – to inflow. 

In steady flows the member in square brackets is equal to zero and 
the integrands are not time-dependent (so we can obtain the equation 
(1). In non-quasi-steady flows both statements are false. 

Now we can simplify the equation (7) for the flows with averaging 
possibility by integration along the time period Δτ. The integral of the 
member in square brackets is near to zero. So we obtain: 

 

( ) ( )
0 0

0 0

2 cos cos( ) cos
N N

s
A A

v dAd P dAd
τ + ∆τ τ + ∆τ

τ τ

±ρ ϕ ω τ = ψ τ∫ ∫ ∫ ∫  , (8) 
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where N is any natural number incl. one. The equation (8) is the 
momentum equation for the flows with averaging possibility. 

Let us consider particular cases of momentum calculation for parts 
of surface A. For parts with zero projection of velocity the momentum 
is equal to zero. Such parts maybe excluded from consideration. 

For flat fragments normal to the axis s: 

 

( ) ( )
τ + ∆τ

τ
τ

±ρ ϕ ω τ ∆τ = ±ρ ββ∫ ∫
0

0

2
2 cos cos( )

i

N

n i
A

v dAd v A , (9) 

 

where bar shows averaging by the time and space;β – 
Bussineskcoefficient, βτ – correction for non-quasi-steady flows: 

 

( )2 2

i

n n
A

v dA v
 

β =  ρ  ρ
 
 
∫  ,

0

0

2 2

i i

N

n n
A A

v dAd N v dA
τ + ∆τ

τ
τ

   
 β = ρ τ  ∆τ ρ 

  
  

∫ ∫ ∫  . (10) 

 

Tilde shows the averaging by the time only. 

For parts with quasi-steady flows (for example inlet opening or 
slots) we can use the equation (9) at βτ = 1 equal to classical 
momentum equation [5,6]. 

4. MOMENTUM CALCULATION IN FREE CURRENTS 

We can find the correctionβτ for free currents. We use an 
approach described in [4]. The analysis of visual researches allows to 
consider that large-scale vortices (puffs) aligned in chessboard pattern 
(fig. 2). The puffs movement considered as a wheels rolling along 
current bounds. Between puffs there is an interpuff layer.In peripheral 
part of it there is ambience ejection normally to the axis s along the 
axis y. In internal part of the interpuff layer near to the axis s there is 
a wavy street.The velocity was found by linear interpolation using two 
boundary conditions: velocity of the puff axis is the half of axial 
velocity vm; the profile maybe smooth at the current axis. 
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Figure 2. The scheme of free current: 

1 – puff, 2 – peripheral part of interpuff layer (ejection only), 
3 - internal part of interpuff layer (wavy street), 4 –puffenlarged to touch 

 

Thisinterpolation has poor quality but the averaged velocity does 
not so sensitive as βτ. To calculate βτ we need better quadratic 
approximation adding a third boundary condition. We require twice 
smooth profile at the axis. If we neglect puff rising during passage 
through a referenced section we can replace the integration along the 
time by the integration along the axis s using an interval containing a 
puff half (shown on fig. 2 by dotted lines). The improved velocity v 
profile is: 

 

,
2

2

1 / 0.5345
, 0 0.4655;

2 0.53450.5345

1 /
, 0.4655 1,

20.5345

ip s

s m

m

vy B S S y
v v B
v y B S y
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 −  −
+ ≤ ≤  

  = 
−
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 (11) 

 

where B – half-width of current; vip,s/vm – approximation polynomial of 
velocity between puffs related to the axial velocity vm: 

 

( )
( )

2

,
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S – parameter: 

 

( )220,5345 / 0,4655S y B= − − . (13) 

 

In the interpuff layer we consider near to the constant velocity vs 
at any fixed y by the equation (12). Integrationby the equation (10) 
gives βτ = 1,11. This value isonly 3,6% less than obtained by professor 
S. Butakov [3] βτ = 1,15. The discrepancy may be explained by 
understatement because of considering constant velocity between 
puffs at any value y and also by the error of graphical integration by 
S. Butakov. The discrepancy is too little(compare with the 
experimental errors) to take it into account. 

The velocity profile (11-13) is different by no more than 5 % from 
obtained in [4] by linear approximation. So we will not show it in this 
paper. But if we will try to usethe linear approximation [6] to calculate 
βτwe will obtain too great value – 1,52. It proves high sensitivity of βτ 
to errors finding time dependency of velocity. 

To refine axial velocity decay calculated by integrated equation 
(1) [1,5] we need to divide the result by βτ (fig. 3). We denote inlet 
slot half-wide and velocity by B0 and v0. We obtain good coincidence 
with experimental data. 

The same calculations will be performed for different type of 
currents. For curvilinear currents we can use the following trick. First 
reference section we put in the inlet slot or opening. The flow in it is 
quasi-steady. Second reference section is the current flat section. We 
consider the axis s perpendicular to the second section, not to the 
first. For it we use the equations (9-10). 

5. CONCLUSIONS 

We obtain the momentum equation for non-quasi-steady flows. We 
define flows with averaging possibility. The free currents are examples 
of such flows. We refine velocity decay law in free currents. The 
results have good congruence with experimental data. 
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Figure 3.Axial velocity decay of free currents with experimental data [1] 
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Abstract 

Mirrors can be studied based on the geometrical laws of optics, 
which are established according to the phenomena of reflexion and 
refraction at the separation surface of two transparent areas with 
different refraction indices, thus they enable the orientation of the 
image according to the proposed figure. Consequently one is 
interested in the way the image is projected and constructed. It has 
been taken into account that the geometrical optics operates with the 
conventional concept of light ray due to the fact that the light is 
being propagated in straight line. There have been also used the 
principle of reversibility and Fermat’s principle. The optical imaging 
is to be discussed with regard to the Gaussian approximation, sin α 
≅tan α ≅ α where the light rays are considered paraxial and the angle 
formed by any light ray with the optical axis is considered small 
enough to be approximated.  

This paper aims to highlight the graphical construction of images 
in concave mirrors using 3D CAD software, as SolidWorks programme 
and to determine the error of magnitude occurrence according to the 
relative position of the object and the mirror.  
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1. THE MIRROR - THE WORLD WATCHED REVERSELY 

It would be very hard if we live without mirrors, even justto 
knowhow wemirror inthe eyes of others. The mirror is the benchmark 
of our own external image, a virtual reflection of the tangible reality. 
Another mirror of the reality, of that reality beyond objects and 
appearances is fine art. 

The mirror is a measurement of the human dimension. From the 
small purse mirror meant to improve by means of cosmetic aids the 
small facial imperfections to sumptuous salon mirrors, designed to 
enlarge spaces through visual illusions, there are various gradual 
approaches to this object of real world reflection. An image in the 
mirror, however real it would appear, is not real. Firstly, in terms of 
left–right orientation, everything that appears in the mirror is 
reversed. Furthermore, there are concave or convex mirrors which 
deform and distort the images reflected, while some systems of 
mirrors may reveal multiple image or illusory realities.  Once entering 
the deceiving world of the mirrors one can live such experiences as 
those fantastic stories lived by Alice, Lewis Carol’s character. 

A perfect still water surface is maybe the oldest mirror in the 
world. Since ancient times, the mirror is a compositional element 
highly used by painters. Thus, the mirror is no longer just a simple 
reflecting object, as it becomes a portal between parallel worlds and 
dimensions.  

The art of magic and some esoteric disciplines give great 
importance to mirrors as working tools. The old Chinese Feng Shui 
perceptions recommend the use of mirrors in counteracting the 
environmental evil forces and in amplifying the beneficial energy. 
Intensively used in Optics, Astronomy, Architecture and spatial design 
the mirrors are part of our daily almost indispensable props. 

An illusion maker which deforms or distorts images, 
doublingoramplifyingendlesslyspaces anddimensions, the mirror 
remains but for most of us the way to reflect the reality and the truth, 
perfectly synthesized in the phrase: "the eyes are the mirror of the 
soul." 
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2. USES FOR SPHERICAL MIRRORS 

Everyone knows that when they hold an object in front of a flat 
mirror, an image appears whose light seems to come from behind (on 
the other side of) the mirror. This image is called a virtual image. 
Many interesting effects can be achieved by altering the curvature of 
the mirror. Spherical mirrors are mirrors whose shape is part of a 
sphere. Each point on a spherical mirror is equidistant from some 
imaginary center. Spherical mirrors may be either convex, meaning 
that their center is located on the same side as the image -the virtual 
side, or concave, meaning that their center is located on the same side 
as the object. Another way of saying this is that concave mirrors are 
hollow with respect to the location of the object.  

The uses for convex and concave spherical mirrors are numerous, 
see table 1. Many people unknowingly use a convex mirror when 
applying cosmetics or shaving. The magnified image produced by such 
mirrors helps to make many tasks easier. Unlike concave mirrors, 
convex mirrors produce images smaller than the objects that produce 
them. The wider field of view of convex mirrors makes them ideal for 
use in security cameras at department stores and automobile side 
mirrors.  

Table 1.Some exaples for use concave mirror [4] 

 

3. SOME CONSIDERATIONS ON SPHERICAL MIRRORS 

An important property of a spherical mirror is its focal length, f, 
which equals half the radius of curvature of the mirror. Using the focal 
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length, one can relate the distance from the object to the mirror, o, 
and the distance from the image to the mirror, i, using the equation 
1/o + 1/i = 1/f. In addition, the ratio of the size of the image to the 
size of the object equals -i/o. This quantity is called the magnification 
factor. It should be noted that the three quantities f, o, and i are 
assumed to be positive on the real side and negative on the virtual 
side. These equations are only valid when the dimensions of the mirror 
are small compared to the radius of curvature [3] [5].  

 
Figure 1.Characteristics of concave mirrors 

In the above image (figure 1), we are able to use the optics 
equation to find the location and size of the image. Let us assume that 
o = 1 and f = 2we can obtaini = -2. Because i equals negative two, we 
know that the image is 2 units away from the mirror. Since the 
quantity is negative, the image is on the virtual side of the mirror and 
is thus a virtual image. We can also calculate the magnification factor, 
which is the size of the image relative to the object, using o and i. The 
magnification factor equals -i/o, which in this case is 2. This means 
that the image is twice the size of the object. Also, we should note 
that if the magnification factor would have been negative, the image 
would have been inverted across the horizontal axis with respect to 
the object.  

We have to solve a lot of questions: how to properly orient the 
mirror so that the observer could see the image?;how large should the 
mirror be so that the image could be seen?; which is the position and 
the orientation of the image to the object?the position of the virtual 
image is independent to the position of the observer? 
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4. GRAPHIC CONSTRUCTION OF IMAGES IN CONCAVE MIRRORS 

The presented mirror type is an ideal type, as it has been taken 
into consideration only the paraxial rays, which meet after the 
reflection, exactly in the focal plane. We try to make graphical 
construction of images in concave mirrors using 3D CAD software, as 
SolidWorks, taking into consideration different position of the object in 
front of the concave mirror. 

4.1 The objectis situated beyond the centre of the concave mirror 
at an infinite distance 

When the object, draw in red clolour is located at a location 
beyond the center of curvature of the convcave mirror, the image will 
always be located somewhere in between the center of curvature and 
the focal point. Regardless of exactly where the object is located, the 
image will be located in the specified region. In this case, the image 
will be an inverted image. That is to say, if the object is right side up, 
then the image is upside down. In this case, the size of the image is 
smaller than the object, draw with blue colour. 

 
Figure 2. The image of a straight line in concave mirror 
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Figure 3. The image of a tringle plane in concave mirror 

4.2 The object is placed between the centre and the focal point of 
the concave mirror 

We can observe that when the object is located in front ofthe 
center of curvature, the image will be locatedbeyond the center of 
curvature. Regardless of exactly where the object is located between 
the centre of the mirror curvature - O and the focal point - F, the 
image will be located somewhere beyond the center of curvature. In 
this case, the image will be inverted and its dimensions are larger than 
the object dimensions.  

 
Figure 4. The image of a straight line in concave mirror 
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Figure 5. The image of a tringle plane in concave mirror 

 
Figure 6. The image of a pyramidal volume in concave mirror 

4.3 The object is placed between focal point of the concave mirror 
and the mirror surface 

In the case when the object is located at a location beyond the 
focal point, the image will always be located somewhere on the 
opposite side of the mirror. In this situation the image will be an 
upright image and magnified. The image obtained is a virtual one. 
Light rays from the same point on the object reflect off the mirror and 
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diverge upon reflection. For this reason, the image location can only 
be found by extending the reflected rays backwards beyond the mirror.  

 
Figure 7. The image of a straight line in concave mirror 

 
Figure 8. The image of a tringle plane in concave mirror 
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To draw these diagrams, we will have to recall the two rules of 
reflection for concave mirrors: any incident ray traveling parallel to 
the principal axis on the way to the mirror will pass through the focal 
point upon reflection and any incident ray passing through the focal 
point on the way to the mirror will travel parallel to the principal axis 
upon reflection. 

After some calculus according to optic laws of reflection and 
refraction of  we obtain the error εyfor the size of the obtained image: 

 

(1) 

where: R - the radius of curvature of a concave mirror; x – the 
distance where the object is placed; y - size of the objectmeasured in 
aplane perpendicular to theplane defined by thecenterandfocus ofa 
concave mirror. This formula help us to reduce the error for the 
dimension of the image obtained. 

5. SPHERICAL MIRROR ABERRATIONS 

The previously presented mirror type is an ideal type, as it has 
been taken into consideration only the paraxial rays, which meet after 
the reflection, exactly in the focal plane. In reality, there occur 
deviations from the ideal conditions, deviations which lead to image 
distortion. 

The spherical aberration - occurs in case of large beams, which by 
means of reflexion on the mirror, do not longer converge through a 
single point from the focal plane. This phenomenon is revealed in the 
figure 9.   

 
Figure 9.The spherical aberration 

http://www.physicsclassroom.com/Class/refln/u13l3c.cfm
http://www.physicsclassroom.com/Class/refln/u13l3c.cfm
http://www.physicsclassroom.com/Class/refln/u13l3c.cfm
http://www.physicsclassroom.com/Class/refln/u13l3a.cfm#vocab
http://www.physicsclassroom.com/Class/refln/u13l3a.cfm#vocab
http://www.physicsclassroom.com/Class/refln/u13l3a.cfm#vocab
http://www.physicsclassroom.com/Class/refln/u13l3a.cfm#vocab
http://www.physicsclassroom.com/Class/refln/u13l3a.cfm#vocab
http://www.physicsclassroom.com/Class/refln/u13l3a.cfm#vocab
http://www.physicsclassroom.com/Class/refln/u13l3a.cfm#vocab
http://www.physicsclassroom.com/Class/refln/u13l3a.cfm#vocab
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In order to remove the spherical aberration various methods have 
been used, amongst which the use of some parabolic mirrors instead of 
those spherical mirrors or the use of some corrected spherical mirrors 
combined with the lens. 

The astigmatism - this defect occurs when a punctiform object is 
placed at a certain distance from the axis of a concave or a convex 
mirror. The reached result shows that instead of obtaining a 
punctiform image, two linear images perpendicular to each other are 
to be attained. Even though the parabolic mirrors have no spherical 
aberrations they show an unusual high astigmatism, thus limiting the 
use of parabolic mirrors (astronomical telescopes). 

The field curvature - if the object is a plane surface and if all 
previously mentioned aberrations have been removed the image 
obtained will no longer be plane, but it will lay on a curved surface, 
this image defect is known as the field curvature. 

The distortion - occurs due to the variation of the mirror’s linear 
line in relationship with the distance from the object to the mirror and 
with the position of the mirror’s points to the optical axis (closer or 
farther). These radial distortions can usually be classified as either 
barrel distortions (figure 10.a) or pincushion distortions (figure 10.b). 

   
a   b 

 Figure 10.The radial distortions 

To avoid some of mirrors aberration it is recommended that the 
mirrors must be thick enough so that the reflecting surface would not 
be distorted, the light reflexion on a transparent surface may produce 
a “phantom-like” image, which is dislocated from the main real image. 
Therefore, the mirror needs to be used by placing the reflecting 
surface towards the light source. In order to increase the reflecting 
quality of the mirror, its surface is being covered with a metallic layer 
(silver or aluminium - by means of vacuum evaporation) 
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6. CONCLUSIONS 

 This study is useful in order to determine the radius of 
curvature of the mirror in order to get the desired image so the error 
obtained to be smaller and the image to be more real, considering the 
purpose for which the mirror is used. 
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Abstract 

In this paper we present geometry of some curves in Taxicab 
metric. All curves of second order and trifocal ellipse in this metric 
are presented. Area and perimeter of some curves are also defined. 

Key words:Taxicab metric, Conics, Trifocal ellipse  

 

1. INTRODUCTION 

In this paper, taxicab and standard Euclidean metrics for a visual 
representation of some planar curves are considered.Besides the term 
taxicab, also used are Manhattan, rectangular metricand city block 
distance [4], [5], [7]. This metric is a special case of the Minkowski 
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metrics of order , which is for distance between two points 
 and  determined by:  

   (1) 

Minkowski metrics contains taxicab metric for value  
andEuclidean metric for . The term „taxicab geometry“was first 
usedby K. Mengerin the book [9]. Distances between two points  
and are presentedin the Figure 1:  (short/lond dished lines) in 
taxicab metric and  (continuous line) in Euclidean metric. 

 
Figure 1.Minkowski distances 

Mathematicians Kaya et al. in the paper [6] determined distance 
from point to line in taxicab geometry with the following statement: 

Lemma 1. Distance of point to the line  
in the taxicab plane is: 

      (2) 

In the same paper, Kaya et al. introduce general equation of 
taxicab conics with the following statement: 

Theorem 1. Equation of a taxicab conic, with the foci  
and  or with the focus and directrix , 
has the following form: 

(3) 

where , ,  and  is the eccentricity of 

related conic. 
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1.1 The Conics in Taxicab Geometry 

In this section we give visual presentation of taxicab conics: 

A)Circleislocus of points with constant distancefrom one focus. 
Taxicab circle is square with sides oriented at a 45° angle to the 
coordinate axes(Figure 2). Equation of taxicab circle with focus 
(centre)  and radius  is given by: 

     (4) 

 
Figure 2.Circles 

C.1.Continuous taxicab geometry (dished lines), Euclidean geometry 
(continuous line); 

C.2.Discrete taxicab geometry (dots). 

Length of side of square is  in Euclidean geometry, while in 
taxicab geometry this distance is . In this geometry perimeter of the 
circle is , while its area is . Replacement for number  in taxicab 
geometry is number 4. 

 

B)Ellipseislocus of points whose sum of distances to two foci is 
constant. It is polygon in taxicab geometry (Figure 3.E.1-3) based on 
the equation: 

  (5) 

Equation of taxicab ellipse is determined with foci ,  
and constant . Complete classification of types of polygon that 
defines taxicab ellipse is given in Table 1.from paper [6] based on 
comparison of parameter  and parameter  
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Figure 3.Ellipses and Hyperbolas 

E.1. If  and  or   then ellipse in taxicab geometry 
become a hexagon;   

E.2.If and and then taxicab ellipseis a octagon; 

E.3.For , ellipse in taxicab geometry become a rectangular region 
with diagonal ; 



 

57 

H.1.For , hyperbola in taxicab geometry 
become two planar regions with tails. Each tail consists of a line segment and 
vertical/horizontal ray; 

H.2.If  and  then taxicab hyperbola is a 
pair of parallel degenerate lines;  

H.3.If  then two-foci taxicab hyperbola 
become a true taxicab hyperbola. 

The perimeter of an ellipse in Euclidean metriccan’t be exactly 
calculated. There are several methods which give approximate solution 
of perimeter of  the Euclidean ellipse. G. Almkvist and B. Berndt in the 
paper [1, pp.600-601] give a larger number of formulas for 
approximation of perimeter with errorapproximations.The area of 
ellipsein this metricis given by formulae , where and areaxis of 
the ellipse.  

Let us emphasize . The area of taxicab ellipse E.1. 
(Figure 3) is given by , andits perimeter is . 

The area of taxicab ellipse E.2. (Figure 3) is given by 
formula . The perimeter of this ellipse 
is  

The area of taxicab ellipse E.3.(Figure3) is given by 
formula , and its perimeter is . 

   

C)Hyperbolais locus of points whose difference of distance from 
two foci is constant. It becomes broken line in taxicab geometry 
(Figure 3. H.1-3) based on equation:  

  (6) 

Equation of taxicab hyperbola is determined by foci 
, and constant .In table 2 Kaya et al. give 

complete classification types of taxicab hyperbolas based on 
comparison of parameter  andparameter  
 

D)Parabola islocus of points where distance from the foci 
is equal to -distance from the directrix . 

The -distance is standard distance multiplied by -eccentricity of the 
conic [6]. It becomes broken line in taxicab geometry (Figure 4. P.1-6) 
based on equation: 

 (7) 
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Figure 4.Parabolas 

P.1. If  then taxicab parabola consists two branches;   

P.2.If  thentaxicab parabolaconsists two branches;   

P.3.If  then taxicab parabola consists two branches;   
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P.4.If then taxicab parabola become a quadrilateral 
with a vertical and a horizontal diagonal, both passing through focus;  

P.5.For and or taxicab parabola become a true 
taxicab parabola with two line segments and two vertical/horizontal rays;   

P.6.For and  taxicab parabola become a true taxicab 
parabola with a line segment, a vertical ray and a horizontal ray. 

 2. THETRIFOCALELLIPSE IN TAXICAB GEOMETRY  

Determining locus of points in plane whose sum of distance to 
three fixed pointsis topic which was researched by numerous 
mathematicians. Historically observed, that researches all have roots 
from geometric construction of focal curves that appear in papers of 
R.Descartes[2] as well as J.C. Maxwell[8]. Newer research come from  
P. V. Sahadevan [11], [12] which define term of egglipse as curve form 
which sum of distance to tree foci is constant. Sahadevan defines: 
a)Egglipse is normal, if foci are collinear and one of foci is not 

congruent with centre of line segment whose end points are two 
other foci; 

b)Egglipse is abnormal, if foci are collinear and one of foci is in centre 
of line segment whose end points are two other foci. 

By analysing normal trifocal ellipse, Sahadevan had found 
parametric equations of this curve, and base on them calculated area 
by use of elliptic integral of first kind. Based on derivate of 
Sahadevan’s parameterization, method for forming of drainage canals 
with transversal profile in shape of egglipse is patented in India. 
Similar parameterization of trifocal ellipse like Sahadevan’s in special 
positions of foci were discussed by A. Varga and C. Vincze [13]. 

In this paper shall be presented trifocal ellipses in taxicab 
geometry which are defined by following formula: 

    (8) 

where are taxicab distances to foci 
, ,  and given constant.For trifocal 

ellipse is closed curve of egg-like shape (Figure 5). For value 
trifocal sum degenerates to Fermat-Torricelli point 

[3]. 
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Figure 5.Trifocal ellipses 

In the paper[13] A. Varga and C. Vincze had considered area  and 
perimeter  of trifocal ellipse in Euclidean metric when foci are in 
special position ,  and . By use of computer-
algebra system MAPLE, they got following results: 

• for value  and  

• for value  and  
• for value  and  
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If we observe taxicab trifocal ellipse with these foci, then area is  

   (9) 

and perimeter is 

.   (10) 

For value  trifocal sum  degenerates to Fermat-
Torricelli point. For values from the paper [13] we got: 

•  and  

•  and  

•  and  

General algorithm for numerical calculation of the area and the 
perimeter of trifocal ellipses in Euclidean or taxicab metric, 
implemented in Java application [14], isgiven by following pseudo-
code: 

AreaAndPerimeter Algorithm 
input: startX, endX, step 
output: area a, perimeter p 
begin 
x=startX, a=0, p=0 
while(x  endX) 
begin 
 minY=findMinY(x), maxY=findMaxY(x) 
 if(x = startX) p = p+ maxY-minY 
else 
begin 

 p= p+  dist(maxY,oldMaxY,step)+ dist (minY,oldMinY,step)  
a = a + (maxY-minY)*step  +  t(maxY, oldMaxY, step) 
  + t(oldMinY, minY, step) 

 end 
 oldMinY=minY 

oldMaxY=maxY 
 x = x+step 
    if ( x > endX) p=p+maxY-minY 
endWhile 
end 
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t algorithm 
input: Y1, Y2, step 
output: area a 
begin 

 
end 
 
dist algorithm 
input: Y, oldY, step 
output: distance d 
begin 
   if(metrika=TaxiCab)  
   else    
end 
 
Algorithm relies on functions dist that calculates distance between 

two points. Functions findMinY and findMaxY seek minimal and 
maximal values of y for given value of x where function 

 gives non positive value.Algorithm needs  as 
starting points minimal and maximal value of x that are part of trifocal 
ellipse. Its precision depends of numerical precision of functions 
findMinY and findMaxY, and size of parameter step. For Euclidean 
metric our experience, based on large number of test cases, is that 
algorithm makes mistake in calculation of parameterof less than 2% for 
step value of 1, and lesser for value of area. For taxicab metric error is 
less than 0.1%  . 

 
Figure 6.Visualization of algorithm for area (left) and perimeter (right) 
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3. CONCLUSION 

Specific application of trifocal curves in Euclidean metric is 
discussed in the paper[10]. Geometry of these curves was applied on 
solving problem of optimal location in architecture, urbanism and 
spatial planning. In mentioned paper was conducted concurrent 
analysis of suggested solution for optimal location Fermat-Torricelli 
type for existing solution of infrastructural corridors [10]and solution 
which is obtained using Java applet (available at [14]). Further 
development of our research shall be based on application of trifocal 
curves in taxicab metric in architecture, urbanism and spatial 
planning. 
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1. INTRODUCTION 

For given three foci (points) and three directrices (lines) in 
Euclidean plane,we consider the locus of points that satisfy the 
following equation: 

  (1) 

where is Euclidean distance from the point of locus to the  focus, 
 is Euclidean distance from the point of locus to the directrix and 

The main objective of this paper is to extract 
the conditions that enable correct algebraic transformations, which 
lead either to arcs or complete algebraic curves. The conditions 
formed in that manner determine the parts of the plane constrained by 
the algebraic equations of equal or lower order than the algebraic 
equations of type (1).  

The curves satisfying equation (1) are generalization of Weber's 
trifocal curves[8], (see also [6]), and trough this paper we will call 
them generalized Weber's curves. Generalized Weber’s curves allow 
also introduction of distance to directrix.   

2. SOME EXAMPLES OF THE GENERALIZES WEBER’S CURVES 

2.1.Cone sections 

2.1.1. Parabola.Let the directrix be the line  and let the 

focus be the point , for the focal parameter .Parabola is 
the locus of points that have the same distance from the directrix as 
the focus; in other words: 

,    (2) 

( is a distance to focus and a distance to directrix).Equality(2) is 
equivalent to: 

.   (3) 

Let us notice 

that for . 

Therefore, the equality (3) can be considered only for the half-plane 
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, and in that case, by squaring the equality 

, we obtain the algebraic equation for parabola 

. (4) 

Previously determined parabola is completely inside the half-
plane (Figure 1). 

 
Figure 1.Parabola 

 

2.1.2. Ellipse.Let and  be the foci,where 
 for The ellipse is the locus of points suchthat 

the sum of the distances to two foci is constant; in other words: 

    (5) 

where and are the distances to foci and .Equality (5) is 
equivalent to: 

   (6) 

By squaring equality (6) we obtain  

 (7) 

The squaring is correct if , i.e.,  

    (8) 
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where is a radius of the circumscribed 
circleofa tangent rectangle (Figure 2). All points of ellipse are in the 
interior area of the circle By the second sqaring the 
equality (7) we obtain the canonical form of ellipse: 

 (9) 

 
Figure 2.Ellipse 

 

2.1.3. Hyperbola.Let and  be the foci,where 
 for The hyperbola is the locus of points 

suchthat the absolute value of differenceof the distances to two foci is 
constant; in other words: 

    (10) 

where  and  are the distances to foci and .Equality (10) is 
equivalent to: 

  (11) 

By squaring equality (11) we obtain   

 (12) 

The squaring is correct if , i.e., 

    (13) 
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where Radius of the circle can 
be constructively determined from the tangent rectangle (Figure 3) 
and holds.All points of hyperbola are in the exterior area of the 
circle  By the second sqaring the equality (12) we obtain 
the canonical form of hyperbola: 

   (14) 

 
Figure 3.Hyperbola 

 
 2.2. Cartesian Ovals 

Let and  be the foci, ,  Cartesian ovals is 
locus of point satisfying: 

    (15) 

where  and  are distances to foci,  and  [7]. Equality 
(15) states:  

(16) 

By squaring previous equality we obtain  

 
 (17) 
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Let us form a circle 

             (18) 

with radius  for parameter 

.There is two possible cases. 

1. Let us consider the operand plus  in formula (15), i.e. a 
Cartesian oval . Then,the left side of equality (17) is 
positive and further squaring is correct if 

, i.e. for the 
interior points of the circle 

  (19) 

2. Let us consider the operand plus  in formula (15), i.e. a 
Cartesian oval . Then, the left side of equality (17) is 
negative and further squaring is correct if 

, i.e. for the 
exteriorpointsof the circle 

  (20) 

In the first case, the Cartesian oval is in the interior area of the circle, 
while in the second case the Cartesian oval is in the exterior area of 
the circle (Figure 4). Inboth cases, by squaring equality (17) we obtain 
the following algebraic equation: 

(21)
 

 

 

 

 
As a special case, if , then the Cartesian ovaltransforms into 

ellipse, while if , then the Cartesian oval transforms into 
hyperbola. 
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Figure 4.Cartesian ovals 

R. Descartes had obtained these ovals during his research related 
to optics, i.e. they resulted as a solution to the problem of searching 
for a curve such that the rays stemming from one point refract on this 
curve and afterwards pass through another given point. Light rays 
stemming from the focus , after refracting in the points of the 
Cartesian oval, meet in the focus . In other words, these ovals share 
two mediums with the refractive index . M. Chasleshad further 
studied these ovals, and showed that Cartesian ovals also have the 
third focus, i.e. that the following holds: 

 
By multiplying the first equality by and the second one by  and 

by subtracting he had obtained: 

  (22) 

where Based on the previous 
equality, one can conclude that Cartesian ovals are loci of points for 
which the sum of distances from three fixed points, previously 
multiplied by some numerical values, is annulled. 

2.3. Trifocal ellipse 

The standard definition of a trifocal ellipse is given by the 
following equation: 

   (23) 
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where  ,  , and are 
Euclidean distances of the point  to three foci , , 

, respectively,and for a given parameter , ( ) [2], 
[6],[8]. The Fermat-Torricelli point determines the minimal value of 
parameter . If  then a trifocal ellipse doesnot exist, 
and for  trifocal the ellipse is a non-degenerated egg curve 
(Figure5). 

 
Figure 5.Trifocal curves 

The subject of this section are the trifocal ellipses (23). Let 
there be given 
expressions: , , and

, Let us consider the following algebraic transformation 
of equation (15) : 

.    (24) 

The first squaring requires that the condition  holds, which 
can be reduced to  

   (25) 

For the interior points of the circle (25), by squaring the equality (24) 
we obtain 

  (26) 
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The second squaring requires that the condition holds, 
which can be reduced to 

 (27) 

For the points within the intersection of interiors of the circles (25) 
and (27), by squaring the equality (26) we obtain 

    (28) 

 
The third squaring requires that the 
condition

holds, which can be reduced to 

  (29) 
 
 
 

The previous fourth order curve can be written in the following 
form 

  (30) 

 
and it belongs to the family of the curves from [3] (see formula (3.5)). 
Considering the points within the intersection of interiors of the circles 
(25) and (27) with the interior of the curve (29), by squaring the 
equation (28) we finally obtain the eighth order curve: 

     (31) 

which can be explicitly written as  

   (32) 

 
Let us notice that in the previous derivationwe have obtained a 
sequence of conditions that determine the adjacent areas of the two 
interiors of the corresponding circles and the interior of the fourth 
order curve. In the intersection of these three interior areas, we 
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extract, step by step,the part of the algebraic curve (32) that contains 
closed contour of a trifocal ellipse (Figure 6). 

Algebraic equation for a trifocal ellipse is derived by means of the 
elementary algebraic transformations. The obtained equation form 
coincides with the equation form obtained by using determinants [5] 
and by means of applying Gröbner basis [2]. It should be noted that the 
result in the expanded determinant form of the trifocal ellipse 
representation consists of 2355 sumands[5].  

In this section, we primarily specify the exact part of the algebraic 
curve that represents a trifocal ellipse, and the part of the curve that 
represents so-called Zarinski closure of the trifocal curve, within the 
context of the algebraic geometry [5].  

 
Figure 6.Algebraic curve and areas for extracting the curves 



 

75 

3. THE ARCHES OF GENERALIZED WEBER’S CURVES 

In this section, we consider a generalize Weber’s curve(1). One 
example of such curve is Erdos-Mordell’s curve defined by equality  

    (33) 

which has been introduced and studied in [1],[4]. Considered curve 
(Figure 7) consists of six arches of algebraic curves of the eightorder 
which can be extracted in similar manner as it was given in the 
previous sections.  

 
Figure 7.Erdos- Mordell curve 

The interior of Erdos-Mordell’s curve is determined with  
and inside of it, the Erdos-Mordell’s inequality holds: 

                     (34) 

P. Erdos in 1935. has set the hypothesis that the inequality (34) 
holds in the interior of the triangle ABC (where A, B, C are given foci). 
The hypothesis has been proven in 1937. by L.J. Mordell and D.F. 
Barrow. In paper [2] the Erdos-Mordell’s inequality has been extended 
from the interior of the triangle to the interior of the Erdos-Mordell’s 
curve.  
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In equality (1), the absolute values appear in the distances 
. By freeing from the absolute values in some of the regions of a 

plane, the equality (1) is transformed into the following equalities 

                   (35) 

for corresponding  Î Using the procedure as in 
Section 2.3, some of the arches of the generalized Weber’s curve can 
be determined in the intersection of the corresponding areas, 
constrained by the algebraic curves of the second and fourth order. 
Generalize Weber’s curveconsists of arches of algebraic curves and 
these algebraic curves are obtainedfrom (35) with most three squaring.  
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BEYOND THE CONE OF VISION – NONLINEAR PROJECTIONS 

AND REFLECTIONS 
 

Attila Bölcskei 1 
 
 

Abstract 

It is well-known that the image by the usual linear perspective 
guaranties truthful representation of the objects only if they are 
positioned inside the so-called cone of vision.  In this talk we give 
some introduction into curvilinear perspective, which has been 
developed to approximate the eye’s representation more accurately. 
In some respect four-point perspective can be considered the 
equivalent of two-point perspective, while five-point perspective - 
where four vanishing points are placed equidistantly on the 
circumference of a circle and the remaining one vanishing point is the 
center point - is the curvilinear equivalent of one-point perspective. 
We also introduce such mappings that make the last (sixth) vanishing 
point visible on a surface or in a plane. It is also interesting to 
examine how these generalized projections are related to reflections 
on some surfaces. 

Key words: curvilinear perspective, descriptive geometry  

 

1. INTRODUCTION 

Since ancient times one of the basic issues has been to represent 
the living or lifeless objects of three-dimensional real world on a 
mostly planar surface, as e.g. wall of a cave or temple, or on a sheet 
of papyrus, later paper and screen. The two main areas, where these 
representations were used belong on one hand to spirituality and on 
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the other to practical manners. From pictures made for sacral purposes 
become later the art; however, the construction of e.g. buildings 
required practically useful representation of objects. Art and 
engineering interrelates in the long history of descriptive geometry all 
the time.  

In this short report we focus only on the so-called perspective 
representation. In the Renaissance, when this type of description was 
elaborated, the way of art started to change its viewpoint from an 
impersonal approach to an individual one, both in figurative and 
practical senses. The good old axonometry does not have any 
distinguished point, parallel projection is used, which makes the 
picture equally accurate for all the beholders located in different 
positions. In turn, you can enjoy the perspective of the Renaissance 
masters only from a well-defined point. Through the central projection 
the Viewer becomes to be important and distinguished. 

The main task and big challenge of that time artists was to 
represent the vertical grid of a room correctly. For this purpose they 
developed different frames and tools – the first steps in this field and 
therefore that time perspective were experimental.  

In this work we do not intend to go deeper into this aspect of the 
topic, we leave it to the history of science and its experts (see 
e.g.[6]). In the following chapters we rather sketchily introduce the 
different perspective systems till a new idea of representing all 
directions of the space in 2D. Finally, we point at the connection 
between curvilinear perspectives and reflections on some surfaces. 

 

2. INTRODUCTION OF PERSPECTIVE SYSTEMS  

The aim of perspective - as the origin of the name exactly shows 
(perspecto (lat.) = to look at) - was to understand the laws of vision 
and to apply them in making pictures. This effort remained the same 
through the centuries, independently from the media, but influenced 
by the spirit of the age. 

Throughout the paper by „perspective system“ or shorty by 
„perspective“ we mean such mapping of 3D onto 2D, which is realized 
by a central projection from a distinguished point, called „eye point“, 
onto a surface. Particularly, if the surface is a plane, then the 
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perspective is called „linear“, if we consider a curved surface, then 
our perspective will be „curvilinear“. 

2.1 Linear perspectives  

Traditionally three types of linear perspectives are distinguished 
according to the mutual position of the picture plane and the box to be 
represented. 

One-point perspective has one vanishing point, that is only one 
type of the edges of the box converge at a point, the others remain 
parallel on the picture. In this case the picture plane is oriented 
parallelly to a face of the box. This type of perspective was elaborated 
foremost and therefore it is also known as „Renaissance perspective“. 

One-point perspective is useful if one represents interiors of a 
room or a building. If we want to give a truthful representation from 
outside, then two-point perspective is better. In this case the picture 
plane stands parallel to one set of edges of the box only. On the 
picture these lines remain parallel, all others will converge at two 
different points. 

If we do not stand on the ground during the representation or if 
the object is incomparable higher than the Viewer, then three-point 
perspective is used. In this way each set of parallel edges of the box 
has one vanishing point. 

The construction of linear perspective images is relatively easy 
and straightforward, but there occur also inconsistencies while using 
them. For instance, linear perspective guaranties useful and 
conceivable representation of the objects only if they are positioned 
inside a well-defined field, the so-called cone of vision. On the basis of 
psychologists' research we can state that this cone is not a circular 
one. The field of best view can be determined at angle of 28˚ 
vertically (moreover, the field is less above than below) and 
37˚horizontally. Outside this region a lot of distortion obstructs the 
right comprehension of the spatial situation. Another contradiction is 
that observing e.g. a vertical segment from different distances, they 
may have the same length of images but measuring them by angles of 
elevation/depression they will be different. 

In [5] the Author refers to perceptual psychologists, stating that 
„in “New essays in psychology of art”, Arnheim suggests that observers 
usually see parallel lines converging, but in specific conditions, e.g., if 
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an object is looked at from a great distance, parallel lines can actually 
appear parallel.” Finally she feels a need to reformulate the 
perspective law: „perspectives of all interparallel straight lines which 
are also parallel to the picture plane will not have the vanishing points 
only while located in the cone of vision of viewer. Beyond the reach of 
cone of vision their perspectives will start to converge and after all 
they will intersect the picture plane in the vanishing point...”. 

Eventually, we can conclude that in order to avoid all these 
paradoxes we need another system that approximates the retina of the 
eye more accurately. 

2.2 Curvilinear perspectives  

For the so-called four-point perspective we set the projection 
system as follows: substitute the picture plane by a right circular 
cylinder whose axis is horizontal/vertical and let the eye point be on 
the axis. With the exception of the panorama pictures we can half this 
cylinder by a vertical plane π, if we want to picture only those objects 
which are in front of us and not behind. To represent the image on the 
screen or on paper, finally we have to project the curves on the 
surface onto a plane which is parallel to π, or develop the superficies 
of the cylinder. 

If π stands parallel to one set of edges of the box to be depicted, 
then we obtain four vanishing points: one for the two other sets of 
edges each and two for the one family of edges parallel to π: one 
vanishing point above and one below! (Fig. 1) This curvilinear 
perspective already coincides with the experiences of psychologists! 

 
Figure 1. Image of a box in four-point perspective  
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In order to get the usual five-point perspective, we need a 
hemisphere as image surface. The eye point will be at the center of 
the sphere. Again, finally we project the curves from the surface onto 
a plane parallel to the boundary of the hemisphere. In this way we 
map the half-space in front of us into the interior of a circle. If we put 
a box in this field, then the vertical edges have two vanishing points 
(above and below), the horizontal ones have also two (leftmost and 
rightmost points of the circle), whilst the third type of edges converge 
at the center of the circle. (Fig.2)  

 
Figure 2. Image of a box in five-point perspective  

As we mentioned also before, the way we look at things influences 
the representation systems we use. In particular, the different imaging 
tools in the last decades (cameras, softwares, etc.) make the four and 
five-point perspectives quite common (see fish-eye lenses, cylindrical 
and spherical panoramas). 

However, if we want to represent the WHOLE space around us, 
there are no standards for this type of “six-point perspectives”.  

One of the widely known attempts in this respect is due to Dick 
Termes [7], who works on his unique paintings since 1969. The main 
idea is to set your eye in the center point of a transparent sphere but 
paint the outside of the ball. If you view this relatively big balls (so-
called Termespheres) hanging and smoothly rotated by ceiling motors, 
you may have the impression to capture the experience of the whole 
environment. 

From mathematical point of view, the stereographic projection 
provides the representation of the six cardinal directions on the 
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picture plane at the same time. Let one diagonal of the box to be 
represented be the vertical diameter of the sphere of the 
stereographic projection. First project the edges of the box from the 
center onto the surface of the sphere then apply the stereographic 
projection. The images of the parallel edges then go through two 
points each. This conform mapping of the sphere makes the flattening 
of the Termespheres-like representations possible [2].  

3. A NEW APPROACH OF SIX-POINT PERSPECTIVES  

In [3] the authors offer a different mapping of almost the whole R3 
into the interior of a circle. The basic idea is to equip the directions of 
the space by rotation angles. Let the origin of the usual Cartesian 
coordinate system be located in the eye-point, let the vertical 
direction be the y axis, the horizontal one the x axis and let the z axis 
poke in the onwards direction (z+). Any direction vector of a point to 
be represented has an angle β to the z axis, while its orthogonal 
projection onto the [x,y] plane has angle α to the x axis (Fig.3).  

 
Figure 3. Direction vector of the point P and the corresponding angles 

Szilágyi et al. proposed to use these angles directly in representing 
the direction of P in the plane. Here I offer the generalization of their 
idea [1]. 
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Figure 4. Representation of the direction in the plane  

To the direction vector above we order the polar coordinates 
(α,f(β)), where α , β  and let f be a strictly monotone 
increasing, continuous, function in the interval , with f(0)=0. We 
may also require boundedness of the function in the above interval, 
because otherwise the image would reach into the infinity. We have to 
confess that the backwards direction (z-) has no unique vanishing point 
– we have to consider the whole circle of radius f(π) to be only one 
point. In Fig 4. we can also observe that the interior of the smaller 
circle represents the half-space in front of us, the remaining ring 
refers to the world behind. 

We remark that the original idea was to introduce f(x)=x, as our 
special case. However, the above generalization has its good reason for 
existence. There are different mapping functions of fisheye lenses in 
the praxis: as e.g. r=f·β, : r = f·sin(β), r = 2f·sin(β/2), r = 2f·tan(β/2),  
r = f·(exp(β)-1),etc. where r denotes the distance of the image point 
from the image center, f denotes the focal length of the optical system 
and β is the angle from the optical axis. Of course, some of these 
mappings are not appropriate in creating six-point perspective because 
of the inconvenience of the mapping functions.  

Some forbidden, but important cases are:  

- f(β)= sin(β), that is the projection of the unit sphere onto the 
halving plane by orthogonal projection, this is the mapping of 
five-point perspective; 



 

84 

- f(β)= tan(β), the mapping of linear perspectives with unit 
distance, it works only for a half-space and the images are 
unbounded in the picture plane; 

- f(β)= 2tan(β/2), the mapping of the stereographic projection. In 
this case the function is good except being bounded. The 
corresponding six-point perspective is an infinite one. 

For completeness we also give the mapping of the projection 
system of four-point perspective. In this case 

2 2 2

sinβ
f(β)

sin βsin α cos β
=

+ . The formula contains both angles, 
because the screen is not symmetric under rotations.  

Comparing the linear case f(β)=β to the sin-family f(β)= t·sin(β/t), 
where t 2, it is obvious that the area of the front half-space is more 
emphasized in the latter one. If we want to focus on the half space 
behind us, then we recommend the members of the tan-family f(β)= 
t·tan(β/t) (t 3), or even more the exp-family f(β)= t·(exp(β/t)-1), 
with t 0. 

Proposition 1.: For the limits 

hold, respectively.  

Proof: □. 

The consequence is that the linear case has a significant role, 
since all these families tend to it. 

To make the kind Reader more familiar with this kind of six-point 
perspectives, in Fig.5 we collected the possible images of a straight 
line in linear system. As we can see the pictures show great variety 
and therefore decoding the information from a picture is obviously a 
complex task. 

The pictures show the images of the z axis (a), a line parallel to z 
(b), a general line passing through the origin (c), a line that intersects 
z+ (d), a line that intersects z- (e), general lines (f) and (g). Namely, a 
general line and the origin determine a plane. The represented lines 
are in the same plane and are parallel, but the difference makes on 
which side of the origin they lie. 
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Figure 5. Possible images of a straight line  

4. REFLECTIONS ON SURFACES  

In the following we change our mind and show interest mainly in 
the world behind us. In this sense, e.g. the usual linear perspective 
system has to be changed: the picture plane is not translucent 
anymore, but a huge mirror. The laws of the reflected image can be 
derived from a perspective easily: if we reflect the eye point of the 
reflection onto the plane then we obtain the eye point of the 
corresponding perspective system with the same picture plane, but we 
use the opposite side of it. The image by perspective is the same as 
the image of the reflection, but on the other side of the plane. 

On the base of this strong connection we can investigate 
reflections on curved surfaces as equivalents of curvilinear 
perspectives. In accordance to [5] we can pose the following task: 
determine the profile of a surface of revolution such that the reflected 
image on the surface (intercepted on a vertical plane by orthogonal 
projection) coincide with a six-point perspective image by a prescribed 
function f. 

As an illustrative example look for the equivalent of the linear 
system. Without loss of generality we can consider the cross-section of 
the surface by the [y,z] plane (Fig.6). Let’s have a direction of angle β 
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and we look for the unknown function y=y(t) with the property that a 
ray having the angle of incidence β reflects horizontally. This demand 
prescribes the tangent of the curve as shown in Fig.6. On the other 
hand y(t) must be β, because the reflected image refers to the linear 
system f(β)=β. 

 
Figure 6. Determination of the surface for the linear case  

The solution of the differential equation is .  
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Abstract 

Ruled 2nd degree surface (quadrics) consisting of hyperboloid of 
one sheet, hyperbolical paraboloid, cone and cylinder shapes. 
Infinitely distant conic of surfaces can be real, degenerated on two 
real separated straight lines, on two real coincident straight lines and 
conjugated imaginary degenerated conic. The absolute conic is an 
imaginary conic of space, located in the infinitely distant plane and 
cannot be graphically represented. Through the vertices of a common 
autopolar triangle of absolute conic and infinitely distant conic 
passing axis of 2nd degree surface, which are essential for their 
graphical representation. To map the surface a general collineation in 
space was used, where the infinitely distant elements are associated 
with elements of finality. This paper will analyze the conditions under 
which the selected ruled 2nd degree surface mapped to the same, and 
when into the second ruled surface of 2nd second degree. Type of 
mapped surfaces depends on the position of the image infinitely 
distant conic section in relation to the image of the absolute conic 
section in the vanishing plane. 

Keywords: Ruled surface 2nd second degree, the absolute conic of 
space, general collinear spaces 

 
1. INTRODUCTION 

Collinear association of two spaces comprises association of all 
projective creations, among which are the quadrics (2nd degree 
surfaces). In the general collinear spaces, mapping of quadrics from 
one space into another can be constructively treated with the aid of 



 

88 

common elements of absolute conics and infinitely distant conics of 
the quadric, irrespective of the quadrics reality. Absolute conic of 
space and infinitely distant conic of the quadric have one common 
autopolar triangle, and the intersections are at two real straight lines. 
Connectors of the quadric center with the points of autopolar triangle 
which are in the infinitely distant plane are the axes of that quadric. 
Through the real straight lines are passing two systems of parallel 
planes intersection the quadric along the circumferences. In the 
general case, there are four planes from these two systems touching 
the quadric in circumferential points.  

To the infinitely distant elements are associated the elements in 
the finite general collinear spaces. Regarding that the absolute conic 
of space and infinitely distant conic of quadrics are in the infinitely 
distant plane of the first collinear space, they cannot be graphically 
displayed. Thus for the constructive treatment of the 2nd degree 
surfaces, an associated pair of conics in the vanishing plane of the 
second collinear space is used.  

Real ruled surfaces of 2nd degree intersect the infinitely distant 
plane along the 2nd degree curve (conic), which can be real, 
degenerated in two real split straight lines, degenerated in two real 
coinciding straight lines and degenerated conjugated imaginary conic 
in two conjugated imaginary straight lines.  

Depending on how the chosen surface in one space intersects the 
vanishing plane of this space, the associated quadric in the second 
space is determined.  
1.1. Hyperboloids of one sheet can intersect the vanishing plane 
along:  

1) The real conic (circumference, ellipse, parabola or hyperbola)  
2) Two real split straight lines (the vanishing plane is the tangent 

plane of the surface) 
1.2. Hyperbolic paraboloids can intersect the vanishing plane along: 

1) The real conic (parabola or hyperbola) 
2) Two real split straight lines (vanishing plane is the tangent plane 

of the surface) 
1.3. Cylinders can intersect the vanishing plane along: 

1) The real conic (circumference or ellipse) 
2) Two real split straight lines 
3) two real coinciding straight lines (vanishing plane is the tangent 

plane of the surface) 
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4) two conjugated imaginary straight lines 
1.4. Cones can intersect the vanishing planes along: 

1) The real conic (circumference, ellipse, parabola or hyperbola 
2) Two real split straight lines 
3) two real coinciding straight lines (vanishing plane is the tangent 

plane of the surface) 
4) two conjugated imaginary straight lines 

The paper analyses under which conditions a certain ruled 2nd 
degree surface is mapped in the same ruled surface, and under which 
conditions in a different ruled surface. The type of the mapped 
quadric depends on the type and position of the figure of the infinitely 
distant conic of the quadric with respect to the figure of the absolute 
conic in the vanishing plane. 

 
2. DETERMINATION OF THE CHARACTERISTIC PARAMETERS AND 
FIGURES OF ABSOLUTE CONICS IN GENERAL COLLINEAR SPACES 

 
Fig.1 Determination of the characteristic parameters in general collinear 

spaces 

 
General collinear spaces θ 1 and  θ 2, are set with five pairs of 

biunivocally associated points A1B1 C1D1E1 and A2B2C2D2E2. Prior to 
mapping of quadrics, characteristical parameters of collinear spaces 
must be constructively determined: vanishing planes M1 and N2, axes of 
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space o1 and o2 and centers of space X1 and W2 (fig. 1). After that, the 
figure of the absolute conic, imaginary circumference aI2 must be 
determined, which has a real representative aZ2 in the collinear space 
θ 2 (fig.2). 

The constructive procedure for determination of characteristic 
parameters of spaces (fig. 1) was given in more detail in other papers 
[4], and that for determination of figures of absolute conics (fig.2) in 
the paper [3]. 

 
Fig.2 Determination of figures of absolute conics in general collinear spaces 

 
3. MAPPING OF RULED SURFACES OF 2ND DEGREE IN GENERAL 

COLLINEAR SPACES  
For constructive treatment of association of the ruled 2nd degree 

surfaces, in the first space are chosen the following surfaces: rotating 
hyperboloid of one sheet and rotating cylinder, intersecting the 
vanishing plane along the real, which is concentric with the figure of 
the absolute conic; then the hyperbolic paraboloid intersecting the 
vanishing plane along two real generatrices and rotating cone which 
intersects the vanishing plane along the degenerated imaginary conic 
(two conjugated imaginary straight lines). The other cases are 
considered according to the position of the intersecting conic with the 
vanishing plane in the first space with respect to the figure of the 
absolute conic in the first space.   
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3.1. Mapping of the hyperboloid of one sheet in general collinear 
spaces 

3.1.1. Mapping of the hyperboloid of one sheet into hyperboloid of 
one sheet 

If the intersection of the hyperboloid of one sheet with the 
vanishing plane in the first space along the real circumference, which 
is in the general position with the figure of the absolute conic, it will 
be mapped into the hyperboloid of one sheet in the second space.  

In order that a rotating hyperboloid of one sheet would be mapped 
in the same surface in the other space, it is necessary to choose the 
hyperboloid so that it intersects vanishing plane of the first space 
along the real circumference k2, which is concentric with the image aI2 
of the absolute conic aI1,.This means that the main axis of the 
hyperboloid is coinciding with the axis of that space. The common 
autopolar triangle for these two conics in the vanishing plane, k2 and 
aI2, is the same as for all the rotating surfaces (fig.3).  

 
Fig.3 Mapping of hyperboloid of one sheet into a rotating hyperboloid of one 

sheet  

If the intersections of the hyperboloid of one sheet with the 
vanishing plane are in one space along the real 2nd degree curve, 
ellipse, parabola or hyperbola, which is with the figure of the absolute 
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conic in the general position, the problem of determination of points 
of the general autopolar triangle P2, R2 and Q2, for these two conics in 
the vanishing plane is reduced to the intersection of the conics which 
can be solved both analytically and graphically. In all these cases, the 
hyperboloid of one sheet in the first space is mapped into the 
hyperboloid of one sheet in the second space, which intersects its 
infinitely distant plane along the infinitely distant real conic. 

 
3.1.2. Mapping of the hyperboloid of one sheet into the hyperbolic 

paraboloid 
If the intersection of the hyperboloid of one sheet with the 

vanishing plane in the first space is along two real split straight lines, 
which are in the general position with the figure of the absolute conic, 
the quadric associated to it in the second space is the same surface, 
which intersects its infinitely distant plane along two real 
generatrices.   

 
3.2. Mapping of the hyperbolical paraboloid in general collinear 

spaces 

3.2.1. Mapping of the hyperbolical paraboloid into the hyperboloid 
of one sheet 

If the hyperbolical paraboloid intersects the vanishing plane in the 
first space along the real conic, parabola, or hyperbola, which is in 
general position with the figure of the absolute conic, the quadric 
associated to it is the hyperboloid of one sheet in the second space. 
The intersection of hyperboloid of one sheet with the infinitely distant 
plane is real conic (ellipse, circumference, parabola or hyperbola). 

 
3.2.2. Mapping of the hyperbolical paraboloid into the hyperbolical 

paraboloid 
In order that a hyperbolical paraboloid in the first space, is mapped 

into the hyperbolical paraboloid in the second space, it is necessary to 
choose hyperbolical paraboloid to intersect the vanishing plane of the 
first space along the conic k2, degenerated to two real split straight 
lines b2 and c2, (fig.4). 
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Fig.4 Mapping of the hyperbolic paraboloid into the hyperbolic paraboloid  

Out of three points of the common autopolar triangle P2R2Q2, for 
this two conics k2 and aI2 in the vanishing plane, two points R2

∞ and Q2
∞ 

are infinitely distant, and one of them P2 is in finiteness. Intersecting 
point Z2, of real straight lines b2 and c2 coincides with the center W2 of 
circumference aZ2 real representative imaginary circumference aI2 and 
it is vertex P2 in finiteness of common autopolar triangle of conics k2 
and aI2. 

 

3.3. Mapping of the cylinders in general collinear spaces 

3.3.1. Mapping of the cylinders into a cone 
If the cylinder in the first space intersects the vanishing plane 

along the real conic (circumference or ellipse), which is with the figure 
of the absolute conic in the general position, then the quadric 
associated to it in the second space is a cone. 

In order for the rotating cylinder in the first space to map into the 
rotating cone in the second space, it is necessary that the cylinder in 
the first space intersect along the real circumference k2 which is 
concentric with the figure aI2 of the absolute conic aI1, whose real 
representative is the circumference aZ2  (fig. 5). This means that the 
main axis of the cylinder is the axis of this space.   
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Fig.5 Mapping of the rotating cylinder into the rotating cone 

 
3.3.2. Mapping of the cylinder into the hyperbolic cylinder 

If the cylinder intersects with the vanishing plane in the first space 
along two real split straight lines, which are in the general position 
with the figure of the absolute conic, the quadric in the second space 
associated to it is a hyperbolic cylinder, which intersects it infinitely 
distant plane along two real split straight lines. 

 
3.3.3. Mapping of the cylinder into the parabolic cylinder 

If the cylinder intersects with the vanishing plane in the first space 
along tow real coincided straight lines (the vanishing plae is the 
tangent plane of the cylinder), which are in the general position with 
the figure of the absolute conic, the quadric in the second space 
associated to it is a parabolic cylinder, which intersects its infinitely 
distant plane along two real coincided straight lines. 

 
3.3.4. Mapping of the cylinder into the cylinder  

In the special case, when the cylinder intersects the vanishing 
plane in the first space along two conjugated imaginary straight lines, 
that is, with it has no common real point (the cylinder axis is parallel 
to the vanishing plane, the quadric in the second pace associated to it 
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is the cylinder which intersects its infinitely distant plane along two 
conjugated imaginary straight lines, that is, the axis of the associated 
cylinder is parallel to the vanishing plan in the second space.  

 
3.4.Mapping of the cone in general collinear spaces 

3.4.1. Mapping of the cone into a cone  
In order to map a cone into a cone, it is necessary that the cone in 

the first space interests the vanishing plane along the real curve of the 
2nd order, circumference, ellipse, parabola or hyperbola. An infinitely 
distant real conic (circumference, ellipse) is associated to it, and the 
associated cone intersects the infinitely distant plane of its space 
along it. The problem of determination of points of the common 
autopolar triangle P2, R2 and Q2, of these two conics in the vanishing 
plane is reduced to the intersection of the conics.  

If the rotating cone intersects the vanishing plane of the first 
space along the real circumference, which is concentric with the figure 
of the absolute conic, the quadric associated to it in the second space 
is the same surface, which intersects its infinitely distant plane along 
the real circumference. 

3.4.2. Mapping of the cone in the hyperbolic cylinder  
In order for the cone to map into the hyperbolic cylinder, it is 

necessary that the cylinder in the first space intersects the vanishing 
plane along two real split straight lines which are in the general 
position with the image of the absolute conic. 

 
3.4.3. Mapping of the cone into the parabolic cylinder  

In order for the cone to map into the parabolic cylinder, it is 
necessary that the cone in the first space intersects the vanishing 
plane along two real coinciding straight lines, which are in the general 
position with the figure of the absolute conic.  

 
3.4.4. Mapping of the cone into the cylinder  

In order for the rotating cone in one space to map into the 
rotating cylinder in the second space, it is necessary to choose the 
cone in such a way so that it intersects the vanishing plane of the first 
space along the degenerated imaginary conic kI2, which disintegrates 
into two conjugated imaginary straight lines. Their intersection point 
Z2, is coincided with the center W2, of the absolute conic aI2, whose 
real representative is circumference aZ2, (fig. 6). The top of the cone 
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in the first space must be situated in the vanishing plane, and it is one 
apex P2 of the common autopolar triangle. 

 

 
Fig.6 Mapping of the cone into the cylinder 

 
4. CONCLUSION 

The conclusion of the paper is that the ruled 2nd degree surfaces 
are always mapped into the ruled 2nd degree surfaces in the general 
collinear spaces. If the intersecting conic of the ruled 2nd degree 
surface in the same space is of the same type as the infinitely distant 
conic of the ruled surface in the second space, then the associated 
ruled surface of 2nd degree are of the same type. If the intersecting 
conic with the vanishing plane is different from the infinitely distant 
conic of the surface in the second plane, the mapped surface is 
different. In order for the rotating surfaces (hyperboloid of one sheet, 
cylinder and cone) in the first space could map into the corresponding 
rotating surfaces in the second space, the main axis of the surface 
must be on the axis of that space, that is, the intersecting conic of the 
first space is concentric with figure of the absolute conic in the 
vanishing plane. If the intersecting curve with the vanishing plane of 
the rotating plane in the first plane in the general position with 
respect to the figure of the absolute conic, then the plane associated 
to it in the second space is elliptical, of the same type. The 
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hyperboloid of one sheet can be mapped only in the same surface or 
into the hyperbolic paraboloid. The cone and cylinder as singular ruled 
surfaces can depending on the intersecting conic with eh vanishing 
plane in the first space be mapped in the second space into the same 
or different (hyperbolic cylinder and parabolic cylinder), regardless of 
the position of intersecting conic with respect to the figure of the 
absolute conic.  
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Abstract 

This paper presents a simple and very attractive presentation of 
the development of mechanical assemblies. Machines are projected in 
3D gives software packages (primarily in SolidWorks packages), carried 
out the analysis of parts, sub-assemblies and whole machine (using 
software tools that are an integral part of the software package), and 
then all that visualizes using the original anaglyph software.  
We also give a brief review of the physiology anaglyph representation 
and is detailed algorithm making anaglyph software. The analyzes 
were visualized using anaglyph software. We performed a review of 
the practical application of these methods. 
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1. INTERODUCTION-ANAGLYPH  

Anaglyph (αναγλυποσ carved in relief) is a form of 3D stereoscopic 
effect which is achieved achieves image encoding each eye separately 
with the use of different filters (usually the chromatic opposite color 
on), and usually red and cyan or red and green. Anaglyph 3D image 
contains two differently filtered colored images, one for each eye. 
When viewed through the "colored" or "anaglyph glasses", each of the 
two images selected reaches selected eye (which holds filters), 
revealing an integrated stereoscopic image. The visual context of the 
brain provides this perception and turns it into a three-dimensional 
scene or composition. In the case of monochromatic objects (black-
white) color display anaglyph can be added, thus forming anaglyph 
presentation. 

Figure 1 shows an example of the anaglyph image with 
combination red-cyan filter. 

 
Figure 1. anaglyph image 

The term anaglyph stereogram means: 

1. Bichromatic stereogram given in two complementary colors so 
that one stereogram shown in red and the other in color that it 
is complementary-blue or green. 

2. Polychromatic stereogram presented in all colors of the 
spectrum but also the one stereogram of a red color, and other 
complementary it-blue or green. 

We consider using chromatic optical filters whose colors are 
identical colors bichromatic anaglyph. 
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Anaglyph stereogram has all the geometric properties of any type 
stereogram except for their colors and techniques of implementation. 
No matter what stereogram pair could cause the illusion of three-
dimensional perception of space, it is necessary that the geometric 
characteristics of these promising pictures correspond to real binocular 
vision that provides a fusion of Panum’s retinal area. Has been 
confirmed by experiment that this distance should be 20 to 50 times 
greater than the distance in-eye distance. Average in-eye distance is 
70mm, and in this paper for the distance adopted thirty-mentioned 
value in-eye distance, and value of 2100mm. These parameters are 
suitable for displaying a three-dimensional illusion of objects up to the 
usual dimensions of a meter, which is viewed at a distance of 2 to 2,5 
m. 

If stereogram is bichromatic, to ensure that every single eye in the 
binocular pair perceives corresponding stereogram, it is essential that 
they be shown a pair of complementary colors (red-blue or red-green). 
And if the stereogram is polychromatic, to ensure that each individual 
eye sees the appropriate stereogram, it is essential that they be 
displayed in those parts of the spectrum that are missing 
complementary pair of colors. 

This paper discusses the software methods create anaglyph 
stereogram, and techniques appropriate stereoscopically binocular or 
stereoscopic illusion of three-dimensional space. 

Depending on the selection of the filter for the left and right eye 
preparation of anaglyph stereoscope is made. Matched filter red (left 
eye) and cyan blue (right eye) we have the following principle of 
forming anaglyph views: 

As the red filter does not miss the red color, left eye, which is 
supplied with a red filter, sees the anaglyph red and cyan blue 
anaglyph shown in black color. 

Cyan filter does not fail cyan color, cyan anaglyph could not be 
seen, and red anaglyph shown in black. 

To ensure that the left eye sees only the left anaglyph and right 
eye just right anaglyph need to background of anaglyph stereogram be 
white. 

Then cyan blue anaglyph disappears for the right eye, and the red 
for the left and the conditions of observation stereogram become 
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identical physiological stereoscopy of the real three-dimensional 
space. 

Of course, this is a set of the selected filter (red-cyan). The user 
decides which type of display fit the best to be ideal for display system 
being developed. Table 1 gives an overview of the current combination 
of used colors in anaglyph display. 

Table 1 

scheme left eye L R right eye color 
rendering description 

red-green Pure 
red     Pure 

green monochrome 

The predecessor of 
red-cyan;. Used for 
printed materials, 
e.g. books and 
comics. 

red-blue Pure 
red     pure 

blue monochrome 

Some green-blue 
color perception. 
Often used for 
printed materials. 

red-cyan Pure 
 red     

Pure 
Cyan 
(green 
+blue) 

Color 
(poor reds, 
Good 
greens) 

Good color 
perception of green 
and blue, no red. 
Currently the most 
common in use. 
Less retinal rivalry) 

anachrome Dark 
red     

Cyan 
(green 
+blue 
+some 
red) 

Color 
(poor reds) 

A variant of red-
cyan; left eye has 
dark red filter, right 
eye has a cyan filter 
leaking some red; 
better color 
perception, shows 
red hues with some 
ghosting. 

mirachrome 
Dark 
red 
+lens 

    

Cyan 
(green 
+blue 
+some 
red) 

Color 
(poor reds) 

Same as 
anachrome, with 
addition of a weak 
positive correction 
lens on the red 
channel to 
compensate for the 

http://en.wikipedia.org/wiki/Retinal_rivalry
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chromatic 
aberration soft 
focus of red. 

Trioscopic Pure 
green     

Pure 
magenta 
(red 
+blue) 

Color 
(better 
reds, 
oranges 
and wider 
range of 
blues than 
red/cyan) 

Same principle as 
red-cyan, somewhat 
newer. Less 
chromatic 
aberration, as the 
red and blue in 
magenta brightness 
balance well with 
green. 

INFICOLOR Complex 
magenta     Complex 

green 

Color 
(almost 
full and 
pleasant 
natural 
colors 
with 
excellent 
skin 
tones 
perception) 

Developed by the 
TriOviz company, 
INFICOLOR 3D is a 
newer, patent 
pending 
stereoscopic 
system. It works 
with traditional 2D 
screens and TV sets 
(LCD, Plasma) and 
uses glasses with 
brand new complex 
color filters and 
dedicated image 
processing that 
allows a natural 
colors perception 
with a pleasant 3D 
experience.  

ColorCode 
3D 

Amber 
(red 
+green 
+neutral 
grey) 

    

Pure 
dark 
blue 
(+optional 
lens) 

Color 
(almost 
full-color 
perception) 

(Also named yellow-
blue, ochre-blue, or 
brown-blue) a 
newer system 
deployed in 2000s; 
better color 
rendering, but dark 
image, requires 
dark room or very 
bright image  

magenta-
cyan 

magenta
(red     Cyan 

(green 
Color 
(better 

Experimental; 
similar to red-cyan, 

http://en.wikipedia.org/wiki/Chromatic_aberration
http://en.wikipedia.org/wiki/Chromatic_aberration
http://www.trioviz.com/
http://en.wikipedia.org/wiki/Image_processing
http://en.wikipedia.org/wiki/Image_processing
http://en.wikipedia.org/wiki/Image_processing
http://en.wikipedia.org/wiki/Color_perception
http://en.wikipedia.org/wiki/ColorCode_3D
http://en.wikipedia.org/wiki/ColorCode_3D
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+blue) +blue) than 
red-cyan) 

better brightness 
balance of the color 
channels and the 
same retinal rivalry.  

Infitec 

white 
(Red 
629 nm, 
Green 
532 nm, 
Blue 
446 nm) 

    

white (Red 
615 nm, 
Green 
518 nm, 
Blue 
432 nm) 

Color 
(full color) 

Uses narrow-band 
interference filters, 
requires 
corresponding 
interference filters 
for projectors, 
technical 
requirements 
comparable with 
polarization-based 
schemes 

2. ANAGLYPH MAKING 

As already mentioned, anaglyph a picture that gives apparent 3D 
effect when viewed through the proper glasses. There are a number of 
software packages that deal with these issues and their complexity of 
use is different. Regardless of the specifics of each software package 
idea of forming anaglyph display for all the same (Figure 2):  

Requested photographs, prints, or any object that needs to be 
shown in anaglyph are copied in 2 copies. 

It is necessary to selects color samples to the desired eye. 

Performs the "filtering" of the object, so that each eye is taken 
away (or if the object is not in color, adds) the desired color. 

 
Figure 2. Making of anaglyph [Matsuura & co. 2008.] 

http://en.wikipedia.org/wiki/Infitec
http://en.wikipedia.org/wiki/Interference_filter
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This type of presentation has proven to be a useful way to 
visualize the different types of tests in science and technology. It 
should be noted that anaglyph display does not require large financial 
investments and of itself is already one of the variants of virtual reality 
and largely captures three-dimension space in a way that is easy to be 
actively involved them in this kind of environment. In terms of 
usability anaglyph views were also shown to be very attractive. 
Visualization systems do not require very expensive and inaccessible 
equipment , but it is possible to use a little better screens or 
projectors using anaglyph glasses to a greater or lesser extent, give the 
impression of " presence" in three-dimensions space and manipulating 
the technical systems in the area are in 3D. 

2.1 Algorithm of anaglyph software  

For the purposes of development and analysis of technical systems 
we formed our own, an original software tool for making anaglyph 
presentation. Figure 3 shows the algorithm of preparation anaglyph 
software the steps that are necessary in making the anaglyph 
presentation. For easier understanding of the controls of computer-
software tools replaced by the corresponding labels. The steps of the 
algorithm are as follows:  

Field 1-input data, input of any image file in the format *.bmp. 
Entrance-im_in *.bmp, output-file/image. 

Field 1a- preparation the file of format *.bmp and compile it and a 
picture of that later formed the view you want. *.bmp file contains 
two types of images: 2D gray-leveled image (Img2duc) and 2D color 
image (Imc2duc). It should be noted that only uncompressed *.bmp 
files can be converted. It is possible that it is necessary to first convert 
the compressed *.bmp uncompressed. Entrance-im_in *.bmp, out-
im_out converted files as a result is obtained SUCCESS (success) or 
FAILURE (fail). 

Field 1b - Returns distinct values in the newly building. Attributes 
are specified on the basis of clear agreement to the following 
parameters: 0-Number of columns, 1-Number of rows, 2-number of 
planes, 3 the number of lanes, 4-color according to the scale and space 
(-1: no color or gray scale, 0: RGB, 1: XYZ, 2: LUV, 3: LAB 4: HSL, 5: 
AST, 6: I1I2I3 7: LHC 8: WRY, 9: RNGNBN, 10: YCBCR, 11: YCH1CH, 12: 
YIQ, 13: YUV). Entrance-im_in converted image, the result is obtained 
values of selected features. 
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Figure 3. Algorythm of anaglyph software 

1c field-a field that performs the same function as the field 1b. It 
is necessary to do the same procedure two times in order to obtain two 
2D images that will later be passed through a filter of the desired color 
(each image corresponds to your eye). 

Field 2 and 3-linear movement of the image coordinate system (x, 
y), with the adoption of the origin in the upper left corner. This step is 
necessary for binocular disparity. For each eye , and an adequate pair 
of eye-glasses 3D was selected by a picture of a "shift" the x-axis of the 
coordinate system. Entrance-main 2D color images, the output-im_out 
object that is the same as im_in with coordinate shift that is not 
possible at this stage to recognize the result obtained SUCCESS or 
FAILURE. 
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Field 2a and 3-forming a 2D image with constant values of RGB 
(red-green-blue). At this level of each pixel of the image gets a set of 
specified color values (each pixel is filtered certain color), a user can I 
set the color values to the standard computer. The following 
parameters are used: R is the red component of the real value (0 to 
255), G is the green component of the real value (0 to 255), B is the 
blue component of the real value (0 to 255). 

This is in essence the level to which the particular filter is added. 
Entrance-im_in 2D color images, the output-im_out object that is the 
same as im_in with the addition of filters, the result is obtained 
SUCCESS or FAILURE. 

Field 2b and 3b-at this level, "moved" image in the coordinate 
system and the filter that is assigned at the previous level are 
combined, creating display a certain color, with adequate, desired 
"shift". Entrance-im_in 2D color images, the output-im_out object that 
is the same as im_in with the addition of filters and coordinate 
movement, the result is obtained SUCCESS or FAILURE. 

Field 4-final output format anaglyph display the file in the format 
*.bmp, which is the use of glasses anaglyph view can be seen as a 
spatial 3D display. Here are the paired images obtained at levels 2 and 
3 according to the parameters that were assigned to those levels. 
Entrance-im_in1 and im_in2 RGB image output-im_out single RGB 
image, the result is obtained SUCCESS or FAILURE. 

These areas are the most fundamental aspects of getting anaglyph 
display. This is the most classical type of obtaining anaglyph of an 
object. Taking into account the diversity of anaglyph (next section) in 
the development of computer tools for creating anaglyph presentation 
must include the following factors: 

Field 5-creating anaglyph directly to the left and right 2D images. 
As the input data is used in the field of the image obtained by 2a and 
3a, and into them directly from the filters import from fields 2b and 
3b. Here you are in need of the following parameters values: 

r1 and r2-specification of proportion red component to the left or 
the right image . 

g1 and g2-specification of proportion green component on the left 
or the right picture. 
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b1 and b2-specification of proportion blue component on the left 
or the right picture. 

This type of formation anaglyph is seemingly simpler, but the 
formation of color that are not purely a product of basic RGB color is a 
problem. Anaglyph display is very handy when you need to perform 
three display images and movies that are not in color, but black/white. 
One of the main reasons for this way of presenting the decrease in the 
cost of printed materials . In order to obtain this type of display 
presented the next steps. Entrance-im_in1 and im_in2 RGB image 
output-im_out unique RGB anaglyph file-image, the result is obtained 
SUCCESS or of FAILURE. 

Field 6 and 7- the conversion of color images in RGB space image, 
using standard RGB color parameters (r = 0.299 , y = 0.587 , b = 0.114). 
Entrance-im_in RGB color image , the output-im_out anaglyph unique 
RGB color space image , the result is obtained SUCCESS or FAILURE. 

Field 8-getting anaglyph display so that the left side of the 2D 
gray, black/white display , the right 2D color images . The same 
system is used as a parameter to the field and the 5. Entrance-im_in1 
left gray , black / white and color im_in2 RGB image output-im_out 
unique anaglyph RGB image, the result is obtained SUCCESS or 
FAILURE. 

Field 9-getting anaglyph in gray , black/white display. As input 
data we use all of the images obtained in the fields of 2, 6 , 7 and 8 
Parameters are the same as in fields 5 and 8. Entrance-im_in1 and 
im_in2 gray, black/white images, output-im_out unique RGB anaglyph 
black/white images , the result is obtained SUCCESS or FAILURE. 

In next chapters this software will find their application in 
"translation" of images, simulations and animations in anaglyph 3D 
display. 

3. PRACTICAL APPLICATION OF ANAGLYPH SOFWARE 

Anaglyph , as one of the most attractive ways to display 3D objects 
is very easy to find your place in the visualization in various fields. 
Currently the most attractive areas of application anaglyph display 
are: home entertainment, film -processing industry, comics and 
graphic short films, computer games, science and mathematics, 
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applied art, artworks, Web sites and Inetrnet presentations and the 
map views. 

In science and mathematics are very useful anaglyph views. Their 
characteristic a faithful display a 3D object gives a clear picture. User's 
mind accepts this kind of information and processes is much clearer 
than standard 2D display. Anaglyph image is easily included in the 
printed form of literature that is used in science, and it is possible to 
use the handy and very cheap glasses with filters. Of course anaglyph 
display is very easy and inexpensive to be used in presentations that 
combine the monitor and appropriate filters. Such a view clearly 
describes all objects that display a scientific study. Anaglyph images 
used in the topography and geology of the view of the planets and 
satellites. These stereo images reveal geological elements that are not 
usually visible, and provide incredible visual experience, which is very 
close to real. 

 

 
Figure 4. Anaglyph presentation-field 4 

In the development of technical systems anaglyph has its role . 
Engineers and designers are prone to visual communication and thus 
easier to implement their ideas in the final product. As an abstract 
technique (not really because anaglyph still a mirage, that 's a human 
brain tends to mystify and understand as a 3D image, although it is not) 
gives a much more concrete picture of specific technical parts/systems. 
It plays an important role in the presentation of technical products in 
the field of marketing and advertising , just wherever the idea of 
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technical systems need to display an attractive way. Attractive 
appearance, a financially too demanding, anaglyph is a very useful 
means for the visual representation of a technical element / assembly 
in the field of education . Users who do not have a lot of specific 
technical knowledge such views can be enough to clarify the technical 
parts systems , which was previously only possible to understand the 
serious technical skills. 

 
Figure 5. Anaglyph presentation-field 5 

 
Figure 6. Anaglyph presentation-field 6 

Figures 4 , 5 , 6 and 7 are views given image a machine set in the 
expanded terms are routed through the filters, which are created 
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when working with their own , original anaglyph software from the 
previous chapter. 

 
Figure 7. Anaglyph presentation-field 6 

4. FINAL REMARKS AND CONCLUSION 

In the framework of the simulations were carried out several 
technical systems that are projected in 3D CAD computer software 
tools. The resulting simulation images are passed through a software 
tool, in order to prepare them to anaglyph view. 

It is necessary to consider that anaglyph view of a technical system 
is one of the variants of virtual reality . The human mind is prone to a 
3D display identifies with real objects and thus "facilitating" 
visualization in solving a problem, or when designing a clearer and 
more precise the definition of a technical system. Although it may 
sound that anaglyph a sub-variant of the classic, screen 3D display , 
this technique may prove to be very effective in the process 
visualization in the development of different types of technical 
systems. 

Because it is not possible to printed form displays animation 
performed simulations, this paper contains images which are much 
less, but still very effective and impressive 3D. Show performed 
simulations in the form of animations will be displayed in the 
presentation and will then make a comparison of simulation-animation-
screen 3D view, with all the results, and the same display using 
anaglyph, which obviously increases the impression of three-
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dimensional space and gives the user much more effective 3D 
impression. This is another proof that anaglyph techniques 
PRESENTATION and visualization of technical systems for the first step 
in the participation of users in virtual reality . Anaglyph has a 
disadvantage in relation to virtual reality in its original form because it 
is not INTERAKTIV directly. This is only a visual tool , and classic virtual 
reality interactive. This "lack" is still possible to justify the financial 
profitability anaglyph views and relationship quality environment 
obtained with money, and effort to achieve the goal. 
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Abstract 

In this paper, using a few well known facts about parabola, 
several properties associated withthe osculating circle at the vertex 
of parabola have been derived. First, the line, being perpendicular to 
the parabola’s chord containing the vertex and being set through the 
intersecting point between tangents at the chord’s endpoints, passes 
through the centre of thehyperosculating circle of parabola. Second, 
the line, being perpendicular to the parabola’s chord containing the 
vertex and being set through the intersecting point between the 
parabola’s diameter containing chord’s endpoint and the tangent at 
thevertex, passes through the point being incident to the 
hyperosculating circle of parabola opposite to the vertex. In addition, 
the formercan be seen as a special case of a more general problem. 
Accordingly, it has been shown that all the lines, being perpendicular 
to the associated parabola’s chord which contains the vertex and 
being set through the point common to the appropriate secant of 
parabola containing chord’s endpoint and the tangent at the vertex, 
are concurrent to the one point incident to the axis of parabola.  

Key words:parabola, hyperosculating circle, geometric 
construction 

                                            
1Dimitrije Nikolić, MArch, Teaching Assistant, Department of Architecture and 
Urban Planning, Faculty of Technical Sciences, University of Novi Sad, Serbia 
2Ivica Bošnjak, PhD, Associate Professor, Department of Mathematics and 
Informatics, Faculty of Sciences, University of Novi Sad, Serbia 
3Radovan Štulić, PhD, Full Professor, Department of Architecture and Urban 
Planning, Faculty of Technical Sciences, University of Novi Sad, Serbia 



 

113 

1. INTRODUCTION 

Consider a parabolaofthe focus F, the directrixd and the vertex A, 
as shown in Figure 1. It is known that the line being perpendicular to 
the parabola’s tangent tDin an arbitrary point Dand being set through 
the intersecting point C between the tangent tDand the tangent tAatthe 
vertex A passes through the focus F of parabola (see for example [1, p. 
168], [2, p. 68] and [5, p. 77]). Furthermore, the radius of the 
hyperosculating circleKM of the parabola (osculating circle at the 
parabola’s vertex A), having the centre M, is twice the distance 
between the vertex A and the focus F of parabola, that is AF=FM (see 
for example [3, p. 27] and [4, p. 150]). 

 
Figure 1. Parabola with its focal circle and hyperosculating circle 

1.1 Focal circle of parabola 

We want to demonstrate that the linebeing perpendicular to the 
parabola’s chord AD and being set through the pointC passes through 
the centre Mof hyperosculating circle of parabola. InFigure 1, one can 
observe the following: (a)the point C, being intersecting point between 
the tangents tA and tD, is the midpoint of the line segmentAE, i.e. 
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AC=CE1, where E is the intersecting point between the parabola’s 
diameter containingDand the tangent tA,(b) triangle MAC is similar to 
triangle AED and triangle FAC is similar to triangle CED, and 
consequentlyAC:CE=MF:FA.Therefore, distance MF is equal to FA, 
which is a fixed length, and thus the aforementionedstatement holds. 

From theperpendicularity between CM and AD and the 
equalityMF=FA, one can conclude the following:the intersecting pointP 
between the parabola’s chordADand its associated perpendicular CMis 
incident to the circleKF having the parabola’s focusF as its centre and 
thefocal parameteras its diameter. 

1.2 Hyperosculating circleof parabola 

Let Bbe the intersecting point between the parabola’s axis and the 
line perpendicular to AD set through the point E (Figure 1). Since CM 
and EB are both perpendicular to the AD, and therefore parallel, 
triangle MAC is similar to triangleBAE.ConsequentlyAC:AE=AM:AB, and 
sinceAC:AE=1:2 is the ratio not depending on the choice of point D and 
AM is of the fixed length, the pointBis fixed point incident to the 
hyperosculating circle of parabola and opposite to the vertex. 

Furthermore, sinceEB is perpendicular toAD, andABis a diameter of 
the hyperosculating circle, one can conclude the following: the 
intersecting point Q between the parabola’s chord AD and its 
associated perpendicular EB is incident to the hyperosculating circleKM 
of parabola.  

2. GENERALIZATION 

The problem considered in the previous section can be seen as a 
special case of a more general problem. Namely, instead of the 
tangent at the parabola’s chord’s endpoint, we can analyse a 
differently positioned straight line, i.e. a secant of parabola. 

Let S be a point lying on the parabola’s axis between the focus F 
and the vertex A (see Figure 2). If D is a point of parabola, we choose a 
point Lincident to the vertex’ tangent tA, so that SL and DL are 
perpendicular. In other words, the point L is the intersecting point 

                                            
1According to the definition of parabola AF=EG and DF=DG; triangle DCF is 
congruentto triangle DCG and thereforetriangle CAF is congruentto triangle 
CEG. 
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between the linetA and the circle KLofthediameterSD1. Let T be the 
intersecting point between the parabola’s axis and the perpendicular 
to the parabola’s chord ADset through the point L.In the sequel we 
show thatfor the fixed point Sthe pointT is also fixed, i.e. that it does 
not depend on the choice of the point D of parabola. In order to prove 
this statement we will show that the ratio AL:LE is constant, not 
depend on the point D. 

 
Figure 2.Generalization of derived construction 

Let the coordinate system be positioned as it is shown in Figure 2. 
The equation of the line SLis , anda<AF. Since the 
line DL is perpendicular to SL its equation is . If we put 
the latter into the equation of parabola , where p is the focal 
parameter (i.e. p=2·AF), we get the following expression: 

 
The solutions of this equation are: 

 

                                            
1Note that ifASis longer than AFthen the circle KLand the line tA do not 
intersect. When S is coincident to F, the circle KLtouches tA, i.e. there is only 
one common point. 
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where one of the solutions is the ordinate yD of the point D. The 
abscissa of this point is:  

Now we have: 

 
As we can see, AL:LE does not depend on the valueb, and 

therefore it is fixed for all points D of parabola. Now we may proceed 
to the proof of the main statement. From the following 
similarities:ΔTAL~ΔAED, ΔSAL~ΔLED and ΔTSL~ΔALD, one can conclude 
that TS:SA=AL:LE. Since AL:LE represents the constant ratio, as we 
have shown, and SAis also constant, the lengthTS is a constant value. 
Therefore, we have confirmed the above mentionedstatement and thus 
the following holds: the line being perpendicular to the parabola’s 
chord AD and being set through the point L passes through the fixed 
point T being incident to the parabola’s axis. 

The same procedure can be carried out for the second intersecting 
point L1 between the line tA and the circle KL. Consequently, there is 
one more point T1 associated with the chosen point L1 (see Figure 2, 
b). 

In addition, from the perpendicularity betweenLTandADone can 
conclude the following: the intersecting point V between the 
parabola’s chord AD and its associated perpendicular LT is incident to 
the circle KT having a diameter AT. 

3. FINAL REMARKS AND CONCLUSIONS 

According to the performed analysis of relations between chords of 
parabola and associated perpendiculars, one can conclude the 
following: 

(a) all the lines, being perpendicular to the associated parabola’s 
chord containing the vertex and being set through the intersecting 
point between the parabola’s diameter containing chord’s endpoint 
and the tangent at vertex, are concurrent to the point being incident 
to the hyperosculating circle of parabola and opposite to the vertex 
(Figure 3, a), and 
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(b) for the fixed point Sbeing incident to parabola’s axis and lying 
between the parabola’s focus and the vertex,all the lines, being 
perpendicular to the associated parabola’s chord containing the vertex 
and being set through the point common to the appropriate secant of 
parabola containing chord’s endpoint and the tangent at the vertex 
(see section 2), are concurrent to one point incident to the axis of 
parabola (Figure 3, b). 

 
Figure 3.Parabola’s chords and associated concurrent perpendiculars 

The formulated conclusions and the derived geometric 
constructions can be applied to the problems which involve a parabola 
as a part of more complex geometrical structures. 
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Abstract 

On the basis of the known planimetric construction of kappa curve 
a spatial model for contour line determination of oblique closed 
helicoid has been created. Analysing the proper spatial relations, it 
has been shown that the elements of the planimetric construction are 
the adapted particular elements of the tangential hyperbolic 
paraboloids associated with the generatrices of helicoid. 

Key words: kappa curve, oblique closed helicoid, contour, 
geometric construction, tangential hyperbolic paraboloid  

 

 

2. INTRODUCTION 

Helicoids are ruled surfaces, having good structural properties, 
and often in use in engineering practice. Therefore they are commonly 
included in descriptive geometry courses aimed for the engineering 
education. However, the problem of helicoids’ contour line detection 
is not rigorously treated in textbooks (see for example [1, p. 537] and 
[6, p. 114]), or it is solved without deduction from the actual spatial 
forms (see for example [2, p. 332], [8, p. 258] and [9, p. 182]). Thus, 
the aim of this paper is to give complete insight into this problem, 
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analysing the real spatial relations, and to reduce the problem to the 
appropriate planimetric solution. 

2. TANGENT PLANE OF HELICOID 

The contour line of a ruled surface is a curve lying on the surface, 
i.e. the locus of points incident to the generatrices of the surface, 
having tangent planes in a view position [4, p. 189] (tangent planes to 
the surface pass through the centre of projection, both in perspective 
and parallel projection [10]). Thus, the underlying problem is to detect 
these tangent planes and associated points of contact. 

 
Figure 1. Closed oblique helicoid and its tangent plane 
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We consider the oblique closed helicoid having vertical axis and 
generatrices inclined by angle β (Figure 1). Furthermore, the helicoid 
is limited by the cylindrical helix h and its axis a (which are its 
directrices). Tangent plane at any point of helicoid is defined by the 
generatrix and the tangent of the helix through that point (segment of 
the tangent plane τE at the point E, limited with the generatrix i, tE 
and the horizontal plane χ being set through A, is shown in Figure 1).  

3. TANGENTIAL HYPERBOLIC PARABOLOID  

It is known that helicoid as a ruled surface has tangential 
hyperbolic paraboloids along its generatrices1 [3, p. 63]. Namely, the 
idea is to set the tangential hyperbolic paraboloid along the 
generatrix, and to detect its tangent plane in view position2 and its 
point of contact. In order to define the tangential hyperbolic 
paraboloid, it is necessary to determine its plane directors3. 

Considering Figure 2 one can conclude that tangent lines to the 
helicoid’s generatrix i form one system of generatrices of tangential 
hyperbolic paraboloid, and the helicoid’s generatrix i is simultaneously 
one generatrix of the other system of the tangential hyperbolic 
paraboloid. Since, in top view, all the helices of the helicoid are 
concentric circles and all the tangents along one generatrix are 
tangents to these circles (and therefore are parallel), it is obvious that 
one plane director of tangential hyperbolic paraboloid is vertical and is 
perpendicular to the top view of helicoid’s generatrix. One can see 
that the tangent tE at the point E is of the smallest inclination, and the 
tangent at the point A (incident to the helicoid’s axis) is vertical, i.e. 
it is coincident with helicoid’s axis. 

3.1 Introducing the characteristic view  

We consider the limited segment of tangential hyperbolic 
paraboloid, as shown in Figure 2. If we choose a horizontal view 
perpendicular to the helicoid’s generatrix, both plane directors of 

                                            
1 None of generatrices is torsal, except for the case when helicoid is the 
surface of tangents to the helix where all the generatrices are torsal and the 
surface is developable.   
2 That is the plane which is also tangential to the helicoid (i.e. its generatrix). 
3 Hyperbolic paraboloid has two systems of generatrices, i.e. two plane 
directors. 
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tangential hyperbolic paraboloid will be in view position, since one 
plane director is parallel to the view direction (for example tangents tE 
and tA along the generatrix i are parallel in that view) and the 
generatrix i is seen in true length. Since both plane directors of 
hyperbolic paraboloid are in view position (and therefore its axis is also 
in view position) and its two generatrices of different system 
(generatrix i and its tangent tA) are seen in true length, their 
intersecting point A represents the vertex of hyperbolic paraboloid. 

 
Figure 2. Tangential hyperbolic paraboloid 

3.2 Plane section of tangential hyperbolic paraboloid   

Since the hyperbolic paraboloid’s axis is horizontal (and is in view 
position) as stated above, the section of hyperbolic paraboloid with 
the horizontal plane χ containing the point A is parabola. In other 
words, the traces on the plane χ of all tangent lines to the helicoid’s 
generatrix i, i.e. of the generatrices of one system of tangential 
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hyperbolic paraboloid, are incident to that parabola1. Furthermore, 
since tangent planes along helicoid’s generatrix2 form a pencil of 
planes, their traces3 on the plane χ all pass through the point A being 
the trace of the generatrix, and therefore represent the chords of the 
parabola. The slope lines of these planes are perpendicular to the 
associated traces. If we set these slope lines through the points of 
contact4 of associated tangent planes, we form (in top view) the 
geometric configuration presented in Figure 3. 

 
Figure 3. Particular elements of tangential hyperbolic paraboloid 

As mentioned above, we have to determine the tangent plane 
which is in view position, i.e. the plane which trace on the plane χ is in 
view position and which slope line is perpendicular to the view 
direction (i.e. which is seen in true length). According to [5], all these 
slope lines are in top view concurrent to the one point B. Therefore, it 
is simple to choose the one which is perpendicular to the view 
direction (see Figure 4), and in that way the point M (incident to the 
helicoid’s generatrix j) which has tangent plane in view position 
(represented by dotted triangle in top view) is determined. 
                                            
1 For example, the trace of the tangent tE at the point E on the plane χ is 
denoted by D. 
2 These planes are also tangent planes to the tangential hyperbolic paraboloid 
being set along the helicoid’s generatrix. 
3 The trace on the horizontal plane χ of the tangent plane τE at the point E is 
denoted by τχ

E in Figure 3. 
4 Points incident to the helicoid’s generatrix. 
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Figure 4. Point at generatrix having tangent plane in view position 

Accordingly, we can formulate the following procedure: for any 
chosen generatrix of helicoid we have to construct the point B and to 
set the line (i.e. the slope line of some tangential plane) perpendicular 
to the view direction through it; the intersecting point between that 
slope line and the generatrix defines the point on the generatrix (i.e. 
the point of contact of tangential plane in view position) which takes 
part in the contour of the helicoid. Note that if there is no such a point 
(due to the limited part of generatrix), that generatrix does not 
participate in the contour (the generatrix i in Figure 1 and Figure 2). 

In addition, all aforementioned slope lines intersect the generatrix 
and one more straight (vertical) line (seen as point B) being parallel to 
the axis of helicoid, and also, according to [5], intersect the circle 
lying in the plane χ (perpendicular to the axis of helicoid). Considering 
that both that straight lines have (different) common point with the 
circle, one can conclude that these slope lines generate hyperboloid.  
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4. DEDUCTION TO THE KAPPA CURVE CONSTRUCTION  

Considering the tangent plane in Figure 1 and the procedure 
presented in the previous section, we can define the top view 
projection of the points of contour line, i.e. the locus of these points, 
in order to show the congruence with kappa curve (see Figure 5). As 
stated above, the line segment AE represents the top view projection 
of the generatrix (j) of helicoid and the line segment ED represents the 
tangent line (tE) to the helix set through the generatrix’ point E. Note 
that the points A and D are lying in the same horizontal plane. 

 
Figure 5. Deduction to the kappa curve construction 

We set the base of the cone director of the tangents of helix to be 
equal to the helix’ diameter1. According to the similarity of the 
triangles BAE and AED, if we reduce the line segment ED to the length 
equal of the AE, the AE will proportionally reduce to the length of the 
AB, and that is the radius of the base circle of the cone director of the 
generatrices of helicoid. Therefore, one can conclude that the point B 
is incident to that circle, and it is simple to determine the point M, 
according to the postulated procedure2. 

On the basis of construction presented in Figure 5 we can derive 
the polar equation of the locus of contour points: AM=AB∙ctgφ, which 

                                            
1 In other words, we reduce the length of the top view projection of the 
tangent tE (i.e. the line segment ED) to the radius of the helix h. 
2 Note that for each helicoid's generatrix there is one associated “point B”. 
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is the equation of kappa curve. In that way we have deduced the top 
view projection of oblique closed helicoid’s contour line to the known 
construction of kappa curve (for example [2, p. 332] and [7, p. 141]). 

5. CONCLUSION 

In this paper, on the basis of detailed analysis of actual spatial 
relations, a spatial model for the determination of the points of 
oblique closed helicoid’s contour line has been carried out. Considering 
tangential hyperbolic paraboloid along a helicoid’s generatrix, as well 
as detecting its tangent plane being in view position, the locus of 
associated points of contact has been derived. Finally, it has been 
shown that the top view projection of the contour line is kappa curve, 
and particular elements of tangential hyperbolic paraboloid have been 
deduced to the known planimetric construction of kappa curve. 
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CONTOUR LINE 
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Abstract 

In this paper the generalization of contour line determination of 
oblique closed helicoid to an open one has been carried out using a 
spatial model. Furthermore, the geometric construction of 
generalized kappa curve, being the projection of oblique open 
helicoid's contour line, has been derived. 

Key words:generalized kappa curve, oblique open 
helicoid,contour line, tangentialhyperbolic paraboloid, geometric 
construction 

1. INTRODUCTION 

Helicoids are ruled surfaceswhich are usual part of descriptive 
geometry courses in the engineering curriculum, sincethey are present 
in engineering design. However, the detection of helicoids’ contour 
line, particularly the contour of an open oblique helicoid, is rarely 
found in textbooksor thecomplete insight into this problem is often 
omitted (see for example [1, p. 99], [2, p. 334], [9, p. 265]). In [8] the 
contour of closed oblique helicoid has been treated in detail, analysing 
the actual spatial relations, i.e. noticing the particular elements of 
tangential hyperbolic paraboloid being set along helicoid’s generatrix. 
The aim of this paper is to generalize such approach to the contour of 
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an open oblique helicoid, and to derive the appropriate planimetric 
solution of the generalized kappa curve. 

2. TANGENT PLANE OF HELICOID 

The contour line of a ruled surface is a curve on the surface, i.e. 
the locus of points incident to generatrices and having tangent planes 
in view position (i.e. tangent planes are parallel to the direction 
defining parallel projection) [6, p. 189]. Thus, the underlying problem 
is to detect these tangent planes and associated points of contact. 

 
Figure 1.Open oblique helicoid and its tangent plane 

Consider the an open oblique helicoid having the vertical axisa and 
inclined generatrices which are skew to the axis, as shown in Figure 1. 
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Furthermore, the helicoid is limited by  thecoaxial cylindrical helices 
heand hiof the same height (being its directrices). 

The consideration will be carried out for the case in which the 
helicoid’s generatrix and the helix’ tangent are oppositely oriented 
(i.e. they are inclined to the opposite side). 

Tangent plane at any point of helicoid is defined by the generatrix 
and the tangent of helix through that point (segment of the tangent 
plane τL at the point L, limited with the generatrixi,the tangent tL and 
the horizontal plane χ being set through the point A, is shown in Figure 
1).  

3. TANGENTIAL HYPERBOLIC PARABOLOID  

Since helicoid is a warped ruled surface,we can set the tangential 
hyperbolic paraboloid along its generatrix1 [3, p. 63]. At a point on the 
generatrix, the helicoid and the tangential hyperbolic paraboloid have 
common tangent plane. Hence we have to detectparaboloid’stangent 
plane in view position and its point of contact. 

InFigure 2 one can see tangent lines to the helicoid’s 
generatrixiwhich form one system of generatrices of tangential 
hyperbolic paraboloid. In addition, helicoid’s generatrixiisin the same 
time one generatrix of the other system of the tangential hyperbolic 
paraboloid. One can see that the tangent tA at the point A (lying on the 
inner helix hi) is in top view projection coincident to the helicoid’s 
generatrixi, since the generatrix is seen as the tangent of the circle hi. 
Hence, they define the vertical plane. 

3.1 Introducing the characteristic view  

We consider the limited part of tangential hyperbolic paraboloid, 
separately shown in Figure 2, a. In order to define the tangential 
hyperbolic paraboloid, it is necessary to determine its plane 
directors2.Since, in top view, all the helices of the helicoid are 
concentric circles and all the tangents along one generatrix are 

                                            
1None of generatrices is torsal, except for the case when helicoid is the 
surface of tangents to the helix where all the generatrices are torsal and the 
surface is developable.   
2Hyperbolic paraboloid has two plane directors, i.e. two system of 
generatrices. 
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tangents to that circles, and their points of contact are not incident to 
the same radial direction (and therefore they are not parallel in the 
top view projection), we cannot directlydefine the orientation of the 
planedirectors of tangential hyperbolic paraboloid. 

 
Figure 2. Tangential hyperbolic paraboloid 

We want to show that the horizontal view, being perpendicular to 
any helicoid’s generatrix, is parallel to the axis of tangential 
hyperbolic paraboloidbeing set along that helicoid’s generatrix.  

If we choose the (horizontal) view perpendicular to two 
generatrices of different systems (i and tA) and one more generatrix 
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(tL) is parallel (in that view) to the first one of that system, one can 
conclude that both plane directors will be in view position (Figure 2, 
b). Therefore, we have to show that in such chosen view tA and tL are 
seen as parallel. 

 
Figure 3.The proportions of the right helicoid’stangential hyperbolic 

paraboloid 

Herewith we consider the right helicoid (i.e.conoidal helicoid),its 
two helices, hi and he, containing the pointsA and L respectively, and 
one its generatrixi(Figure 3, left). If we set the tangential hyperbolic 
paraboloid along the generatrixi1, one can conclude that its 
intersection with any horizontal plane (i.e. the plane being 
perpendicular to the helicoid’s axis) is coincident to one generatrix of 
the hyperbolic paraboloid. Namely,considering tangentstLand tAand the 
tangent tS (coincident with helicoid’s axis), one can conclude that one 

                                            
1Seen as the dotted triangle SLD in the top view projection. 
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plane director is vertical and perpendicular to i and tS, and that 
another plane director is horizontal. Consequently, one can conclude 
that the top view projection of the tangent lines along a generatrix is 
proportional to the radius of the associated helix, and that that ratio is 
constant. From Figure 3, left, we can derive the following: 

.    (1) 

From Figure 2 we extract the top view elements of tangential 
hyperbolic paraboloid of the open oblique helicoid, shown as the 
planimetric configuration presented in Figure 3, right.The problem of 
the parallelism of the projections of tA and tL (in side view) can be 
reduced to the demonstration of the equality AF=LE. From the 
similarity of triangles SAL and LED we can derive next relations: 

,    (2) 

and ,    (3) 

and from the similarity of triangles SAF and SLD we can derive the 
following: 

.    (4) 

Inserting the equation (4) intothe equation (2), we obtain: 

.    (5) 

From the equation (3), it follows that the second member on the 
right side in the equation (5) equals one, and hence the equality LE=AF 
holds. Therefore we confirmed the parallelism between the 
projections oftA and tL. Accordingly, since both plane directors are in 
view position (Figure 2, b) we can conclude that tangential hyperbolic 
paraboloid being set along helicoid’s generatrix has the axis 
perpendicular to the helicoid’s axis and intersects it. 

3.2 Plane section of tangential hyperbolic paraboloid   

Since the hyperbolic paraboloid’s axis is horizontal, as stated 
above, the section of hyperbolic paraboloid with the horizontal plane 
χis a parabola containing the point Aas its vertex. The traces on the 
plane χ of all tangent lines to the helicoid’s generatrixi, i.e. of the 
generatrices of one system of tangential hyperbolic paraboloid, are 
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incident to that parabola1. Furthermore, since tangent planes along 
helicoid’s generatrix2 form a pencil of planes, their traces3 on the 
plane χ all pass through the point A being the trace of the generatrix, 
and therefore represent the chords of the parabola [8]. The slope lines 
of these planes are perpendicular to the associated traces. If we set 
these slope lines through the points of contact4 of associated tangent 
planes, we form (in top view) the geometric configuration presented in 
Figure 4. 

 
Figure 4. Particular elements of tangential hyperbolic paraboloid 

As mentioned above, we have to determine the tangent plane 
which is in view position, i.e. the plane which trace on the plane χ is in 
view position and which slope line is perpendicular to the view 
direction (i.e. which is seen in true length). According to [7], all these 
slope lines are in top view concurrent to the one point T. Therefore, 
now it becomes simple to choose the one which is perpendicular to the 
view direction (see Figure 5), and in that way, the point M (incident to 
the helicoid’s generatrixj) which has tangent plane in view position 
(presented by dotted triangle in top view) is determined. 

                                            
1For example, the trace of the tangent tL at the point L on the plane χ is 
denoted by D. 
2These planes are also tangent planes to the tangential hyperbolic paraboloid 
being set along the helicoid’s generatrix. 
3The trace on the horizontal plane χ of the tangent plane τL at the point Lis 
denoted byτχ

L in Figure 3. 
4Points incident to the helicoid’s generatrix. 
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Figure 5. Point at generatrix having tangent plane in view position 

Accordingly, we can formulate the following procedure: for any 
chosen generatrix of helicoid we have to construct the point T and to 
set the line (i.e. the slope line of some tangential plane) perpendicular 
to the view direction through it; the point common to that slope line 
and the generatrix defines the point of contact of tangential plane in 
view position and it takes part in the contour line of the helicoid. Note 
that if there does not exist such a point (at the limited part of 
generatrix), that generatrix does not participate in contour line (such 
is the generatrixi in Figure 1 and Figure 2). 

4. DEDUCTION TO THE GENERALIZED KAPPA CURVE CONSTRUCTION  

According to the procedure presented in the previous section, we 
can define the top view projection of the points of contour line, i.e. 
the locus of these point, in order to show the congruence with a 
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generalized kappa curve (see Figure 6). As stated above, the line 
segment AL represents the top view projection of the generatrix(j) of 
helicoid and the line segment LD represents the tangent line (tL)to the 
helix set through the generatrix’ point L. Note that the points A and D 
are incident to the same horizontal plane. 

Now we set the base of the cone director of the tangents of helix 
to be equal to the helix’ diameter1. According to the similarity of the 
triangles TSL and ALD, if we reduce the line segment LD to the length 
equal of the SL, the AL will proportionally reduce to the length of the 
ST, and that is the radius (R) of the base circle of the cone director of 
the generatrices of helicoid.Consequently, one can conclude that the 
point T is incident to that circle, and thus it becomes simple to 
determine the point M, according to the postulated procedure2. 

 
Figure 6. Deduction to the generalized kappa curve construction 

On the basis of construction presented in Figure6 we can derive 
the equation of the locus of top projection of contour points. Let the 
coordinate system with the centre S be positioned as it is shown in 
Figure 6. 

Let the straight line containing the points A and Tbe , and 
the line AL being perpendicular to AT has equation: 
                                            
1 In other words, we reduce the length of the top view projection of the 
tangent tL (i.e. the line segment LD) to the radius of the outer helicoid’s helix 
he. Inner helix hi is of radius r (see Figure 6). 
2 Note that for each helicoid's generatrix there is one associated “point T”. 
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.    (6) 

The point A, incident to the inner circle of radius r, is defined 
by:  and , and since the point T, incident to the 

outer circle of radius R, lies on the same radial direction but on the 
opposite side, its coordinates are defined by:  and 

. The point M lies on the line through the point T and being 

parallel to x-axis, and therefore: 

.      (7) 

From the equations (6) and (7), one can obtain the x-coordinate of 
the point M: 

     (8) 

while,  

.     (9) 

Dividing the equations (8) and (9), we have: 

.     (10) 

Squaring the equation (9), we get: 

.     (11) 

Substituting the equation (11) into the equation (10), and after 
some mathematical elaboration, one can find the following: 

, 

which is the equation of generalized kappa curve1. 

5. ON HELICOID’S WITH THESAME SIDE ORIENTATION OF GENERATRIX 
AND HELIX’ TANGET 

The consideration carried out in the previous sections, also applies 
to the case in which the helicoid’s generatrix and the helix’ tangent 

                                            
1 For more informationaboutfamily of kappacurvessee [4] and [5]. 
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are oriented to the same side (i.e. they are inclined to the same side); 
such is the helicoid presentedin Figure 7. 

 
Figure 7.Heicoid’sgenratrix and helix’ tangent with the same side orientation 

Applying the same methodology, i.e. analysing the tangent plane 
of tangential hyperbolic paraboloid (Figure 7, left) we can obtain the 
generalized kappa curve which has two points of self-intersection 
(Figure 7, right).The better understanding of the generalized kappa 
curve as the projection of contour linecan be achieved when an open 
oblique helicoid is limited with two helices of the same radius and 
height, but the different level of starting point, since in that case the 
both sides of the both branches of the curve (in the limited segment of 
the helicoid) are present. 
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6. CONCLUSION 

In this paper, on the basis ofthe detailed analysis of actual spatial 
relations of an open oblique helicoid, a spatial model for the 
determination of the contour line points has been carried out. 
Considering a tangential hyperbolic paraboloid along a helicoid’s 
generatrix, as well as detecting its tangent plane being in view 
position, the locus of associated points of contact has been derived. 
Finally, it has been shown that the top view projection of the contour 
line is a generalized kappa curve, with or without intersecting 
pointswhether the helicoid’s generatrix and the directrix’ (helix) 
tangent are orientedto the same or the opposite side, respectively. 
Particular elements of the tangential hyperbolic paraboloid have been 
adapted to the appropriate planimetric construction. 
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ENDPOINTS OF OBLIQUE HELICOID’S CONTOUR LINE 
ANDITS INFLUENCE ON THE CONSTRUCTION OF 

GENERALIZED KAPPA CURVE 
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Abstract 

General consideration of oblique helicoid’s contour line has been 
applied to the determination of the contour endpoints of oblique 
helicoid’s segment, in order to detect the generatrix and associated 
tangent of helix passing through generatrix’ segment endpoint which 
define the helicoid’s tangential plane being in view position. In 
addition, the planimetric constructions involving kappa curve and 
generalized kappa curve properties have been derived. 

Key words:contour line, oblique helicoid, generalized kappa 
curve, geometric construction 

 

 

1. INTRODUCTION 

The problem of the contour line detection of ruled surfaces is the 
common problem withindescriptive geometry teaching. However, the 
detection of oblique helicoids’ contour line, particularlythe starting 
and ending point, is rarely presented in textbooks, and it is 
eitherperformed approximately (see for example [1, p. 537] and [8, p. 
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258]) or without deduction from the appropriate spatial forms [2, p. 
332]. 

It is not unusual that contour line, being the envelope of helicoid’s 
generatrices, appears only as a short curved line between generatrices 
and directrices. Therefore it is sufficient to detect thepointsin which 
the contour line starts and ends, i.e. the starting and ending point of 
the contour line.In this paper we determine the position of these 
points, on the basis of both spatial analysis and the appropriate 
planimetric consideration.General consideration on oblique helicoid’s 
contour line carried out in [5] and [6] is applied to this particular 
problem.  

2. SPATIAL CONSIDERATION 

We will consider the segment of an oblique helicoid, limited with 
helicoid’s directrices (cylindrical helix or its axis). Accordingly, 
endpoint of contour line is the point incident to the helicoid’s directrix 
having tangent plane in view position. In other words, helicoid’s 
generatrix and tangent through that point, which define the tangent 
plane (being in view position) are seen as the tangent of the helicoid’s 
directrix. Hence, they simultaneously represent the tangent of contour 
line at its endpoint. 

2.1 Closed oblique helicoid 

Considering Figure 1, one can see the segment of the closed 
oblique helicoid having vertical axis and inclined generatrices, which is 
limited by the cylindrical helix hand its axis a (being its directrices).It 
is known that tangent plane at any point of helicoid1 is defined by the 
generatrix and the tangent of helix through that point (triangular 
segment of tangent plane τE at the point E, limited by thegeneratrixi, 
the tangent tE and the horizontal plane χ being set through the point 
A, is shown in Figure 1). 

Since the tangents to the helix h, as well as helicoid’s 
generatrices, are of constant inclination, all helicoid’s tangent plane 
at any point of the helix have the same inclination. Therefore, the 
limited segment of all the tangent planes are seen as congruent 
triangles,and in top view projection having one common 

                                            
1For more information see [5]. 
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vertex.Accordingly, we can choose one (the tangent plane τK)which is 
in front view in view position1, i.e. whose trace on a horizontal planeis 
in view position and slope line is perpendicular to the view 
direction.Thus the required generatrixkeis detected, and its point 
common to the helixh is the ending point Keof contour line. Hence, if 
we know one tangent plane (or its parameters) we can simply 
determine the tangent plane which is in view position.  

 
Figure 1.Closed oblique helicoid and its tangent plane 

Considering the other helicoid’s directrix, i.e. its vertical straight 
line a,one can conclude that helicoid’s tangent plane at points incident 
to the line a are vertical.Accordingly, the required generatrixks and 

                                            
1In order to make the drawing clearer, the tangent plane τK is not shown in 
front view in Figure 1. 



 

141 

the line a are overlapped in front view and their common point (i.e. 
generatrix’ endpoint) is the starting point Ksof contour line. 

2.2Open oblique helicoid 

The procedure presented in the previous section can also be 
applied to an open oblique helicoid (Figure 2). Namely, in this case, 
the helicoid’s directrices are two coaxial helices,he and hi, having the 
same height. We have to detect the generatrix which, in front view, is 
overlapped with the helix tangent1. 

 
Figure 2. Open oblique helicoid and its tangent plane 

                                            
1Since the generatrix and the tangent define a tangent plane, such tangent 
plane is in view position. 
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Triangular segment of the tangent plane τL at the point L, limited 
with the generatrixi, the tangenttL and the horizontal plane χ being set 
through the point A, is shown in Figure 1. The slope line sL is 
perpendicular to the tangent plane’s trace by τχ

L on the plane χ. 
Considering top view in Figure 2, one can conclude that the slope lines 
(through points of the helix he) of tangent planes are skew to the axis 
a, and their envelope is a circlec. Thuswe can construct that circle and 
choose appropriate tangent1 and associated helicoid’s tangent plane 
being in view position.Consequently the required generatrixke is 
detected, and its point common to the helixh is the ending point Keof 
contour line.The same procedure is valid for both open helicoid having  
generatrix and the directrix’ (helix) tangent oriented to the same side 
(Figure 2, left) and the one which generatrix and the directrix’ tangent 
are oriented tothe opposite side (Figure 2, right). 

3. PLANIMETRIC CONSIDERATION 

It is known that top view projections of closed and open oblique 
helicoid’s contour line are kappa curve and generalized kappa curve2, 
respectively (see for example [2], [5], [6] and [8]). Since in top view 
the helicoid’s directrix (helixh) is seen as the circle having the centre 
coincident to the centre of the (generalized) kappa curve, the 
detection of contour line endpoints can be reduced to the detection of 
the intersecting points between (generalized) kappa curve and the 
concentric circle. 

                                            
1 Note that the chosen tangent line represents the slope line of the tangent 
plane, and it has to be perpendicular to the view direction in order that 
associated tangent plane is in view position, as it was stated before. 
2For more information about planimetric constructions of kappa curves and 
generalized kappa curves see [3] and [4]. 
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Figure 3.Intersection between kappa curve and concentric circle 

3.1 Closed oblique helicoid 

The geometric construction of kappa curve shown in Figure 3, left 
[7, p. 141], being consistent with  the construction for the detection of 
the closed helicoid’s contour point incident to the chosen generatrix 
presented in [5], can be adapted for the proposed problem. 

In order to detect the point M lying on the kappa curve and being 
incident to the straight line AE1(Figure 3, left), we have to construct 
the point B incident to the circle b2, such that AB is perpendicular to 
AE, and through Bwe have to set the line BM parallel to the polar axis. 
Intersecting point between the BMand the chosen directionAE is the 
point M. If we rotate AEcounterclockwisearound A, point M will move 
along kappa curve, and the trianglesABMand ABE will come into the 
position ANK3.We have to construct the point K being the intersecting 
point between kappa curve and the circle h.We set the triangle APQ as 
shown in Figure 3, right. Since the triangles APQ and ANK are 
congruent, it follows that the straight line set through A 
perpendicularly to PQ intersects the circle h in the point K. 

                                            
1 Helicoid’s generatrix. 
2The base circle of the cone director of the generatrices of helicoid which 
diameter is equal to the distance between the asymptotes of the kappa curve. 
3BM and BE overlap in the position NK, and the triangles become congruent. 
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3.2 Open oblique helicoid 

According to the aforementioned procedure and the construction 
presented in [6], we derive the planimetric construction for the 
intersection between generalized kappa curve and a concentric circle. 

 
Figure 4.Intersection between generalized kappa curve and concentric circle 

We first analyse the case of an open oblique helicoid 
whosegeneratrix and the directrix’ tangent are oriented to the 
opposite side.In order to detect the point M lying on the generalized 
kappa curve and being incident to the straight lineAL1(Figure 4, left), 
we have to construct the point T incident to the circle b2, such that AT 
is perpendicular to AL, and through T we have to set the line TM 
parallel to the polar axis. Intersecting point between TMand the 
chosen lineAL is the point M. If we rotate ALcounterclockwise around 
S, point M will move along the curve, and the triangles ATMand ATL 
will come into the position JNK3. In order to construct the point K 
being the intersecting point between generalized kappa curve and the 
circle h, we set the triangle RPQas shown in Figure 4, right. Since the 
triangles RPQand JNK are congruent, it follows that the straight line 
set through J and being perpendicular to PQ intersects the circle he in 
the point Ke.  

                                            
1 Helicoid’s generatrix. 
2The base circle of the cone director of the generatrices of helicoid which 
diameter is equal to the distance between the asymptotes of the generalized 
kappa curve. 
3TM and TL overlap in the position NK, and the triangles become congruent. 



 

145 

 
Figure 5.Intersection between generalized kappa curve with 

self-intersecting points and concentric circle 

The similar consideration can be taken for the open helicoid 
having  generatrix and the directrix’ (helix) tangent oriented to the 
same side, and the geometric construction of the generalized kappa 
curve with self-intersecting points and its intersection with concentric 
circle is presented in Figure 5. 

4. FINAL REMARKS AND CONCLUSION 

In this paper we analyse the position of endpoints of both closed 
and open oblique helicoid’s contour line.Endpoint is the point incident 
to the helicoid’s directrix (helix or its axis) having tangent plane in 
view position. Therefore it is necessary to detect the generatrix and 
associated tangent of helix passing through such point which define the 
helicoid’s tangential plane being in view position. It has been shown 
that knowing the helicoid’s parameters we can detect tangent plane at 
any generatrix, and on that basis we can directly choose the tangent 
planein view position and its point of contact. Furthermore, since 
kappa curve and generalized kappa curve are the projection of closed 
and open oblique helicoid’s contour line  respectively, and helicoid’s 
directrix (helix) is seen as the circle having the centre coincident to 
the vertex of the (generalized) kappa curve, the planimetric 
constructions which obtain their intersecting points have been derived. 
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Abstract 

Concave Cupolae of fourth sort (CC IV) are polyhedra which 
lateral surface is created by folding a quadruple strip of equilateral 
triangles, while the bases are regular polygons. The unit cell that 
forms the deltahedral lateral surface by radial sequenceing around 
the axis of the solid is composed of two spatial hexahedrals. These 
unit cells are linked together in its upper zone by spatial 
quadrihedals, which consist of four equilateral triangles grouped 
around a common vertex. Over the same polygonal base, there can be 
formed four diverse Concave Cupolae of IV sort, using different 
variants of constructive procedure. In this paper, the application of 
the program for modeling the lateral surface of concave cupolae of IV 
sort, using the software package MATLAB, allows visual monitoring of 
the structural transformation of the concave cupolae of IV sort, for 
different polygonal bases and different variants of constructive 
procedure.  

Key words: Concave cupola, polyhedron, basis, deltahedral 
surface, transformation 
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1. INTRODUCTION  

Concave Cupolae (CC) are polyhedra which follow the method of 
generating the Johnson’s cupolae (Johnson’s solids J3, J4 and J5), 
whereat the convexity criterion is omitted, while in the lateral surface 
appear two or more rows of equilateral triangles [1], [2], [3], [4]. The 
lateral surface of CC is, as the name suggests, a concave polyhedral 
surface, so the planes of the CC’s faces may pass through the interior 
of the solid.  

Concave cupola is formed over the regular polygonal bases Ω1 and 
Ω2 which are set in parallel planes. The base Ω1 is the initial n-sided 
regular polygon around which the deltahedral lateral surface of the 
cupola is formed, while the base Ω2 is 2n-sided regular polygon coaxial 
to the base Ω1 (Fig. 1a). The central axis of CC is perpendicular to the 
planes of the bases  Ω1 and Ω2, and is determined by their centroids. 
Concave Cupola is required to meet certain criteria that are felicitous 
to the engineering profession [1], [5], such as: CC does not allow cases 
of degeneration, neither faces, edges nor vertices. Each face of the 
Cupola is visible from the exterior, i.e. there cannot exist interior 
faces of the solid. 

       
Figure 1. a) The formation of deltahedral lateral surface by the polar 
arrangement of CC IV unit cells, b) 3D model of the CC IV unit cell, the 
construction of the vertices B and D positions for the spatial hexahedral 

ABCDEFO1 [1] (Fig. 15) 

a) b) 
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The sort of Cupola is determined by the number of rows of 
equilateral triangles in the lateral surface’s net. The equilateral 
triangles are grouped into the spatial hexahedrals, unit cells of CC 
(Fig. 1b), by which polar array around the central axis of the 
polyhedron the deltahedral lateral surface is obtained. From the 
above, we can conclude that CC is always of even sort (second, fourth, 
sixth, etc.). If we intend to determine the greatest possible 
representative within one sort of Cupolae, we need to induce that the 
perpendicular distance from the edge of the n-sided base Ω1 and 2n-
sided base Ω2 must be lesser than the product of the height of unit 
equilateral triangle, and the number x of the triangles’ rows in the net 

(the number x represents the sort of the Cupola): [1]. The 
value (nmax) for the maximal number of sides of the polygon Ω1, from 
which there can be developed concave polyhedral surface that meets 
the above mentioned properties of the CC’s lateral surface is 
expressed as: 

 

                                                              (1)     

  
If we adopt the first lesser integer for nmax, by the analysis of the 

obtained values, we may conclude that for each sort of CC the 
deltahedral lateral surface (with even number of rows of equilateral 
triangles) can be formed over 11 (eleven) additional polygonal bases, 
in relation to the CC of the lower sort1.   

The number of vertices (V), edges (E) and faces (F) for any CC of 
the sort x over n-sided polygonal base are calculated by formulae: 

 

                                                                       (2)                                        

                                                            (3) 

                                                        (4)                
 
                                            
1 The only exception are CC II, because they can be generated over seven 
different polygonal bases (4≤n≤10), as described in [3], [5].  
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2. CONCAVE CUPOLAE OF FOURTH SORT 

The unit cell of CC IV consists of two spatial hexahedrals, formed 
from six equilateral triangles grouped around a common vertex. The 
spatial hexahedral element ABCDEFО1 which participate in the 
composition of the lateral surface’s lower belt, closer to the Ω2, 
adjoints the hexahedral element EDGHKLО2, closer to the Ω1 (Fig.1b). 
Equilateral triangles which form the spatial hexahedrals are grouped 
around the common vertex О1 in the lower belt, and around the vertex 
О2 in the upper belt of the CC IV lateral surface. In the net, it is 
necessary to insert additional spatial elements between the spatial 
hexahedrals, composed of four equilateral triangles, grouped around a 
common vertex Q [1].  

There are four types of CC IV with the same polygonal base, 
depending on the positions of the vertices О1 and О2 (as whached from 
the exterior): 

- CC IV-Mm, retracted vertex О2, and extracted vertex О1. 
- CC IV -mm, both vertice О2 and О1 extracted. 
- CC IV -mM, extraxted vertex О2, and retracted vertex О1. 
- CC IV -MM, both vertice О2 and О1 retracted. 

The constructive procedures for the generation of each of the 
above types of CC IV are described in [1]. The positions and heights of 
the vertices of CC IV are obtained by the intersection of the vertical 
plane β containing the vertices B and D, and spheres of the radii r=a 
(Fig.1b). Centers of the spheres are set in the neighboring vertices C, 
Q and O2 of the spatial hexahedral. In the construction process, we are 
able to choose one of two possible positions of these vertices (to be of 
smaller/minor or greater/major height), and of which depends the 
obtained type of CC IV. The result of the analysis described in [1] are:  

- CCIV-Mm, obtained by using variants of constructive procedure 
with adopted minor heights of the vertices C, Q and O2. 

- CCIV–mm, obtained by using variants of constructive procedure 
with adopted major heights of the vertex O2.  

- CCIV–mM, obtained by using variants of constructive procedure 
with adopted major heights of the vertices C and O2. 

- CCIV–MM, obtained by using variants of constructive procedure 
with adopted major heights of the vertices C and Q. 

Deltahedral lateral surface of CC IV can be generated over an n-
sided poligonal base, if n belongs to the range of 11≤n≤21. 
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3. MODELING OF CONCAVE CUPOLAE OF FOURTH SORT 

Using the constructive procedure described in [1], we have found 
the positions and the heights of the vertices of CC IV, using the 
intersection of the vertical planes (ray projected as straight lines) and 
the curves of the higher order – the trajectories of the vertices (D, H), 
induced by changing the posititon of the vertex О1.  

The procedure was the basis for the creation of the algorithm, 
solving of which (by the application of iterations in Microsoft Excel) it 
has been enabled to calculate all the metric relations and parameters 
for the direct reading of the measurements of CC IV.  

Input data: 
n – number of vertices in the base polygon Ω1 
a – side lenght of the base polygon Ω1 

Δ – expected error after iteration procedure performed.  

The height h1 (of the vertex O1) is nivelated by the iterative 
procedure (and consequently - all the other parameters) untill the 
expected error is achieved, after iteration procedure is performed. 
More about the algorithm, see in [1]. 

Based on the iteratively obtained parameters in the software 
package MATLAB, a program for modeling the lateral surface of CC IV 
has been created. For each vertex, there were determined cylindrical 
coordinates in relation to the origin adopted in the center of the basic 
polygon Ω2. The values of radii, angles and heights of the vertices of 
CC IV unit cell, i.e. hexahedrals ABCDEFО1 and EDGHKLО2, have been 
obtained by the iterative procedure. The lateral surface of CC IV is 
generated by polar array of the unit cells around the central axis of 
the cupola, whereat every point with the same denotation is distant 
from the previous one (e.g. D1 and D2) for the angle:  

                                                                            (5) 

which is the amount of the growth angle in cylindrical coordinates for 
each vertex. The structural transformation of CC IV using different 
variants of constructive procedure are tracked in Tab. 1-4 where the 
3D models and the front views of the characteristic Cupolae are 
presented for all the four types of CC IV (a=1, ∆=1-10) together with the 
number of vertices (V), edges (E) and faces (F) of the cupola, maximal 
height of the cupola (hm) and the elevation (hΩ) of the base Ω1.  
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Table 1 - CC IV-Mm, 3D model and front view for n=11, n=12, n=13 and n=21 
 

 

 

 
 

 

 

 
 
CC IV-11Mm 

 

V = 110 
E = 297 
F = 189 
a = 1 
hm = 0,99511 
hΩ = 0,05618 

 

 

 
 

 

 

 
CC IV-12Mm 
samo omotač 
 

V = 120 
E = 324 
F = 204 
a = 1 
hm = 0,82585 
hΩ = -0,17354 

 

 

 

 

 

 
 
 
CC IV-13Mm 
 

V = 130 
E = 351 
F = 223 
a = 1 
hm = 2,05827 
hΩ = 1,37493 

 

 

 

 

 
 

 
CC IV-21Mm 
samo omotač 
 

V = 210 
E = 567 
F = 357 
a = 1 
hm = 0,69119 
hΩ = -0,41323 
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Table 2 - CC IV-mm, 3D model and front view for n=13, n=14 and n=16  

 

 

 
 

 
 

 
 
 
 
CC IV-13mm 

 
V = 130 
E = 351 
F = 223 
a = 1 
hm = 1,82578 
hΩ = hm 

 

 

 
 

 
 

 
 
 
 
 
 
CC IV-14mm 
 
V = 140 
E = 378 
F = 240 
a = 1 
hm = 2,47259 
hΩ = hm 

 

 
 

 
 
 

 
 
 
 
 
 
CC IV-16mm 
 
V = 160 
E = 432 
F = 274 
a = 1 
hm = 2,15860 
hΩ = hm 
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Table 3 - CC IV-mM, 3D model and front view for n=14, n=16 and n=20  

 

 

 

 
 

 
 
 
 
 
CC IV-14mM 

 
V = 140 
E = 378 
F = 240 
a = 1 
hm = 2,32289 
hΩ = hm 

 

 

 

 

 
 
 
 
 
 
CC IV-16mM 
 
V = 160 
E = 432 
F = 274 
a = 1 
hm = 2,08579 
hΩ = hm 

 

 

 

 

 
 

 

 
 
 
 
CC IV-20mM 
 
V = 200 
E = 540 
F = 342 
a = 1 
hm = 1,58520 
hΩ = 1,48585 
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Table 4 - CC IV-MM, 3D model and front view for n=12, n=16 and n=19  

 

 

 

 
 

 
 
 
 
 
CC IV-12MM 

 
V = 120 
E = 324 
F = 206 
a = 1 
hm = 2,77025 
hΩ = hm 

 

 

 
 

 
 
 
 
 
 
CC IV-16MM 
 
V = 160 
E = 432 
F = 274 
a = 1 
hm = 2,23057 
hΩ = hm 

 

 

 
 

 

 

 
 
 
 
CC IV-19MM 
 
V = 190 
E = 513 
F = 325 
a = 1 
hm = 1,58957 
hΩ = 1,50344 
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4. CONCLUSIONS 

Using the created program for modeling of CC IV in the software 
package MATLAB, we explored the possibility of their generation, 
whereby the formed polyhedra retain all the features of CC, defined in 
the introductory section of this paper. The results are shown in Tab.5.  

Table 5. The possibilities of generating CC IV over n-sided polygonal base  

n 11 12 13 14 15 16 17 18 19 20 21 

CC IV-Mm • x • • • • • x x x x 

CC IV-mm • • • • • • x x x   
CC IV-mM   • • • • • • • •  
CC IV-MM  • • • • • • • •   

 

For the adopted values a=1, ∆=1-10 we can notice that possibility of 
generating the cupola, marked by the symbol (•), depends on n 
(number of the base Ω1 polygon's sides, and the type of the applied 
constructive procedure. From the point of CC IV implementation in 
engineering practice, we also explored the examples, marked with the 
symbol (x), where the plane of the base Ω1 is below the plane of the 
base Ω2, in which case we can consider generation of just deltahedral 
surface based on the geometry of Concave Cupolae of the fourth sort. 
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Abstract 

Correspondingly to the method of generating the Concave Cupolae 
of second sort, the Concave Pyramids of second sort have the similar 
logic of origination, and their counterpart in regular faced convex 
pyramids (tetrahedron, Johnson's solids J1 and J2). The difference is 
that instead of onefold series of equilateral triangles in the lateral 
surface of the solid, there appear twofold series, forming deltahedral 
lateral surface with a common point, while bases are also regular 
polygons. This time, instead of the bases from n=3 to n=5, there are 
the basis from n=6 to n=9. The same lateral surface’s net can be 
folded and creased in two different ways, which produces the two 
types of Concave Pyramids of second sort: with a major and with a 
minor solid height. Combining and joining so obtained solids by the 
correspondent bases, the concave (ortho) bipyramids of second sort 
emerge, which then may be elongated, gyroelongated, and conca-
elongated, creating a distinctive family of diverse concave polyhedral 
structures.  

Key words: concave polyhedron, concave pyramid, deltahedra, lateral 
surface, regular polygonal base 
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1. INTRODUCTION  

Concave Pyramids of second sort (CP II) are polyhedra which 
follow the method of generating Concave Cupolae of second sort (CC 
II) [3], using the same method of folding the plane net of double row 
of equilateral triangles, as shown in Fig. 1. Unlike CC, the unit cell 
that forms the solid by its radial array now is a spatial pentahedral cell 
instead of hexahedral. The method of forming structures which (in 
their lateral surface) correspond to the polyhedra concerned in this 
paper, only without considering them as solids is elaborated in detail 
in [11]. There are given: the construction method, the geometric basis 
for setting a numerical algorithm with all the parameters and positions 
of the solids’ vertices, as well as the graphic display of these forms, 
called in [11] “the core”, for being just a part of the more complex 
solids, toroidal deltahedra. In this paper we consider their brief 
generation, the types of the solids and their variations, in order to 
encompass the possible concave solids with the predictable 
characteristics, which may occur based on CP II.  

  

 
Figure 1. Method of generating the Concave Pyramids by folding and creasing 

the plane net, obtaining two different types: CP-M, and CP-m 
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Also, in order to establish the connection with the similarly 
obtained solids (Concave Cupolae), we named these polyhedra Concave 
Pyramids (of second sort), modeled after the familiar convex Pyramids, 
since they have triangular sides of the lateral surface converging at a 
single vertex in common, and also a polygonal base.   

Note: In this paper, we have dealt only with CP II- (type) A, with 
the number of unit cells equal to the number of the base polygon’s 
sides, since it covers all the bases from n=6 to n=9, whether they are 
odd or even. The second type, CP II-B, formed with the halved number 
of sides is possible only for the even bases, n=6, n=8, n=10, so it will 
be subjected to the further research. 

2. THE GENERATION OF CONCAVE PYRAMIDS 

Concave Pyramid is a polyhedron formed over a regular polygonal 
base, starting from n=6 to n=9. As given in the Fig 1, by folding and 
creasing the plane net consisting of as many pentahedral cells 
(equilateral triangles arranged around the common vertex, named H) 
as the sides in the base polygon, there can be obtained two types of 
the Concave Pyramids (alike the method of obtaining two types of 
Concave Cupolae of second sort).  

 

   

Figure 2. a) The origin of the CP-M with the retracted central vertex H,        
b) the origin of CP-m with the extracted central vertex H 

a) 
b) 
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The one is generated when the central vertex H of the unit 
pentahedral cell is retracted into the interior of the solid (Fig 2-a), 
which gives the major height of CP (CP-n-M). The other is generated 
when the central vertex H of is extracted to the exterior (Fig 2-b), 
giving the minor height of CP (CP-n-m).  

Determination of the exact vertices’ positions and all the linear 
and angular parameters needed for generation of CP II, relies on the 
iterative procedure based on setting up spheres of radius R=a, where 
a=AB (the side of the base polygon). The sphere on which surface lie 
all the outer vertices of the unit pentahedral cell ABIJKH (marking is 
retained related to [11]) is set with the center in the vertex H, due to 
the congruence of the cell’s edges. The plane α which is determined 
by the vertex (A) of the base polygon and the axis (k) of the solid, 
which passes through the centroid C of the polygon, perpendicular to 
its plane, intersects the sphere s by the circle c. The intersection point 
K of the circle c and the axis k gives the position of the vertex K, the 
common vertex of all the unit cells in the CP II. 
 

 

Figure 3. The trajectory of the vertex K in the plane α 



 

161 

Since the position of the vertex H is still vague, apart from the 

fact that it lies on its circle of rotation e of  for the axis AB, 
we may iterate the position of the sphere. Each possible position of 
the vertex K in the plane α, will be located on the curve of the eight 
order, as shown in the Fig. 3, and explained in [11]. The curve – the 
trajectory of the vertex K - is a combination of two quartic curves: the 
bean curve and the Limaçon of Pascal. A half of each curve represents 
the position of the vertex K for a single continual movement of the 
chosen type of the unit cell: the pink one shows the position of the 
unit cell ABIJKH with retracted vertex H while mechanically moving 
around axis AB, and the black one shows the movement of the unit cell 
ABCIJKH with the extracted vertex K. The axis k intersects these 
quartic curves at two pairs of real (and two pairs of imaginary) points, 
giving the four possible solutions for the position of the vertex K, in 
symmetrical pairs regarding the plane (1’) of the base polygon. Two of 
them will give the solids of the major height (intersection with the 
bean curve), while the other two will give the solution for the solids 
with the minor height (intersection with the Limacon of Pascal). In this 
manner, it is possible to form two different CP II types for the 
polygonal bases n=6, n=7, n=8 and n=9. The fewer sides in the base 
polygon (n<6) will result with the intersection of the faces, which 
would be inconsistent with one of the main criteria for the formation 
of these solids, guided by the needs of the engineering profession. 
Also, the greater number of sides in base polygon (n>9) will result with 
the intersection of the lateral faces with the base, thus the solid with 
the requirements assigned could not be formed. Even in the case of 
CP-9-m, there is occurrence of lateral sides’ intersection with the base 
polygon’s face, so this representative is discarded as unfit for a 
Concave Pyramid. However, the lateral surface itself can be used as a 
part of a polyhedral structure, if elongated (Fig. 5). The similar 
situation occurs with the decagonal base. The lateral surface may be 
formed, but in the case of CP-10-M, the vertices I and J will be 
situated below the basic face plane, whereat the intersection of faces 
occurs, while for CP-10-m the vertex H will be set below the basic 
face plane, and the intersection od the faces occurs again. 
Hendecagonal base, and any base of n>10 will not be supportable even 
for formation of the lateral surface, because there would be no 
intersection of the axis k with the octic trajectory curve.  

In the Table 1 we present the top and side views of the eight 
representatives of CP II.  
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Table 1. The top and the side view of CP II type A, n=6 to n=9 

mark Retracted vertex H Extracted vertex H mark 

CP-6-M 

F: 31 
E: 48 
V: 19 

  

CP-6-m 

F: 31 
E: 48 
V: 19 

CP-7-M 

F: 36 
E: 60 
V: 22 

  

CP-7-m 

F: 36 
E: 60 
V: 22 

CP-8-M 

F: 41 
E: 68 
V: 25 

  

CP-8-m 

F: 41 
E: 68 
V: 25 

CP-9-M 

F: 46 
E: 76 
V: 28 

  

CP-9-m 

F: 46 
E: 76 
V: 28 
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3. THE VARIATIONS OF THE CP II - BIPYRAMIDS 

An n-gonal Concave Bipyramid (or dipyramid) is a concave 
polyhedron formed by joining an n-gonal Concave Pyramid and its 
plane symmetrical image, base-to-base. Thereby we obtain only orto-
bipyramids (CbP-6, CbP-7, CbP-8 and CbP-9) as shown in Fig. 4, 
because there is an identical arrangement of faces over each side of 
the base polygon, due to the 2n-tuple radial symmetry of these 
polyhedra, i.e. gyro-bipyramids are not achievable. 

 

    

   
 

Figure 4. Front views of Concave bipyramids, top row: CbP-6-M, CbP-6-m, 
CbP-7-M, CbP-7-m, bottom row: CbP-8-M, CbP-8-m, CbP-9-M 

 

      
 

Figure 5.  Front view, top view and 3D model of Concave gyroelongated 
nonagonal Bipyramid CgebP-9-m 



 

164 

Notice that all of these bipyramids (Fig. 6 and Fig. 7) will be also 
deltahedra, since their base polygons will be hidden in the interior of 
the solids. The last of CP II representatives, CP-9-m, will not be able 
to form bipyramid, because its interior vertices H (the central vertices 
of the spatial pentahedral cells) will have negative height, related to 
the plane (1') of the base polygon, so the intersection of the faces will 
occur. Nevertheless, there is a possibility of elongated bipiramids, or, 
in order to form a deltahedron, a gyroelongated nonagonal concave 
bipyramid, as the simplest case of deltahedral elongation (Fig. 5).  

  

 

Figure 6.  Four representatives of CbP: CbP-6-M, CbP-6-m, CbP-7-M, CbP-7-m 

 

 

Figure 7. Three representatives of CbP II: CbP-8-M, CbP-8-m, CbP-9-M 
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4. ELONGATIONS 

Using CP II as the basic building blocks, we can create multiple 
variations of concave polyhedra by adding the appropriate polyhedral 
extensions, such as: prisms, antiprisms or Concave Antiprisms of 
second sort (CA II) [10]. Thereby, in cases of gyroelongated and conca-
elongated [7] bipyramids, we can obtain various deltahedral forms, 
appropriate for further consideration as feasible forms in architecture, 
suitable due to unification of its elements.  

In Fig. 8 we show twelve representatives of possible variations just 
of the Octagonal Concave Bipyramid of second sort (CbP-8 II), from 
simple elongations by prisms, gyroelongations by antiprisms, to conca-
elongations by Concave Antiprisms of second Sort (CA II-M and CA II-m) 
[7], [10]. In Fig. 9, 10 and 11, we show their rendered 3D models. 
 

 

Figure 8.  The top view on 12 variations of elongated CbP-8 II:  
Top: CebP-8-M, CgebP-8-M, CceMbP-8M, CcembP-8-M (Fig. 9) 

Middle: CebP-8-m, CgebP-8-m, CceMbP–8-m, CcemdP-8-m (Fig. 10) 
Bottom: CebP-8-Mm, CgebP-8-Mm, CceMbP-8-Mm, CcembP-8-Mm (Fig. 11) 
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Figure 9. Elongated octagonal Concave Bipyramids II – M(ajor height) 

 
Figure 10. Elongated octagonal Concave Bipyramids II – m(inor height) 

 
Figure 11. Elongated octagonal Concave Bipyramids II –Mm (combinated) 
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The Table 2 presents possible variations of the concave polyhedra 
based on the geometry of the Concave Pyramids of second sort, from 
basic solids, elongated, gyroelongated and conca-elongated pyramids, 
to Concave Bipyramids and their elongations (even considering 
deltahedral structural shells of lateral surfaces for decagonal base). 

 
Table 2. possible variations of CP-II, with bipyramids and elongations 

Type  n 6 7 8 9 10 
Concave 
Pyramids 
Of second 
Sort 
 

1 CP - n - M     - 
2 CP - n - m    - - 
3 CP - e - M      
4 CP - g - m      
5 CP - ceM - M      
6 CP - ceM - m      
7 CP - cem - M      
8 CP - cem - m      

Concave 
Bipyramids 
Of second sort 

9 CbP - n - M    - - 
10 CbP – n -m     - 
11 CbP – n - Mm      

Elongated  
Gyroelongated 
And 
Conca-
elongated 
Bipyramids 
Of second sort 

12 CebP - n - M      
13 CebP - n - m      
14 CebP –n -Mm      
15 CgebP - n -M      
16 CgebP - n -m      
17 CgebP –n - Mm      
18 CceMbP - n - M      
19 CcembP –n -M      
20 CceMbP –n - m      
21 CcemdP –n -m      
22 CceMbP - n - Mm      
23 CcembP - n - Mm      

 

We can notice that 109 new concave polyhedral solids can be 
obtained, of which 72 will be deltahedra.  

 

5. CONCLUSIONS 

Using the method similar to one for the generation of CC II it is 
possible to obtain Concave Pyramids of second sort (CP II), seven of 
them, by whose variations it is possible to provide another 102 new 
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concave polyhedra based on their geometry, 72 of which will be 
deltahedra. Due to unification of their building blocks, these polyhedra 
may be suitable for further consideration in terms of feasible forms for 
use in architectural practice. 
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DETERMINIG THE PROBABAILITY OF HITTING AREA 
TARGETS WHEN FIRING AN INDIVIDUAL MISSILE 

 
Aca Ranđelović1 
Olgica Lazarević2 

 
 

Abstract 

 This paper presents applying projection method in problem 
solving tasks when shooting at targets in plane and space. The borders 
of circular and rectangular targets are determined by applying 
coordinate system and geometric figures method in proportion to 
their position with respect to the dispersion ellipses representing the 
image of hits done by the shooting weapon at hand. Calculating the 
probabilty of hitting the target with indirect shooting has been done 
on the basis of the resulting parametres. 
 
 Key words: coordinate system, dispersion ellipse, middle hit, probabailty 
of hitting, indirect shooting 
 
 

1. INTRODUCTION 

 Shooting is a process that means organizing, preparing and firing a 
missile at the target with the tendency to resolve the problem of their 
impact in certain space and time. As far as the principles of geometry 
are concerned, the shooting target tends to make it possible for the 
image (ellipse) of dispersion of the weapon at hand to match the 
image of the space selected as the target (a slodier, a tank, a combat 
vehicle, an established structure, etc.). Determining the precision 
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accuracy for achieving this goal is based on the dispersion ellipse of 
the middle hit deviation in relation to the center of the target being 
shot at.1 If the middle hit (SP) is closer to the center of the target 
(CC), the shooting is more precise and vice versa (Fig. 1). 
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Figure 1. Deviation of the middle hit dispersion ellipse 
from the center of the target 

 

 The specified problem – tendency is resolved by determining the 
position and the state of the target in relation to the middle hit as the 
center of the dispersion ellipse, by which the target is positioned in 
real space. On the basis of positioning the target to be shot at, the 
shooting performer (unit commander) takes up the firing direction 
(protractor) and the elevation of the barrel (distance indicator) 
reperesenting the shooting plane and determines the probability of 
hitting the target. The probability of hitting the target is a numerical 
measure of the objective possibility to hit the target in certain firing 

                                            
1 Middle hit is the breakage of the middle path through a horizontal or 
vertical plane and in terms of geometry it represents the center of the hits’ 
image. Middle path – geometrical axis of a bundle of paths. Bundle of paths – 
a set of all the paths obtained from an individual cannon when more than one 
missiles have been fired under the same conditions. The image of hits – the 
breakage of all the missiles of the same bundle of  
paths through a plane. Since the image of hits almost always looks like an 
ellipse, the term dispersion ellipse is also used.  
Obrad Dinić, "Teorija gađanja pešadijskim naoružanjem" VIZ, Beograd, 
1979, 
 p 166 
 



 

171 

conditions.1 It is calculated by using the formula:  
 

PV
M

= ,                                                                                          (1) 

  
where: P is the number of favourable and M is the number of possible 
cases. The main characteristic of the possibility to hit the target is 
0 1V≤ ≥  and is expressed in percentage (%). The crux of calculating 
the probability of hitting the target lies in finding the part of the hits’ 
image (dispersion area) expected to cover the target, and then to 
calculate the percentage of target hits by applying the law of 
dispersion. The probability of hitting the target when shooting an 
individual missile depends on several interrelated assumptions:  

 
1.  Position of the hit’s middle path (Sp) towards the target centre 
(Cc) – the more distant a hit is from the target centre, the less likely it 
will be to hit it (Fig. 2). 
 

Cc
Sp CcSp Cc

Sp

 
 

Figure 2. Position of the middle hit in relation to the target centre 
 
 
2. Target dimensions – it is more likely to hit the targets of larger 
dimensions (Fig. 3). 
3. Dispersion ellipse dimensions – the smaller dispersion ellipse is, 
the more precise the weapon will be, making it more likely to hit the 
target. (Fig. 4). 

                                            
1Obrad Dinić, "Teorija gađanja pešadijskim naoružanjem" VIZ, Beograd, 
1979, 
 p 202 
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Figure 3. Position of the dipersion ellipse in relation to the target dimension 
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Figure 4. Dispersion ellipse dimension in relation to the target 
 
4. Shooting direction – it is more likely to hit the target if the longer 
semi axis of the ellipse coincides with the longer target dimension. 
(Fig. 5) 
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Figure 5. Interrelation of the dispersion ellipse semi axis 
and the target dimension 
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 On the basis of the assumptions described above together with 
their impact on the probability of hitting the target, we can conclude 
that the probability of hitting the target is bigger if the middle hit is 
kept in the target centre and if we choose a missile the dispersion 
image of which is smaller on the corrected shooting distance.  Knowing 
the basic features of the probability of hitting the target as well as 
being familiar with how to apply the law of classical probability and 
the assumptions that affect the probability of hitting the target with 
the missile fired from an infantry weapon as well, it is possible to 
calculate the hitting probability of an individual missile.  
 
 The probability of hitting the target when firing an individual 
missile is determined by comparing the target surface area with the 
one of the bundle core and by means of probability tables, the image 
(scale) of dispersion and the dispersion network. Further on in this 
work, determining the probability of hitting the target is described on 
rectangular and round shaped target models by applying the method of 
comparing the target surface area with the one of the bundle core of 
the weapon the missile is fired from.  

2. DETERMINIG THE PROBABILITY OF HITTING  
A RECTANGULAR TARGET 

 Determing the probability of hitting this kind of target assumes the 
rectangle has been formed by intersection of two strips one of which 
makes the right angle (I strip – X axis) and the other one is parallel (II 
strip – Y axis) with the hitting plane. (Fig.6) 
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Figure 6. The probability of hitting a rectangular target the sides of which 
are parallel with the directions of dispersion ellipse semi axis 
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Taking into account the above mentioned assumption, the procedure 
of calculating the probabaility of hitting this kind of target is: 
 
1. Calculating the probability of hitting the strip along axis X (I strip)  
by using table integral values of φ(β) probability and following the 
formula: 
 

( ) ( )[ ]122
1 ββ Φ−Φ=IV                                                                        (2) 

 
The strip limits (factors of probability) are expressed over the likely 
distance diversion (Vd): 
 

Vd
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2
1

1 == ββ                                                                     (3) 

2. Calculating the hitting probability of the strip along axis Y (II strip) 
by using table integral values of φ(β) probability and following the 
formula: 
 

( ) ( )[ ]122
1 ββ Φ−Φ=IIV                                                                          (4) 

 
The strip limits (factors of probability) are expressed over the likely 
direction diversion (Vp): 
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yi
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1 == ββ                                                                       (5) 

 
3. Calculating the probability of hitting a rectangluar target on the 
basis of probability multiplication theoreme and following the formula: 
  

















Φ−








Φ⋅














Φ−






Φ=⋅=

Vp
y

Vp
y

Vd
x

Vd
xVVV III

1212

4
1                                    (6) 

 

In case that the center of hits’ dispersion coincides with the target 
centre (Sp = Sc), the probability of hitting a rectangular target is 
calculated as followin 
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)()( yxIII VVV ββ Φ×Φ=⋅=                                                                    (7) 

 
Example 1. 
 Instant missile is fired from the Automatic Granade Launcher 
30mm, M93 at a rectangular target the dimensions of which are a = 30 
m × b = 20 m. The distance is 1700 m. The hitting plane is parallel with 
the longer side of the target. The middle hit is driven (by correction) 5 
m to the left and failing 10 m from the left nearer target angle. There 
has to be detremined: 
a) distance tables and the values of the ellipse error matching the  
    given shooting distance, the kind of missile and warhead; 
b) the probability of hitting the rectangular target; 
The solution has to be sketched out. 

The sloution: 
a) Scan the table (starting) elements for solving the task in appendix 
XIII of the textbook or from the hit tables for the given weapon 
(Automatic Granade Launcher) and the warhead, at the shooting 
distance of 1700 m: 
 
Dg =1700  ⇒ Dar = 5-57, Vd =15 m i Vp =2,7 m 
 
b) Infer and determine the limits’ values: 
 

x1=  0 + 10=  10 m, and  x2= 10 + 20= 30 m; 
y1=  0 +  5=   5 m, and y2=  5 + 30= 35 m; 
 

The sketch: 
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Figure 7. The sketch of the Eexample 1 
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The required probability of the rectangular target is: 
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Φ(β) values are to be taken from the appendix.  

3. DETERMINIG THE PROBABILITY OF HITTING 
A ROUND SHAPED TARGET 

 Determining the probability of hitting round shaped targets is 
based on the law of geometric probability where we calculate the 
probability of hitting the rectangle within which is the round shaped 
target. It is possible to apply this method because the hits are evenly 
arranged over the whole rectangle surface. To determine the 
probability of hitting this kind of target, it is necessary to circumscribe 
a square about the circle by means of tangent lines (two sides of it are 
parallel and the other two sides make the right angle with the hitting 
plane). It is also necessary to take into account the assumption that 
the square – target is made by intersection of the two strips one of 
which makes the right angle and the other one is parallel with the 
longer semi axis of the ellipse. With respect to the points of view and 
assumptions shown so far, the procedure of determining the 
probability of hitting a round shaped target is: 
 
1. Calculating the probability of hitting the square target by applying 
the probability multiplication theoreme and following the formula:  
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2. Calculating the probability of hitting a round shaped target 
following the formula: 
 
V=π/4 × V� =0,785´ V�                                                                    (10) 
Where: 
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- VI  is the probability of hitting the first strip (along the axis X) 
- VII  is the probability of hitting the second strip (along the axis Y)  

- V   is the probability of hitting the square shaped target 
- Vo   is the probability of hitting the round shaped target 

 
Example 2. 

 Determine the probability of hitting the target – a round shaped 
blockhouse if the circle radius r = 2.5 m. The target makes the right 
angle with the hitting plane and the middle hit is 20 m in front of the 
target centre. Hits’ dispersion features are Vd = 20 m and Vp = 2.5 m. 
The solution has to be sketched out. 

The sloution: 

The limits’ values are inferred and determined from the sketch: 

 

x1= 20 - 2,5=  17,5 m and x2= 20 + 2,5= 22,5 m 
y1=  0 - 2,5=  -2,5 m and y2=  0 + 2,5= +2,5 m 

 

The sketch: 

 

Figure 8. The sketch of the Eexample 2 

 

 

The required probability of hitting the square shaped target is: 
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( ) ( ) ( ) ( )

2 1 2 11
4

1 22,5 17,5 2,5 2,5
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4
1 (0,55404 0,44719) (0,50000 0
4

I II
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         = Φ − Φ ⋅ Φ − Φ −                   

= Φ − Φ ⋅ Φ + Φ      

= − ⋅ + ,50000)
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4

= ⋅ = ≈

                    (11) 

 
The probability of hitting the round shaped target is: 
 
V= π/4 ´  V=0,785 ´  V=0,785 ´  0,02671 = 0,02097 ≈ 2,1 % 

4. CONCLUSION 

This work highlights the importance of constructive geometry with 
problem solving tasks when shooting missiles from infantry weapons. 
By applying the equation of dispersion ellipse together with its 
elements (Vp, Vv an Sp), and on the basis of the law of dispersion and 
the characteristics of the hits’ dispersion, all the given examples 
practically describe the importance of constructive geometry with 
problem solving tasks when shooting missiles from infantry weapons. 
The first example describes the procedure of determining the limit 
strip along the axis X and the axis Y together with the procedure of 
calculating the probability of hitting the rectangular target when firing 
an individual missile from the infantry weapon at hand – and all of this 
by applying the method of comparing the target surface area that is 
being shot at and the bundle core of the weapon being used. 

The second example (by applying the same method) describes the 
procedure of determining the limit strip along the axis X and the axis Y 
and the procedure of calculating the probability of hitting the round 
shaped target when firing an individual missile from the infantry 
weapon at hand. 

The quoted probability values are given in percentage (%). 
All that has been given or mentioned so far proves that 

determining the strip limits within which it is possible to expect the 
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right hit and the probability of hittinig the target are of great 
importance for accuracy, precision and success in hitting the target 
with problem solving tasks. The significance of constructive geometry 
lies in the fact that every problem solving task, when firing missiles 
from infantry weapons, can be illustrated with lines, dots and 
geometry images in space, making it possible to determine all the 
necessary elements for calculating the required probability with high 
level of accuracy and precision. The data obtained in this way make 
the starting points more accurate, and the shooting effects of the 
infantry weapons more successful and safer. 
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Abstract 

This paper explains the construction of pencils of curves of higher 
orders. Pencils of conics are mapped into pencils of curves of the 4th 
and 3rd order using supersymmetry. The basic transformation is 
inversion, which is interpreted in two ways: as quadratic 
transformation in the classical projective geometry and as pure 
symmetry in the relativistic geometry, with constant comparisons of 
the two geometric systems and their opportunities for explications 
and generalizations. The recognition of the equivalence between 
inversion and classical axial symmetry has created numerous 
possibilities for mapping curves and surfaces and obtaining new forms 
which can be of great use both in the theory of geometry and in the 
practice of architecture. Research studies in the field of enlarged 
symmetry will greatly widen the scope of further discoveries about 
plane and surface forms. 

The mapping model was used to create the Lisp routine and the 
AutoCAD software was used for the purposes of computer drawing of 
pencils of conics and equivalent pencils of curves of the 4th and 3rd 
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order. The order and the shape of the obtained curves depend on 
where the center of inversion has been constructed related to the 
base points of the pencil of conics. The constructed pencils of curves 
intersect at the same number of base points as the original pencils of 
conics. 

Key-words: inversion, supersymmetry, pencil of conics, pencil of 
curves of the 4th and 3rd order  

 

1. INTRODUCTION 

One of the earliest tasks of relativistic geometry was to define the 
concept of straight line, which was actually done by making the 
difference between the relativistic concept of "straight line" (as a 
circle through the observer’s antipodal point) and the notion of 
geodesic (as the shortest path between two points on a surface, 
measured as a string stretched along the surface). Since "plane" also 
presents a sphere, a pencil of circles passes through two points of the 
”plane”. Only one of them is a great circle - geodesic and it will be 
observed as a ”straight line” only by the observers whose standing 
points and consequently antipodal points are on the great circle, while 
the other observers will see only the non-geodesic circle which passes 
through their antipodal point as a straight line. For them, the real 
geodesic will be just an ordinary circle.  

A pencil of "straight lines"-geodesics passes through the observer’s 
standing point on the” plane” and each of these "straight lines" defines 
a pencil of "straight lines" parallel to itself. They are not geodesic 
because as they move away from the geodesic on both sides, their 
diameters decrease, so that all antipodal "straight lines" of one 
observer – as the  "straight lines" farthest away in all directions – are 
infinitesimal circles, which, like all the other "straight lines" in that 
"plane", pass through the observer’s geometric antipodal point. Thus, 
we reach an unusual conclusion that, unlike the projective plane which 
has only one infinitely remote straight line for all observers, 
relativistic ”plane” has an infinite number of infinitesimal antipodal 
"straight lines" for each (out of ∞2) individual observer. However 
strange, this fact is the key that opens up the possibility of creating a 
simple mechanism for the construction and deconstruction of singular 
points of curves, and in turn surfaces. 
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2. INVERSION IN A PLANE AS INVERSION IN A SPHERE 

Fig.1 presents an inverse image of several circles and straight lines 
in a plane, while Fig.2 presents the same image mapped onto a sphere 
using the inverse stereographic projection. If we study the mapped 
image, we can conclude that the stereographically mapped image 
presents an inverse image of the given geometrical shapes with respect 
to the pole – I and the sphere of inversion sI. 

In the plane image, using the inversion with respect to the circle s 
and the pole of inversion S, the circle a through the point A is mapped 

into the circle a through the mapped point A  - Fig. X. The straight 

line through C is mapped into a circle through the point C  and S. 
Straight lines g1 and g2 act as rays of inversion and they map into 
themselves. All circles of the elliptic pencil of circles through the 
points A  and A , being equal rays of inversion, also map into 
themselves. These circles are perpendicular to the absolute s. This 
analysis refers to Euclidean plane. 

With the pair of lines intersecting any ray of inversion with the 
absolute (s), the mapped pair of points A  and A  produces four points 
in harmonic symmetry, because s is the harmonic line of symmetry of 
all rays of inversion. 

When the circle a gets smaller, its harmonic equivalent - circle a  
gets bigger.  When the circle a shrinks into the point S, we can say, 
using the terms of projective geometry, that it mapped into a series of 
points on the infinitely remote straight line of the projected plane.  

However, when we make a stereographic projection of the flat 
image onto a sphere (regardless of the size of the sphere), the 
absolute s is mapped into the circle s, the original circle marked blue 

(a) and the mapped circle marked red ( a ) into corresponding circles 
on the sphere. When we draw a tangent cone, which touches the 
sphere along the absolute s, the apex of this cone (I) is the center of 
sphere inversion, and the sphere inversion is sI – Fig.2. 
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Figure 1. Inversion in the plane 

Using the procedure opposite to stereographic projection, the 
image is from the plane α mapped onto the sphere β, with the center 

of projection at the point S , and then the center of projection is 
shifted to the point I,  from which the circle a is mapped into the 

circle a , and the point S into S . In fact, the point S is mapped into the 

antipodal point S using ray I-S- S , which connects these points, or any 
rectilinear ray that passes through the sphere secant through the pole 

S and the antipode S .  
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Figure 2. Inversion on the sphere as a spatial inversion 

Circle a  doesn't get infinitely bigger any more when circle a gets 
smaller. It gets bigger only until it reaches the great circle of the 

sphere, and then it gets smaller until it shrinks into the point S . 
Orthogonal straight lines g1 and g2, which are in the plane α, are 
mapped into ”straight lines” - great circles of the sphere. The straight 
line c through C also maps into the straight line that passes through the 
antipode. It’s again clear that ”straight lines” are not always the great 
circles of sphere or geodesics. An observer sees a circle on a sphere as 
a ”straight line”, only if the circle passes through the antipode. Since 
in a projective plane, the straight line c is parallel to the straight line 
g2 on the sphere, these two straight lines will meet at the antipode. 
Namely, two parallel ”straight lines” are not equidistant. That is the 
essence of relativistic geometry. Whether a circle will be observed as a 
straight line depends solely on the position of the observer and on the 
fact whether the straight line passes through his antipode. This 
example illustrates the rule that two ”straight lines” have two points 
of intersection. The ”straight line” c intersects the geodesic g1 at the 
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point C and the antipode S . From this perspective, relativistic 
geometry could be called Euclideanly non-Euclidean. It should be 
noted that the mapping of this work will be done in the projective 
plane, but the resulting images will be interpreted by means of 
relativistic geometry. 

If we use inverse stereographic projection to map from the plane 
onto the sphere, the circle i2 is double-mapped into the segment of the 
straight line A A . Naturally, we see it as a segment of the straight line 
because it is in the ray position. The circle i3 is in this projection 
observed as an ellipse. The circles of the elliptic pencil through 
A and A , now as rays of inversion on the surface of the sphere β, map 
point A  into point A  and vice versa. The elliptic pencil of circles 
through A  and A  can be interpreted as an intersection of the sphere 
with a pencil of planes through the sphere secant, so that points A  
and A are mapped with this imaginary ray through A  and A . This ray 
also passes through the vertex I of the revolving cone that touches the 
sphere along the absolute. The points of the absolute are mapped into 
themselves, while the other points map into points on the opposite 
side of the absolute.  

The pole of inversion is always above the ”plane” (the sphere β) 
and by means of its rays the points of ”plane” within the absolute are 
mapped into the points of ”plane” beyond the absolute. The pole I can 
never reach the `plane` no matter how ”flat” it is. According to the 
rule of continuity, a sphere will remain a sphere no matter how much 
we increase its dimensions. Since there is no plane, there is no plane 
inversion either. Plane can be inverted only into itself. Therefore, 
everything that has been said about the inversion on the ordinary 
sphere applies to a sphere of incalculable dimensions, no matter how 
large it is (Dovniković L., 1999). 

3. SUPERSYMMETRY OR INVERTED HARMONIC HOMOLOGY (NON-
CONFORMAL) 

Homology, otherwise known as perspective collineation, is shown 
in Fig.3. Coefficient of homology can be any number, but in inversion 
it is -1. If you look at the image in the top right corner and the 
observer in S, it is obvious that he observes all red and green lines in it 
as "straight lines", but they are in fact circles through his antipode.  
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The two smallest circles are actually at the exact antipode. This 
applies to all geodesics through the observer’s standing point. It means 
that for each direction, an observer has his own infinitely remote 
straight lines at the antipode, while in the classical geometry there 
was only one infinitely remote straight line for all observers. 

Fig. 3 shows the way singular points are produced by mapping 
plane (1) into plane (2) using homology. If the mapped circle touches 
the vanishing line u1=v2, it will map into a parabola. If it intersects the 
vanishing line, it will map into a hyperbola.  Homology is axial central 
symmetry. Vanishing line coincide u1=v2, half way from S to both planes 
1 and 2. It can be seen as a half-circle in the presented image.  

Fig. 4 shows the way the points are mapped. A straight line is set 
through points S and P (x, y). Equations for straight line and circle 
(through a point P (xylem) are given below. Next, the point of 
intersection with circle s is constructed. The distance between the 
point P and circular axis s is transferred to the other side of the axis s 
towards the center of symmetry S. 

 
Figure 3. Perspective collineation, inversion and non-conformal symmetry 
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These are the equations for the coordinates of the mapped point 

P ( x , y ), provided that P(x, y) is the point that is being mapped: 

                     
2

2 2

4rxx x
x y

= −
+

                            2 2

4rxyy y
x y

= −
+

 

If one of the four harmonic points is set at the antipode, its 
inverted point will be on the edge of the circle. Any point of the circle 
can be the center of symmetry. Rectilinear rays are mapped into 
circles and these circular rays are equivalent to them. In Fig.3 axis s is 
inverted into a circle and the vanishing line into a twice bigger circle. 
We can observe the process of mapping points N and M and see which 
distances are transferred – from the point that is being mapped to the 
axis of symmetry s and from the axis of symmetry s (from that point on 
the axis) we map the same distance on the other side using ray 
towards S. 

 
Figure 4. Mapping the point P by using axial symmetry with center S and 

axis s 
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4. EXCEPTIONAL POSSIBILITIES OF NON-CONFORMAL SYMMETRY 

Classical construction of conics and curves of the 3rd and 4th order, 
by means of projective association of pencils of circles and straight 
lines leads us to the same conclusion that all the resulting curves are 
circular, because they contain all the points common to the pair of 
associated elements (circle-circle, ”straight line”- ”straight line”, or 
circle-”straight line”). They include their pair of intersection points 
and their common circular double point at antipode. Since one 
intersection point of all pairs of ”straight lines” is at antipode, it is 
obvious that it represents the singular point of all conics.  

All these various classical constructions of "different" curves can 
now be replaced with the conformal symmetry (inversion), which can 
transform a conic into a whole multitude of its conformally equivalent 
shapes composed of circular curves of the 4th and (classical) 3rd order, 
the same way a circle can produce a whole multitude of its 
conformally equivalent circles and "straight lines" on a "plane". On the 
other hand, a multitude of circular curves of the 4th and 3rd order are in 
the direct non-conformal symmetry (i.e. inverted harmonic homology) 
with the multitude of circles and "straight lines", with circles being 
symmetrical with the curves of the 4th  order and "straight lines" with 
the curves of classical 3rd order. The common circular double point 
remains unchanged at the fixed antipode of all these non-conformal 
symmetries.  

All the things we have said make it obvious that the position of the 
circular point of the circle is indefinite, because the circle can be 
inverted into itself with respect to a countless poles of inversion, 
which are associated to the antipodal double C-point of the circle-
conic, which means that each C-point of the "plane" or the sphere with 
a circle as a classical curve of the 2nd order could be a curve of the 4th 

order. 

Curve 1’ with a node in SA, or the curve of the 8th order is inverted 
into curve 1 with a node in pole S, which is then by non-conformal 
symmetry transformed into the curve of the 12th order with a sixfold 
point in S. It is shown in Fig.5. Vanishing circle v1 tightens the fourfold 
point S1, together with points 51 and 61 into a sixfold point in S. The 
tangents in the spike S1 remain tangents in spike S as well, while the 
tangents in the node S1 are mapped into coincident tangents in the 
self-tangent point S and the points 51 and 61 produce a node in S. The 
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double point S of the curve 1 is transformed into the simple points 72 
and 82 on the curve 2. 

 
Figure 5. Mutual symmetry of a hyperbola and curves of the 8th and 12th 

order (relativistic order) 

The same curve 1 is mapped into a curve of the 16th order with an 
eightfold point S composed of a cusp (with t1S=t2S), two nodes (from 
3,4 and 5,6) and one isolated double point (derived from a pair of 
conjugate imaginary points), which is shown in Fig.6. Singular points S1 
and D1 are mapped into singular points of the same kind S2  and D2  with 
the changed angle between the tangents in the associated nodes, 
while the cusp in S1 is mapped into the cusp in S2 (the normal nS1  

`maps` into the normal nS2 because the center OS1 of the tangential 
circle of the double tangent in S1 maps, by central symmetry with 
respect to Os, into the center OS2 of the tangential circle of the double 
tangent in S2, since both circles pass through S). 

Non-conformal symmetry was used to map HH pencil of conics into 
a HH pencil of curves, which is shown in Fig.7. According to the 
classical interpretation, the inverted pencil of curves is composed of 
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the curves of the 4th order, while in relativistic theory, based on the 
previous explanation, these are curves of the 8th order. The resulting 
pencil of curves has the same number of intersecting base points as 
the original pencil of conics, i.e. four real and separate points (1, 2, 3 
and 4). 

 
Figure 6.  A curve of the 16th order symmetrical with the starting 

hyperbola 

The pencil of curves of the 8th order obtained by mapping HE 
pencil of conics is presented in Fig.8. The resulting pencil of curves has 
the same number of intersecting base points as the original pencil of 
conics, i.e. two real and separate points (1 and 2) and two conjugate 
imaginary points. 
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Figure 7. Mapping of HH pencil of conics into HH pencil of curves 

using non-conformal symmetry 

 
Figure 8. Mapping of HE pencil of conics into HE pencil of curves 

using non-conformal symmetry 
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5. CONCLUSIONS  

Non-conformal symmetry with respect to circle, as an inverted 
image of relativistic homology, allows us to perform the process of 
transforming singular points into regular and vice versa, which in 
homology ended in the infinitely remote antipode, right in front of the 
eyes of an observer. Unlike inversion which as a conformal symmetry 
only changes the shape of a curve and nothing else, non-conformal 
symmetry can (but it doesn't have to) change almost everything related 
to the number and type of singular points (Dovniković L., 2010). 
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Abstract 

Many procedures in science, engineering and medicine produce 
data in the form of geometric shapes. This work provides the surface 
shape analysis in 3R using the shape operator, i.e. using the 
curvatures as well as curvature's functionals such as the Willmore 
energy. Then, there were considered changes of surfaces' geometric 
characteristics under infinitesimal deformations, and specially, 
curvature based functionals variations under infinitesimal bending of 
surface.  

Key words: Shape operator, curvatures, infinitesimal bending, 

variation, Willmore energy 

 

 

1. INTRODUCTION 

Since the shape is an important feature of objects and can be 
immensely useful in characterizing objects, it should point out the 
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shape analysis considering the variation of magnitudes that 
characterize the shape itself. Fundamental functionals that measure 
the bending of a surface, are the shape operator and the normal, the 
mean, the Gaussian and the principal curvatures and, at last, the 
Willmore energy. 

The calculus of variations studies the extreme and critical points 
of functions. It has its roots in many areas, from geometry to 
optimization to mechanics. 

The importance of checking the curvature of the surface was 
underlined at [1]. It is known that the magnitudes depending on the 
first fundamental form are stationary under infinitesimal bending  [5]. 
The variation of the shape operator, the normal curvature, the 
principal curvatures and the Willmore energy under infinitesimal 
bending of the surface is studied at [2-3,12-13]. Infinitesimal F-planar 
transformations were discussed in work [7]. 

2. VARIATION OF  CURVATURE BASED FUNCTIONALS 

Geometric magnitudes change by infinitesimal bending and those 
changes can be measured with variation of geometric magnitudes. We 
will define infinitesimal bending of surfaces according to [10-11], and  
variation of geometric magnitudes according to [9]. 

Definition 2.1. Let  ),(rr: vuS =  be a vector equation of a 
regular surface S , and the surface S  is included in the family of 
surfaces:   

),(z),(r),,(r~: vuvuvuS ε+=εε ,                    (1) 

 

where 0, →ε∈ε R , )3(z ≥∈ mC m  continuous differentiable vector 
function, defined in the points belonging to the surface S ,  which is 
the field of infinitesimal deformations.  

The surfaces 0,, →ε∈εε RS  are the infinitesimal 
deformations of the surface S  if the difference in the linear element 
squares of these surfaces is an infinitesimal value of higher order 
compared to  0, →εε , i.e. 

)(22 ε=−ε odsds ,                                    (2) 
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 i.e. if the difference of the squares of the line elements of these 
surfaces is of the order higher then the first.  

 The field ),( vuz  is the infinitesimal bending field of the 
infinitesimal bending. 

 
Definition 2.2. Let ),( vuΑ=Α  be the magnitude that 

characterizes a geometric property on the surface S and ),,(~ εvuΑ  

the corresponding magnitude on the surface εS being infinitesimal 
bending of the surface S . Then 

0|),,(~
=εεΑ

ε
=Αδ vu

d
d

                               (3) 

 

is called variation of the geometric magnitude Α  under infinitesimal 
bending εS of the surface S . 

It is known that variations of some geometric magnitudes that 
depend on coefficients of the first fundamental form of the surface are 
zero under infinitesimal bending of the surface at 3R  (see [5,9,11]). 
For instance, Cristoffel's symbols, the first fundamental form, 
determinant of the first and the second fundamental form, area of a 
region on the surface, Gaussian and geodesic curvature are stationary 
under infinitesimal bending of surface. 

Let the surface S be a regular surface, parameterized by 

)),(,,(),(r vufvuvu =                               (4) 

 

and infinitesimal bending field given by 

)),(),,(),,((),( vuvuvuvuz ζηξ= .                    (5) 

 

Using the standard machinery of differential geometry [8] we can 
get the coefficients of the first and the second fundamental form (see  
[4]) of the surface εS .  
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)).,(),(),,(),,((
),(z),(r),,(r~:

vuvufvuvvuu
vuvuvuS

εζ+ηε+ξε+=
=ε+=εε

     (6) 

,)(1~~~ 22222
uuuuuu frrE ζ+η+ξε++=⋅=  

,)(~~~ 2
vuvuvuvuvu ffrrF ζζ+ηη+ξξε+=⋅=             (7) 

,)(1~~~ 22222
vvvvvv frrG ζ+η+ξε++=⋅=  

 

[ ] ( ),)1(~
1~,~,~

~
1~

2
3

1
222 AAfff

g
rrr

g
L vuuuuuvuuu ε+ε+++εζ+==  

[ ] ( ),)1(~
1~,~,~

~
1~

2
3

1
222 BBfff

g
rrr

g
M vuuvuvvuuv ε+ε+++εζ+==  

[ ] ( ).)1(~
1~,~,~

~
1~

2
3

1
222 CCfff

g
rrr

g
N vuvvvvvuvv ε+ε+++εζ+==  

(8) 

 The functions 2,1,,, =iCBA iii we get by expansion of the 
corresponding determinants and 

......1~~~~ 42222 ε+ε+++=−= vu ffFGEg                (9) 

 
 From (3) and (6) we can get: 
 

,),,( uuuuu zr =ζηξ=δ  

.),,( vvvvv zr =ζηξ=δ                              (10) 
 

3. VARIATION OF THE SHAPE OPERATOR  

Two rudimentary ways to characterize the shape of a surface S  
are to consider how the unit normal U  behaves as we move around 
and to compare S  to a sphere. The former of these methods is 
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accomplished using the shape operator. It is a linear operator that 
calculates the bending of a surface S .  

The linear operator, the shape operator, applied to a tangent 
vector  pv  is the negative of the derivative of U  in the direction pv . 

Definition 3.1. [6] Let 3RS ⊂  be a regular surface, and let U  be 
a unit normal to S  defined in a neighborhood of a point Sp ∈ . For a 

tangent vector pv  to S  at p  we put: 

UDvS vp −=)( .                                  (11) 

 

Then S  is called the shape operator. 

We can express the shape operator in terms of the coefficients 
,,, GFE  of the first and the second ,,, NML  fundamental form in 

in matrix form (see [3]): 

.1
2 








−−
−−

−
=

MFNENFMG
LFMEMFLG

FEG
S                 (12) 

 

 
Figure 1. Shape operator of a Gaudi surface 
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 In [12] we determined the variation of the shape operator under 
infinitesimal bending of a surface in explicit form. The following 
Theorem was proved: 

 
Theorem 3.1. The variation of the shape operator of surface a (4) 

under infinitesimal bending (6) is given in the form: 

( ) +ζ−+ζ+ζ−+ζ=

=δ

vvuuuuuvuvuuvvuu

u

rfffrfff
g

rS

))1(())1((1
)(

22

( ) ,))1(())1((1 22
2/3 vvuuuuuvuvuuvvuu zfffffzfffff

g
−++−++  

 

( ) +ζ−+ζ+ζ−+ζ=

=δ

vvuuvuvvuvuvvvuv

v

rfffrfff
g

rS

))1(())1((1
)(

22

( ) ,))1(())1((1 22
2/3 vvuuvuvvuvuvvvuv zfffffzfffff

g
−++−++  

(13) 

where .1 22
vu ffg ++=  

Corollary 3.1. The variation of the shape operator of a surface (4) 
under infinitesimal bending (6) will be equal to zero if the second 
order partial derivatives of the functions f  and its bending field z  
are zero, i.e. these functions are linear. 

4. VARIATION OF THE NORMAL CURVATURE  

While the shape operator is a vector function that measures the 
bending of a surface, the normal curvature is a real-valued function 
that does the same thing. 

Definition 4.1. [6] Let pu  be the tangent vector of a regular 

surface 3RS ⊂ , that is 1=pu . Then the  normal curvature of S  

in the direction pu  will be equal to: 
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.)()( pppn uuSuk ⋅=                               (14) 

 

The normal curvature can be expressed by coefficients of the 
second fundamental form. In fact, in [3] the next Lemma is proved: 

Lemma 4.1. The normal curvature of the surface S  at a point 
Sp ∈ , in direction of a tangent vector ( )stu )( , appears in the form: 

tNttMtLtkn
22 sincossin2cos)( ++= ,               (15) 

 

where the vector ( )stu )(  represents all directions: 

( )
s

s t
t

tu 







=

sin
cos

)(  ,                                (16) 

 

)2,0[ π∈t  and the index "" s  presents a vector in the standard base 

},{ vu xx : 

)1,0()(,)0,1()( == svsu xx .                    (17) 

 

Using this, we can calculate the variation of the normal curvature. 
In [2] is proved the Theorem: 

Theorem 4.1. The variation of the normal curvature of a surface 
(4) under the infinitesimal bending (6) is given with equation: 

( )ttttgtk vvuvuun
22 sincossin2cos)( ζ+ζ+ζ=δ  ,    (18) 

 

where .1 22
vu ffg ++=  

Corollary 4.1. The variation of the normal curvature of a surface 
(4) under infinitesimal bending (6) will be equal to zero if the third 
coordinate of its bending field z  is a linear function. 
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5. VARIATION OF PRINCIPAL CURVATURES 

Principal curvatures, as the extreme values of the normal 
curvature, measure maximum and minimum bending of a surface. 
Expressing the principal curvatures in terms of the mean and the 
Gaussian curvatures of a surface: 

KHHk −±= 2
2,1 ,                            (19) 

 

the variation of the principal curvatures will be determined applying 
the next Lemma: 

Lemma 5.1. The variation of the principal curvatures under 
infinitesimal bending of a surface, expressed against the mean and the 
Gaussian curvatures of a surface is equal to: 

KH

HKHHk
−

±−
δ=δ

2

2

2,1  .                         (20) 

 

This Lemma and the next Theorem are proved in [2]. 

Theorem 5.1. The variation of the principal curvatures of a surface 
(4) under the infinitesimal bending of a surface (6) is given by the 
equation: 

A
BAHk ±

δ=δ 2,1  ,                           (21) 

where 

( )
( ) ( ) ,)1()1(4

)1()1(
22

222

vuuuuuvvuvvvuv

uvvvuu

ffffffffff

ffffA

−+−++

++−+=    (22) 

 

)1(2)1( 22
uvvvuuvvuu fffffffB ++−+= ,            (23) 

 

and Hδ is given in [4] by 
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22

22

12

)1(2)1(

vu

uuvuvvuvvu

ff

ffffH
++

ζ++ζ−ζ+
=δ  .          (24) 

 

Corollary 5.1. The variation of the principal curvatures of a 
surface (4) under infinitesimal bending (6) will be equal to zero if the 
variation of the mean curvature is equal to zero. 

6. VARIATION OF THE WILLMORE ENERGY AT A SURFACE POINT 

In work [13] we were considered the variation of the Willmore 
energy at a surface point under infinitesimal bending of the surface. 

The Willmore energy at a surface point Sp ∈  is defined as: 

)()()( 2 pKpHpW −=  ,                         (25) 

 

and its variation will be in form: 

)()(2)( pHpHpW δ=δ .                        (26) 

 

Expressing H  and Hδ , it can obtain (like in [3]) the variation of 
the Willmore energy at a surface point Sp ∈ : 

( )

( )uuvuvvuvvu

vu

uuvuvvuvvu

ffff

ff
fffffffvuW

ζ++ζ−ζ+⋅

⋅
++

++−+
=δ

)1(2)1(

)1(2
)1(2)1(),(

22

22

22

      (27) 

 

If we denote: 

)1,2,1(),( 22
vvuu ffffvuaa +−+== ,              (28) 

),2,(),( uuuvvv fffvubb == ,                      (29) 

),2,(),( uuuvvvvucc ζζζ== ,                     (30) 
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then follows the next Theorem, proved in [13]: 

Theorem 6.1. The variation of the Willmore energy at a surface 
point of a surface (4) under the infinitesimal bending of a surface (6) is 
given with equation: 

)1||||(2
)()(),( 2 −

⋅⋅
=δ

a
cabavuW ,                         (31) 

 

where cba ,,  are defined in (28, 29, 30). 
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Abstract 

In n-dimensional affine space invariant points, straights, 
hyperplanes and two-dimensional planes associated with vector field 
have been built.  

The research has been fulfilled for any moving coordinate system. 

Key words: affine space, vector field, invariant points, straights, 
hyperplanes. 

 
 

1. INTRODUCTION 

Problem formation. The article deals with the investigation of 
vector field in n-dimensional affine space. Moreover, the research has 
been fulfilled for any moving coordinate system which is characterized 
by means of only one condition: the beginning of moving coordinate 
system coincides with the beginning of vector of vector field. It gives 
the opportunity to get results in the most general form and then to use 
them for moving coordinate system which is more closely connected 
with vector field and it is also related to the canonic moving 
coordinate system. 
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Analysis of the latest research. The vector fields and associated 
with them distributions in Euclide space have been investigated by 
many scientists. Among them we consider Yu. A. Aminov [1], 
D.A. Sintsov [2], S.S. Bushges [3] etc. 

This problem in case of three-dimensional affine space was studied 
by V.V. Slukhayev [4]. The bases of differential geometry of vector 
field in n-dimensional affine space are built in [5], thus, the 
accompanying moving coordinate system is chosen in such way that 
one of its vectors coincides with vector of vector field.  

The aim of the article is to build invariant points, straights and 
hyperplanes for vector field in n-dimensional affine space by means of 
G.F. Lapteyv’s method. 

2. THE MAIN RESULTS 

1.1. Differential equations of fundamental geometric objects of 
vector field in An 

Consider n-dimensional affine space An, related to moving 
coordinate system [5] 

Ad = ieα
αω ,        (1.1) 

β
β
αα ω eed = . 

 
Equations of space An structure have the form [5] 
 

[ ] [ ]α
γ

γ
β

α
β

α
β

βα ωωωωωω == DD , ,  α, β, γ … n,1= .  (1.2) 

 
Definition: Vector element of space An is called a set which 

consists of point A and vector a, for which point A is beginning. Vector 
element will be defined as (А, а ). In this case point A will be called 
the beginning of vector element. 

It is obvious that a а  є Vn and A є Аn (Vn  is a correspondent n-
dimensional vector space). 

Definition: Vector field in An is the correspondence in which every 
point of space An is coordinated in some way with definite vector а  
with beginning in this point. 

Remark, that vector field we consider as in whole space An and 
also in a separate its region.  
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In future consider that beginning of vector а coincides with point 
A,  then δА = 0 and forms αω are the main [4]. 

Express vector а  through vectors of basis αе


 in the form  
 

а = α
α еа 

.       (1.3) 
 

  
Figure 1. 

Coordinates of vector а  will satisfy differential equations  
 

βα
β

α
β

α ωωβ aada =+ .       (1.4) 

 
Continuing equations (1.4) receive  
 

γα
βγ

αχ
β

γ
β

αα
β ωωω aaada jj +−= ,     (1.5) 

 
where  α

βγa = α
γβa . 

Equation (1.5) can be presented in form:  
 

α
βωωωωω i

j
i
n

n
j

i
k

k
j

n
j

i
n

k
j

i
k

i
j aaaaada =++−− , 

α
αωωωωω i

n
i
n

n
n

i
k

k
n

n
n

i
n

k
n

i
k

i
n aaaaada =++−− ,   (1.6) 

α
αωωωωω n

i
n
n

n
i

n
j

j
i

n
i

n
n

j
i

n
j

n
i aaaaada =++−− , 

nn
n

n
j

i
n

j
n

n
j

n
n aaada ωωω α=−− , ( ).1,1,, −= nkji . 

 
In case of fixation of main parameters differential equations (1.4) 

and (1.5) obtain correspondently form 
 

0=+ α
β

βα πδ aa ,        (1.4)' 
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0=−+ α
γ

γ
β

γ
β

α
γ

α
β ππδ aaa       (1.5)' 

 
From the previous data it is clear, that fundamental object of the 

first order { }αa  is tensor and fundamental object of the second order 

{ }α
β

α aa , consists of two tensors αa  and α
βa . 

Continuing differential equations (1.5) receive a set of 

fundamental objects { },...,,, ααα
β

α
δββ jj aaaa , which lies in base of 

differential geometry of vector field in n-dimensional affine space an. 

3. SOME FIELDS OF INVARIANT GEOMETRIC OBJECTS JOINING 
VECTOR FIELD 

Find differential equations of some invariant geometric objects 
joining vector field. 

 
3.1. Field of points 

Consider point ( )αхР in affine space An. If Р


 – is radius-vector of 

this point, then in affine moving coordinate system ( )αеА
,  it can be 

presented in the following correspondence  
 

α
αехАР 

+= .       (2.1) 
 
After differentiation of (2.1) receive equation of structure, which 

coordinates of point satisfy  
 

βα
β

α
β

βα ωω ххdх =+ ,      (2.2) 

 
or in the process of fixation of main parameters 
 

0=+ α
β

βα πδ хх .       (2.3) 

 
Consider values  

βα
β

α aaN = .       (2.4) 
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Differential equations values (2.4) have the form 
βα

β
αβα ωω β NNdN =+ , thus according to (2.2) they define invariant 

point. 
 

3.2. Field of straights 

Straight, which crosses the point A with directed vector α
αν eR 

=  

is defined as [ ]RAl


,= . 
Conditions of invariance of straight will be 
 

RQR


=δ , 0=dQ .      (2.5) 
 
Taking into consideration the previous equations receive   

2νπνδν α
β

βα Q=+ ,      (2.6) 

 

or 
.

,
nn

n
nn

i
in

ii
n

ni
j

ii

Q

Q

νπνπνδν

νπνπνδν

=++

=++
     (2.7) 

Sometimes it is convenient to promote normal of vector R


 for 
which 1=nν . Then  

 
n
i

in
nQ ωνω += .       (2.8) 

 
Putting (2.8) in the first equation (2.6) we have  
 

0=+−−+ i
n

n
k

kjn
n

ii
j

ji ππννπνπνδν .    (2.9) 

 
Thus, differential equations of invariance of straight have the form 
 

αωνωωννωνωνν α
ii

n
n
k

kin
n

ii
j

jid =+−−+ .   (2.10) 

 
Build values β

αb  (in condition оf 0//// ≠α
βadef )  

 
β

α
β
γ

γ
β δ=ba ,        (2.11) 
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and with their help values 
 

.

,
γα

γ
α
β

βα

βα
β

α

ωω MMdM

abМ

+−=

=
     (2.12) 

 
As differential equations of (2.12) have the equations’ structure 

(2.6), the pair [ ]МА


, , where α
αеММ 

=  defines invariant straight. 
Theorem 2.1.  In differential neighborhood of the first order 

exists straight invariant with vector field which is determined by 
tensor αM . 

Straights [A, N] and [A, M] define two-dimensional plane 
associated with vector field. 

 
Figure 2. 

 
3.3 Field of hyperplanes 

Equation of condition of invariance of hyperplanes 0=+νν α
α х  

related to moving coordinate system r ( αеА
, ) has the following form 

 

.
,

νδν

νπνδν α
β
αβα

Q
Q

=

=+
      (2.13) 

Q  - a linear form, which means dQ =0.  
Two cases are possible. 
 

3.3.1. Hyperplane doesn’t cross point A 

It’s possible to put in this case 1=ν , then 0=Q . 
Conditions of invariantness of hypersurfaces take the form 
 

0=− β
αα πνδν β .       (2.14) 
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3.3.2. Hyperplane crosses point A 

In this case 0=ν . Conditions of its invariance have the form 
 

α
β
αα νπνδν β Q=− .      (2.15) 

 
Putting 1=nν  conditions (2.15) have the form 
 

0=−−−− n
i

j
nji

n
ni

j
iji ππννπνπνδν .    (2.16) 

 
Build values βααβ MNg = . 

In condition of 0//// ≠αβgdef  introduce values α
βγβ

αγ δ=gg  and 

with their help build values 
 

.0

,

=−

=
β

βα

β
αβα

πδ gg

agg
      (2.17) 

 
As differential equations of value αg  have structure of differential 

equations (2.14) then these values define hyperplane which doesn’t 
cross point А, equations of which have the form 01 =+α

α xg . 
 

 
Figure 3. 

Theorem 2.2.  In differential neighborhood of the first order 
exists invariant hiperplane of vector field which doesn’t cross its 
beginning and which is determined  by tensor αg . 

Also build series of different values, which define invariant points, 
straights, hyperplane and two-dimensional planes associated with 
vector field in space Аn.  
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4. CONCLUSION 

The invariant point, straight and huperplane of vector field in n-
dimensional affine space has been built in the article. According to [7] 
we can prove that for vector field the invariant normalization is built. 
It consists of straight that crosses the beginning of vector field and 
hyperplane that doesn’t cross it.  
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„FROM NOTHING I HAVE CREATED A NEW DIFFERENT 
WORLD“     (JÁNOS BOLYAI 1823) 

 
Emil Molnár1 

 
 

Abstract 

With the above sentence indicated János Bolyai, the young 
military architect engineer his discovery to his father, Farkas 
(Wolfgang) Bolyai in his famous letter on  November 3rd 1823, 
Temesvár (TimiŞoara). The occasion was, very probably, that he found 
the very elegant formula 

 

exp(x/k) = cotg[π(x)/2] 

 

between the parallel distance x and its parallel angleπ(x). Here k 
is the universal positive constant, caracterizing the whole system S 
(the hyperbolic geometry). In the system ∑ (i.e. in the Euclidean 
geometry) if k tends to the infinity (∞), thenπ(x) tends to π/2. 

In this talk I will sketch the 7 steps of his synthetic proof, which 
lead to this formula. As byresults, he models the classical Euclidean 
plane geometry on the surface  F (horosphere) of his absolute space 
geometry, he derives the absolute sine theorem for a rectangle, he 
proves that the spherical geometry is absolute. I will only indicate 
some further parts of 'these most extraordinary two dozen pages of 
the history of thinking', as G.B. Halsted wrote in the preface of his 
first English translation of the Appendix. 

On the 190th anniversary of the discovery of non-Euclidean (and 
absolute) geometry we remember on the tragic life of János Bolyai. 

                                            
1 Emil Molnár, Budapest University of Technology and Economics, Department 
of Geometry, emolnar@math.bme.hu 
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Key words: János Bolyai, absolute geometry, parallel distance, 
parallel angle 
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THE REGULAR 120-CELL IN 4-SPACE AND IT'S 
VISUALIZATION 

 
Emil Molnár1 
János Katona 
István Prok 

Jenő Szirmai 
 

Abstract 

The theoretical background of our topic is the d-dimensional 
projective spherical space PSd(Vd+1; Vd+1; R; ~) or projective space Pd, 
modelled as subspace incidence structure of the real d+1-dimensional 
vector space Vd+1 for points or its dual Vd+1 for hyperplanes, 
respectively. Here ~ indicates the multiplicative equivalence by 
positive reals R+ in case PSd, or by non-zerosR\{0} for Pd.  E.g. non-

zeroVd+1 vectorsx~cx  describe the same point X(x)inPSdiffc∊ R+. 
In this presentation we visualize the 4-dimensional regular 

polytope, bounded by 120 regular dodecahedra (120-cell, see below), 
as a special case in our more general program with my colleagues (see 
e.g. [1]-[3] and the homepage [5] for animation for free download). 
We start in E3with the classical regularpolyhedra, to indicate the 
Coxeter-Schläfli theory. So the regular dodecahedron with Coxeter-
Schläflisymbol (5, 3) has its characteristic simplex with dihedral 
angles π/5, π/3, π/2�between the symmetry planesmeeting in the 
centre of the solid. These generate a Coxeter reflection group.then a 
bilinear form, a sphericalS2metric. Then further spherical S3, 
Euclidean E3, hyperbolicH3metricscan be introduced. So we get (5, 3, 
3) first in S3 then extend it to S4, toE4 and H4 as well, as we specify the 
scalar product <;> in Vd+1 so in Vd+1 (d = 2, 3, 4)by the signature and 
other requirements (as in [1] and [4]). 

                                            
1 Emil Molnár, Budapest University of Technology and Economics, Department 
of Geometry, emolnar@math.bme.hu 
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Key words: Computer Animation, Coxeter-Schläfli, Theory of 
regular solids. 

 

Figure 1. The 120-cell with Coxeter-Schläfli symbol (5, 3, 3) 
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APPLICATIONS OF GEOMETRICAL DRAWING IN THE POPULAR 

ART FROM OLTENIA - ROMANIA 
 

Ludmila Sass 1 
Alina Duta 2 

Anca Mihaela Mogosanu 3 
 
 

Abstract 

The paper presents the use of geometrical elements in the 
popular art from Oltenia - Romania for the artistic beautification of 
surfaces like: furniture, household item, musical instrument, clothing, 
carpet, popular sewings, buildings, historical monuments, funeral 
monuments, interior decorations, etc. We notice the creative fantasy 
of the oltenian folk artist, who blends the utility with the beauty. The 
objects he manufactures are ornamented with different geometrical 
patterns, be they painted, sewn, carved or chiseled: straight lines, 
broken lines, zig-zag, crossed lines, spirals, polygons, circles, circular 
arcs, rosettes, concentric circles placed in a vertical or horizontal 
manner. 

Key words: ornamentation, geometrical patterns, drawing 

 

 

1. INTRODUCTION  

Oltenia covers an area of about 20.300 km2, is situated in the 
southwest of Romania, south of the Southern Carpathians, west of the 
Olt river and northeast of the Danube. It is the place of residence for 
people who value tradition as something almost sacred. 
                                            
1 Ludmila Sass, assoc. prof, PhD, University of Craiova 
2 Alina Duta, assoc. prof, PhD, University of Craiova 
3 Anca Mihaela Mogosanu, PhD student, Technical University Cluj-Napoca 
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The decorative patterns used in both the plane and the embossed 
onamentations hold a high value as they are the expression of a 
developed artistic talent in Romania, oriented towards beauty, 
harmony and color. They are approached here as applications of the 
geometrical drawing 

 

 

 

 

 

 

Figure 1. The Oltenia region – Romania 

2. ORNAMENTATION  

The terms ornament, ornamentation, ornamental, ornamented, 
etc., have their origin in the latin word ornare (“to equip, adorn”). 

Ornamentation, used for the artistic embelishment of surfaces: 
furniture, household items, musical instruments, clothing, pottery, 
folk masks and different textiles, carpets and folk sewings, buildings, 
historical monuments, funeral stones, interior decoration elements, 
etc., is made from decorated patterns that are figures based on 
geometrical elements – called geometrical patterns and on elements 
from nature – flora, fauna, human figure, landscape. The 
ornamentation is influenced by the social order, the cultural 
characteristics, the working material and the source of inspiration. 

The geometrical patterns are considered to be the oldest 
decorated patterns; they have been discovered on totems, tattoos of 
the primitives and old temples.  

In the crafts of the oltenian peasant: pottery, weaving (oltenian 
carpets,  sewing, embroidering, romanian folk costumes), sheepskin 
wintercoat crafting, wood art, egg decorating, etc., we discover 
geometrical figures known from geometrical drawing, which offer 
decorated patterns with unique aesthetics through multiple ways of  
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intertwining.  

Based on how they are placed, the decorated patterns are: 

- the unique pattern – covers the whole ornamental space by itself. 

 

 

 

 

 

 

Figure 2. Decorated pattern - unique pattern 

- the type pattern – repeats itself in a certain order. 

 

 

 

Figure 3. Decorated pattern – type pattern obtained through repetition 

 

 

 

Figure 4. Decorated pattern – type pattern obtained through alternantion 

 

 

 

 

Figure 5. Decorated pattern – type pattern obtained through symmetry 

 

 

Figure 6. Decorated pattern – type pattern obtained through contrast 
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The decorated patterns that are based on different geometrical 
designs are made up of decorated dots and lines. 

- Decorated dots – small surfaces bounded by polygons or curves. 

 

Figure 7. Decorated dots with different polygonal contours and curved lines  

- Decorated lines –  straight (isolated, crossed, paralels, etc.), broken, 
curved or mixed .  

 

 

 

 

Figure 8. Curved lines that surround decorated dots for ornamentation. 

2.1. Plain ornamentation  

Plain ornamentations are made at the surface level. Inlays 
executed with the chisel are used in the works made on wood products  

 

 

Figure 9. Plain ornamentations in rush ribbons  

Plain ornamentations based on geometrical patterns are built 
geometrically, from a starting build, called a grid (of squares, 
triangles, rhombs, circles, etc.) 

 

 

 

 

Figure 10. Plain ornamentations drawn on the grid surface 
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2.2. Embossed onamentations  

Embossed onamentations are the result of making surfaces 
uneven. We will encounter them when dealing with the craft of wood 
processing. 

 

 

 

 

Figure 11. Engravings 

In making the drawing for the notches, the first thing is drawing 
thin lines of the shape of the edges placed at the surface level and 
then the ones of the inlet corners, made from notching; sometimes it's 
necessary to mention how deep is the notch.  

 

Figure 12. Notches inscribed in square with principles on building  
and making the drawing  

 

 

 

 

Figure 13. Notches inscribed in obtuse triangle 

 
Figure 14. Notches inscribed in circular surfaces 
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3. GEOMETRICAL PATTERNS – ARTISTIC VALUE FOR THE CRAFTS OF 
THE OLTENIAN PEASANT 

The oltenian peasants have carried on beauties created by the 
hands and the soul through the traditional crafts of the region. 

Pottery. In Vadastra, Olt county, there has been discovered one of 
the oldest civilisations of Europe, dating 7000 years back. The black 
vessels made through repeated burning sessions in the Neolithic 
culture during the Stone Age are particularly refined, with white 
incisions that represent sofisticated geometrical drawings, proof of 
remarkable spirituality. 

15.  

 

Figure 15. Pottery - Vadastra [2] 

 The ornaments of the pottery from Oboga, Olt county, have rich 
cromatics. There is a traditional tool used here, made from cow horn 
with a goose or chicken feather on top. 

The artwork of the pottery from Horezu, Valcea county, is 
recognisable either through geometrical patterns: dots, straight and 
curly lines, spirals, stylised spirals, circles, zig-zags or older models: 
the Christmas tree, the stalk, the star, the whirl, the rooster, the 
flower, the sun. 

 
Figure 16. Pottery from Oboga with traditional geometrical decoration a [3] 



 

223 

 
 

 
 

 
 
 
 
 
 

Figure 17. Pottery from Horezu, Valcea county [4] 
  

Weaving rugs and carpets. The main elements of carpet decoration 
in the traditional oltenian houses are Stelims and Kilims. Oltenian 
carpets are used on walls, beds and floors alike.  

Traditional Stelims with yards had natural colors. The geometrical 
decoration was designed with alternating yards. The ”Stelim in 
wheels” was entirely covered with dentated rhombs placed in a 
concentric manner.   
 

 
 
 
 
 
 

 
Figure 18. Stelim with geometrical patterns – authentic folk piece [5] 

 
 
 
 
 
 
 
 
 
 
 

 
Figure 19. Peasant interiors from Oltenia [6] 

 
Weaving and decorating costumes. The folk costume in Gorj is 

decorated with different vivid tones of blue, red and white with  
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geometrical patterns such as: rhombs, crosses, spirals. In Dolj the 
dominant forms are rhombs and stylised human figures.  

 

  
 
 
 
 
 
 

 

Figure 20. Decorated patterns on folk costumes from Oltenia [7] 

Sheepskin wintercoat crafting. The bodice or ”Bondita”, as it is 
called in Oltenia, is a short waistcoat ornamented with sewings that 
are geometrical patterns such as rosettes – dentated stylised circles 
that represent the sun, dots – the stars on the sky, and also themes 
related to flowers.  

 
 
 
 
 
 
 
 
 
 

Figura 21. Waistcoats from Vadastra, Olt county [8] 

Wood art. This craft has developed in Oltenia thanks to the 
abundance of wood. Wood ornamentation can be done by: incision 
(and sometimes coloring), notching, carving and sculpting and the less 
utilised pyrography, with simple tools: axes, saws, mallests, rasps, 
compasses, claw hammers, gimlets, awls, gouges, wood chisels.   

Hence, in time there have appeared structures, peasant furniture, 
work tools and household items, cult items, musical instruments, etc. 

The main ornamental style is the geometrical one: semicircles, 
circles, lines, rosettes. Other decorations are done with flower motifs, 
zoomorphic and anthropormphic.  
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In Gorj and Mehedinti the ornamentation of the furniture was 
accomplished with simple elements: the straight line, the broken line, 
the hatched lines. Combining these elements, we get simple 
geometrical figures – rectangle, square, triangle. 

In Valcea the pieces of furniture had linear patterns as ornaments: 
squares, rectangles, triangles and simple or hatched rhombs, placed 
horizontally, alternating with completely hatched ribbons.  

 

 

 

 

Figure 22. Geometrical ornament painted on a chest from Valcea  
in the 19th century [9] 

 
The spoons in Oltenia have carved hemispherical or egg shapes, 

they have different lenghts, they're slender, ornamented with 
geometrical notches. In Gorj the decoration was made from joining 
curved lines.  

 
 
 
 
 
 

Figure 23. Spoons decorated in Oltenian tradition [10] 
 

The traditional wooden crosses in Oltenia, along with the old 
theme – the tree if life represented by the Christmas tree - have very 
often geometrical patterns as ornaments: straight lines, broken lines, 
triangles. 
 

Egg decorating in Romania is a refined artistic craft. The egg 
simbolises the Universe, as a life source. All the geometrical patterns 
represent something: the straight vertical line – life; the straight 
horizontal line – death; the double straight line – eternity; rectangles – 
reason and knowledge; the slightly waving line – water, purification; 
the spiral – time, eternity; the double spiral – the connection between 
life and death. 
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In Oltenia, a quill is used to mark traditional geometrical 
ornamental patterns, avemorphic and phytomorphic.   

 
 
 
 
 
 
 
 

Figure 24. Dyed eggs in the traditional techhnique in Oltenia [11] 
  

Musical instruments. Folk musical instruments – whistle, ocarine, 
bagpipes, long shepherd's pipe - in Oltenia are ornamented with 
geometrical patterns like ribbons, broken lines and flower motifs.  
 

4. CONCLUSIONS 
 

- Practicing traditional crafts in the Oltenia region shows the blend of 
the utility with the unique aesthetics offered by the geometrical 
ornamentation. 
- The ability to embelish the items with different geometrical patterns 
proves talent and knowledge of rules in graphically interpreting the 
simple geometrical figures in a two dimensional and three dimensional 
space, and the geometrical bodies respectively. 
- The geometrical drawing provides artistic value to the work of the 
craftsman and helps develop the cultural history of the Oltenia region. 
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Abstract 

Perception is the constant process in our mind. Observation of our 
environment helps us to understand and react, adequately and on 
time, to our surrounding. The scale and position of a space (open or 
closed) that one observes - directly makes an influence to a way of a 
perception. In a process of two different ways of perception which can 
be auto centric (subject centred) and allocentric (object centred) 
different sensory are involved. Landscape design play a significant 
role in a perception, orientation and managing in open spaces. Also 
colour of vegetation carries a great role in a composition of landscape 
design. It marks the space, makes it recognizable and accessible for all 
people. In that sense the proper election of materials with their 
colours, texture and tactility can provide pleasant environment in 
landscape design. In this paper the connotation of colours as a major 
role for creation of warmth, friendly and cosines environment are 
observed. 

Key words: connotation, perception, colours, landscape, 
environment 
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1. INTRODUCTION  

Landscape as a discipline of human environment continuously 
evolves trough space, time and different cultures. To meet social and 
physical needs, people are using and shaping their environment. 
Perception is a process during which information are receive through 
senses, organized and interpreted. Healthy adult person perceive 80% 
of surrounding space based on visual sense. Without satisfying light 
which develops spectra of colours one can see only the shape on a 
background, black and white or grey figures or outlines. Numerous 
studies have shown that the perception of colour is strictly individual 
experience. Visually impaired people according to their eye damage 
can recognise only some colours or can be blind to colours. The 
different wavelengths of light contained in reflected light with their 
relative power is influencing the perceived colour. Inability to identify 
certain colours leads to colour blindness. 

Each colour has special meaning. In different culture they can 
vary. Meaning of colours are constantly applied in art, architecture, 
psychology, colour therapy, nutrition etc. Regarding the amount of 
light colours they can be perceived as light or dark, and considering a 
saturation warm or cold. Each of these perceptions has an influence to 
one's memory of space. The size of an object which is perceived as 
well as colour make an affect into a final perception of an observing 
space. Apart from size and colour of object, the size, shape and colour 
of background play a significant role in this process. For memorizing 
the certain space, that surrounds us, the harmony of all elements is 
important.  

Experience of colours is a sensory stimulus of light reflection on 
object surface. In that sense, colours are lights and lights are energy. 
Many scientists argue that actual physiological changes take place in 
human beings when they are exposed to certain colours.1 In such a way 
colours can stimulate different senses, make us exciting, depressed, 
tranquilize, increase appetite and create a feeling of warmth or 
coolness. This is known as chromo dynamics. These facts lead us to 
some parameters in designing process in landscape architecture. Apart 
from colours proper, election of materials their texture and tactility 
can provide a pleasant open space. Good design of environment is 

                                            
1 Arnhjam R., Umetnost i vizuelno opažanje, Psihologija stvaralačkog 
gledanja, Univerzitet umetnosti u Beogradu 1987 
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attracting users to spend much more time creating an unforgettable 
memories than average or poor designed environment.   

2. COLOUR EFECTS 

2.1. Lighting, Colour and Contrast 

To provide an adequate colour, the surface of object has to be 
illuminated with light. The source of light (natural or artificial) will 
cause contrast between different objects or will make a glare. The 
material of surface with its tactility is playing also a significant role in 
this process. The glare may cause discomfort or even disable a vision. 
For visually impaired people reflection causing glare or reflection from 
shiny surfaces make particular problems. 

                                            
1 http://www.pantone.com/pages/pantone/Pantone.aspx?pg=19382 
2 http://jlyct.com/flower-garden-design-plans/ 

 

 

 

 

 

 
 

 

 

 

 

 

Figure 1. Identical colours surrounded by different backgrounds (left)1 and 
flower beds with different colour effects (right)2 
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Since the light is essential for the perception of colour there also 
must be a coloured surface from which light is reflected into an eye. In 
this process of perception some illusions can occurred. One possible 
scenario is when identical colours are surrounded by different 
backgrounds and they appear to be different from each other (Figure 
1.). The opposite illusion is when different colours surrounded by 
certain background appear to be the same. The thin neutral white, 
grey or black outlines between these coloured surfaces improve each 
colour to became easier to distinguish and also reduce blurring of the 
colours. (Figure 2.)  

 

Contrast between the colours within the same surface can be 
caused by different luminance contrast or colours contrast. The 
junction of surfaces created with different colours may allow the 
junction to be perceived as a specific identity. In a light reflection 
different colours may have a similar luminance contrast. This can 
cause, particularly for the visually impaired people, that surface would 
appear to be identical.  Respecting this situation and in order to 
enhance the ability of all people to navigate in any environment it is 
necessarily to consider differences in luminance or colours contrast.3  

The source of light can be natural or artificial. Natural light may 
provide different colours on a same surface depending on amount of 
sun light, clouds on the sky, part of a day or geographical position of 
environment. Artificial light, from the other side can be designed to be 
the same although it still can be some variation during the day and 
                                            
1 http://www.pantone.com/pages/pantone/Pantone.aspx?pg=19382 
2   http://jlyct.com/flower-garden-design-plans/ 
3 Bogdanović K., Burić B., Teorija forme, Zavod za udžbenike i nastavna 
sredstva, Beograd, 1999  

 
 

  

Figure 2. Outlines between coloured surfaces (a, b)1 and plant composition 
with the same effect (c)2 
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night hours. The different range of artificial light sources can provide a 
large variation of colour rendering properties. The adequate selection 
of light source has to be based on the need for colour recognition in 
designed environment as well as on energy efficiency. The number and 
position of artificial light in a certain space is special challenge for 
landscape designers. Although it is obvious that the spectra of 
providing light has to reflect as much as possible the natural spectra of 
colours, there are some situation when difference in brightness and 
warmth of light may distinguish the certain place making it a spot of 
orientation and identity.  

2.2. Glare and Shadows 

Some artificial light sources, like incandescent lamps can provide 
high light intensities and become discomfort glare source. Particularly 
for visually impaired people, these lamps may generate a total vision 
blindness and cause disorientation. The second impropriety of 
incandescent lamps is very often strong directional source of light 
producing high luminance on horizontal and vertical surfaces. This 
effect can cause distraction and increase the degree of difficulty to 
recognize and identify objects and features in an open space. On the 
other hand  incandescent lamps can be used effectively to mark some 
points in a space which can direct and lead users to some linear 
communications, strip of benches information desks etc. In same sense 
the lights coming from lamps which are implanted in a floor can 
provide the similar positive and negative effects.  

   
Figure 3. Blinding light bars (a)1 and mirrors as 

surfaces for confusion in a space (b)2 
Figure 4. Illusion of 
shade with plants3 

                                            
1 https://www.pinterest.com/s3intdesign/lighting/ 
2http://uk.phaidon.com/agenda/design/articles/2011/october/28/arnaud-
lapierres-mirror-images/ 
3 http://materialgirlsblog.com/chicago/tag/arabella-lennox-boyd/ 
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Very similar situation can be provided with the impropriate 
shadows. The distance of the lamps with the different effects of light 
may “design” unpleasant shadows causing discomfort, disorientations 
and even trigger a fear. Illusion of shade can be created with 
alternation of plants colours (Figure 4.). 

2.3. Texture and Tactility 

For blind and visually impaired people large areas like squares can 
be easy space for disorientation. With respect, this situation in open 
spaces has to have surfaces with different pavement materials. The 
size, shape, texture and tactility of this areas should answer to a wide 
range of surrounding activities. Colours of pavement play a significant 
role in orientation, memory and identification. Differentiation in 
tactility may cause a big different in sound effects, particularly for 
people using a with stick. Critical surfaces may be covered in striped 
or subtle pattern but has to be in highly contrast colours. The most 
important areas in this surfaces has to be covered with the biggest 
contrast (Figure 5.). On the other hand irregular, abstract or floral 
ornament patterns with plenty of different colours are very unhelpful 
in orientation and should be avoided. The texture of material has to be 
the lowest reflective, matt or mid sheen finished without shiny finishes 
because they can cause considerable confusion or even partially make 
people blind. Matt finished surface compared with shine make benefit 
of colours differentiation to be realised. 

 

 

 

 

 

 
Figure 5. Critical spots in public areas designed with colourful ornamental 

patterns (a), with simple one colour surface (b) and in chess black and white 
pattern with spot light in a middle of each square.1 

 
                                            
1 Photos by author Hiel K. 
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3. CONOTATION (SIMBOLISM) OF COLOURS 

Colours are rich with symbolism. This can vary in different 
cultures, individual associations, physical environment etc. Although 
there are many studies and researches about effect on human 
perception. Only limited number of studies has been made about the 
effects of plants' colours on people.1 According to group of authors, 
the preferred plants, that had flowers in colours are red and lavender 
versus pink and white and particularly blue, which are the least 
preferred ones. In another studies, researcher made a conclusion that 
people preferred bright colours for street planting, also green and red 
trees were preferred more that purple and brown trees.  

Colours of broadleaved trees vary during the year seasons. Some 
people preferred spring colours than summer or fall and vice versa. 
The winter black branches of broadleaved trees can create a nice and 
pleasant atmosphere in a contrast with white snow (Figure 6.).  

 
Although the preferences of colours is based on individual 

perception and experience there are some common meanings of each 
colour. Since the spectra of colours is divided in a circle where red, 
orange and yellow make a feeling of warmth, while violet, blue and 
green colours create a second half of circle with cold atmosphere. 
Combination of warm and cool colour, when they are places next to 

                                            
1 Muderrisoglu H., Aydin S., Yerli O. and Kutay E., Efects of Colors and Forms 
of Trees on Visual Perception, Pak. J. Bot., 41(6): 697-2710, 2009. 
http://www.pakbs.org/pjbot/abstracts/41(6)/06.html 
2 Photos by author Blagojević I. 

 
 

  

Figure 6. Different atmospheres creating with broadleaves trees on a same 
space – winter with snow (a), winter without snow (b) and spring (c)2 
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each other, creates bigger difference between them distinguishing its 
position in a circle. In the most western cultures from this 
classification derives some common meanings of colours. Red is symbol 
for fire, blood, danger, passion and love. Orange is symbol for warmth, 
sour, sweetness and yellow is symbol for brightness, richness, freshness 
etc. Cool colour like green is symbol for environment, nature, growth, 
fresh. Blue has connotation for coolness, melancholy, depression and 
power, while purple colour is symbol for wealth, dignity, sophistication 
and intelligent. All these meaning of different colours are crated on 
personal experience which has tight connection with nature, 
environment and social behaviour. The feeling one get when looking at 
coloured surface of any kind of object in environment vary from 
certain situation. This mean that the same person can have different 
feeling towards the same colours in different circumstances. The 
experience of colours is self-interaction and is very often based on 
social interaction and physical objects in immediate surroundings. 
From this experience derives different medical and psychological 
treatments with colours. Mental and emotion effects on colours are 
well known and studied for centuries. The symbols involves self-
conscious with abstraction of previous experience. Consequently 
symbols of colours has to be “used in design with the intention that 
users of the landscape should understand and respond to the 
meaning(s) of the symbol(s).”1 

  

   
Figure 7. Circle of colours (a)2, medical colours therapy (b)3 and different 

food colours (c)4 
 

                                            
1 Dee C., Form and Fabric in Landscape Architecture, A Visual Introduction, 
Spon Press, London, 2001  
2 www.newmedia.altervista.org/strumenti/warm_and_cool_colours.html 
3 http://tribune.com.pk/story/32574/colour-me-better/ 
4 www.fshn.hs.iastate.edu/necp/WebContent/Antioxidant%20Handout.pdf 

http://tribune.com.pk/story/32574/colour-me-better/
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4. CONCLUSION 

Using colours in landscape architecture cannot be just a pure 
esthetical tool. All elements in open public spaces has to be carefully 
designed concerning variety and differences among the users. 
Environment has to respond to needs and preferences for all people 
without any prejudice about the ethnical, religious, gender, age, 
political, racial, physical or any other differences. The degree of 
diversity in landscape design is affected by many elements - natural or 
man-made environment. As society is more complex the requirements 
for designers are more difficult. “The benefits to blind and partially 
sighted people of colour and tone contrast have been recognised for 
many years but there has never been any body of knowledge based on 
research findings to assist designers.”1  

The goal of research in this paper is oriented to some aspect of 
accessibility in design process considering meaning of colours in 
landscape design. Some meanings of colours are general but there are 
slight differences when plants colours are the basic elements for 
designing the environment. For blind and visually impaired people 
orientation in space can be crucial if the colours are not properly used. 
Apart from characteristics of pavement material such as tactility and 
texture the colour and pattern in some spaces may be much more 
important. Proper natural as well as artificial light allowed easier 
perception, orientation and identification in particularly new space. In 
a secure, pleasant and cosy environment people are creating 
unforgettable memories and very often want to visit it again.          
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KNOTS IN MODERN SCULPTURE AND ARCHITECTURE 
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Abstract 
 

We analyze applications of knots and links in the Ancient art, 
Celtic knots and some ethnical art where knots are constructed as 
mirror-curves. We give the brief overview of using knots in design, 
modern sculpture and architecture. Methods for generating knots and 
links based on geometric polyhedral, suitable for applications in 
architecture and sculpture is described. 
 

Key words: knot; link; mirror-curve; decorative knot; polyhedral knot  
 
 

1. INTRODUCTION 

Knots were used in arts since ancient time. In different cultures 
many beautiful examples of ornamental knots work, used in the 
decorative arts, can be found. First examples we found in Mesopotamia 
(2600-2500 B.C) and Chine (480 B.C.). Knots can be found among 
ancient Egyptian symbols, as the Tyet (goddess Isis knot), as well as 
the hieroglyph. In Europe first examples originated in the Greek period 
and Roman Empire during the third and fourth centuries AD, which can 
be seen in many Roman floor mosaics of that time. Numerous of 
examples can be found in Byzantine and Medieval ornamental art, 
Celtic art, illuminated manuscripts... 
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The initial scientific interest in knot theory was motivated by 
Kelvin's theory of atomic structure (1867). We can say that J.C. 
Maxwell, P.G. Tait and W. Thomson (Lord Kelvin) are the founders of a 
knot theory. Around 1960 the focus of chemists turned towards 
attempts to synthesize molecular knots and links. The first pair of 
linked rings in a form of the Hopf link, a catenane, was synthesized by 
H. Frisch and E. Wasserman in 1961. (catenane is derived from 
the Latin catena meaning "chain"). 1989 C. Dietrich-Bushecker and J.P. 
Sauvage produced the first molecular knot, a trefoil made out of 124 
atoms. They introduced stereo chemical topology: synthesis, 
characterization, and analysis of topologically interesting molecular 
structures [16,5]. 

From the point of view of architecture, organic chemistry, or 
molecular biology, complex knotted and linked structures with a high 
degree of symmetry are the most interesting. However, in literature, 
tabulation of knots and links, as well as computing of knot invariants is 
restricted to knots and links with relatively small number of crossings. 
Current knot tables contain alternating knots up to 24 crossings and 
non-alternating knots up to 16 crossings. Recently, M.Thistlethwaite 
tabulated nonalternating knots up to 19 crossings, alternating links up 
to 18 crossings, and nonalternating links up to 12 crossings [9]. For the 
applications in chemistry, biology, or architecture, these tables are 
insufficient, because knots and links relevant for the mentioned 
disciplines have higher number of crossings because nature, artists, 
and architects prefer symmetry and complexity. 

 

2. KNOTS IN ANCIENT ART 

Some of the oldest examples of monolinear curves and knots in 
rectangular grids associated with them were constructed using plates: 
Rectangular grids RG[a,b] of dimensions a,b elements of N, where a, b 
are mutually prime numbers. A snake eating its tail, the classical 
symbol of Ouroboros, the cylinder seal impression from Ur, 
Mesopotamia, 2600--2500 B.C. showing a snake with interlacing coil 
placed in nine times five grid RG[9,5] (Figure 1) is an example of this 
construction. Similar examples with plates constructed as rectangular 
or circular grids are used as stamp seals from Anatolia, 1700 B.C. We 
assume that stamps, cylinders and seals with knots and links as their 
motifs appeared before proper writing is invented about 3500 B.C.[14]. 

http://en.wikipedia.org/wiki/Latin
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Figure 1. (a) Cylinder seal, Ur, Mesopotamia, ca. 2600–2500 B.C.; (b) stamp 

seals,Anatolia, ca. 1700 B.C. 

 

Due to the delicate nature of the medium, few examples of 
prehistoric Chinese knotting exist today. Some of the earliest evidence 
of knotting has been preserved on bronze vessels of the Warring States 
period (481-221 B.C.), Buddhist carvings of the Northern Dynasties 
period (317-581 A.D.) and on silk paintings during the Western Han 
period. Chinese knotting is a decorative handicraft art that began as a 
form of Chinese folk art in the Tang and Song Dynasty (960-1279 A.D.) 
in China. It was later popularized in the Ming). The art is also referred 
to as Chinese traditional decorative knots.  

Some of the most beautiful legends related to knots appear in 
Greek mythology. The legend about the Gordian knot, associated with 
Alexander the Great, is often used as a metaphor for an intractable 
problem solved by a bold stroke (“cutting the Gordian knot”). Although 
nobody knows the type of the Gordian knot, the unknotting number, 
which is one of the simplest knot invariants but also very hard to 
compute, is also called “the Gordian number”.  

 

  
Figure 2. a) Hercules knot Greek jewelry, Pontika (Ukraina), 300 B.C. b) 

Michelangelo’s plaza, 1567. 
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Some wonderful examples of Hercules knots (Figure 2a) can be 
found in the Greek jewellery, beginning from the Minoan period. The 
reef knot was known to the ancient Greeks as the Hercules knot 
(Herakleotikon hamma), it was and still is used extensively in medicine 
as a binding knot.  

Knots were used in decorative ornamental art of church, 
illuminated manuscript and in architectural design during the medieval 
period too. 

 

3. MIRROR CURVES AND CELTIC KNOTS 

„The imitation of the three-dimensional arts of plaiting, weaving 
and basketry was the origin of interlaced and knotwork interlaced 
designs. There are few races that have not used it as a decoration of 
stone, wood and metal. Interlacing rosettes, friezes and ornaments are 
to be found in the art of most people surrounding the Mediterranean, 
the Black and Caspian Seas, Egyptians, Greeks, Romans, Byzantines, 
Moors, Persians, Turks, Arabs, Syrians, Hebrews and African tribes. 
Their highlights are Celtic interlacing knotworks, Islamic layered 
patterns and Moorish floor and wall decorations”[2]. 

 

 
Figure 3. Celtic knot designs. 
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Celtic knots are one of the highlights of knot-art. Some 
researchers believe that the root of Celtic knot art is in knot designs in 
the 10th-11th century eastern mosaics patterns, especially Persian 
tiling. The very beginning of knotwork art has probably originated in 
mirror curves constructed from plates, which have been also 
recognized as the basis of all Celtic knotworks by the antiquarian J. 
Romilly Allen whose twenty years' work is summarized in the book 
Celtic Art in Pagan and Christian Times [1]. 

One of the possibilities to create Celtic knots is to use mirror 
curves. The common geometrical construction principle of these 
designs, discovered by P.Gerdes, is the use of (two-sided) mirrors 
incident to the edges of a square, triangular or hexagonal regular 
plane tiling, or perpendicular to the edges in their midpoints [6,7]. 
Assume that a ray of light is emitted from one edge-midpoint at an 
angle of 45 degrees. It travel through the grid reflecting in mirrors and 
come to the starting point after a series of reflections. In the ideal 
case, after the series of consecutive reflections, the ray of light 
reaches its beginning point, defining a single closed curve. In other 
cases, the result consists of several closed curves. Every mirror curve 
can be converted into a knotwork design by introducing the relation 
“over-under”. The beautiful examples of Celtic knots designs can be 
found in G.Bain's book Celtic Art [2]. 

 

4. SEIFERT SURFACES  

Although knots are usually viewed as one-dimensional objects in 
three-dimensional space they can also be viewed on a two-dimensional 
surface. In particular, to every knot we can assign a special kind of 
surface whose boundary is the knot itself, called the Seifert surface. 
(Figure 4). Any compact, connected, oriented surface with nonempty 
boundary in Euclidean 3-space is the Seifert surface associated to its 
boundary link. A single knot or link can have many different 
inequivalent Seifert surfaces.  

One of the open problems is the classification of embeddings of 
knots and links (or the corresponding graphs) on a sphere or other 
surfaces. Embedding 4-valent graphs on nonplanar surfaces (other than 
sphere) is an interesting mathematical problem with a huge potential 
for applications in architecture. Computer program Seifert View by J.J. 
Van Wijk [11] and LinKnot by S. Jablan and R. Sazdanović [10] can be 

http://en.wikipedia.org/wiki/Euclidean_3-space
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used for visualizing, constructing, and exploring Seifert surfaces 
corresponding to various knots and links. 

 
Figure 4:  Seifert surface of Trefoil (by using SeifertView software) 

 

5. KNOTS, MODERN SCULPTURE AND ARCHITECTURE 

Knots, links and Seifert surfaces are very successfully used in 
sculpture beginning from 1930s, e.g. and can be followed in the works 
by Naum Gabo, Shinkichi Tajiri, Keizo Ushio, John Robinson, Charles O. 
Perry, Carlo Sequin, Brent Collins and many others sculptures and 
artists (Figure 5,6). This approach became more and more popular 
during the last decades, with the use of light-weight materials and 
computer design tools (CAD/CAM).  

 
Figure 5: a) Keizo Ushio, b) Shinkichi Tajiri, c) Charles Perry 

The concept of “ribbed surfaces” has been introduced as a 
generalization of ruled surfaces, which allowed more generalized curve 
to sweep along two rail curves [12]. General ribbed surfaces permit 
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the procedural generation of unique rib curves for each value of the 
sweep parameter. The tubular sculpture created by Charles Perry, 
Solstice, (Figure 5c), has a supporting “rail” in the shape of a (3,2) 
torus knot connected by curved “ribs” that roughly form a hyperbolic 
triangle, which sweeps around the major loop of the torus . 

 
Figure 6: a) John Robinson, b) Carlo Sequin, c) Brent Collins (Pax Mundi). 

 
In the contemporary art typical examples are sculptures by 

Bathsheba Grossman [8] (some were created by the program Seifert 
View) or sculptures by A. Bulatov [3] (Figure 7). 

 
Figure 7: a),b)  B.Grossman,  c),d) A. Bulatov. 

Knots and interlaced structures have also found their place in 
architecture. The first human dwelling was constructed by weaving 
living plants (young conifers, bamboo, or branches of broad-leaved 
trees) because they were easy to harvest and manipulate by hand and 
further it is used in basketry. Frequently used geodesic domes (Figure 
8b) based mostly on rigid 3-valent graphs can be replaced by 4-valent 
flexible geodesic domes. Remarkable works supported by CAD, CNC 
machines and 3D printer produce Rinos Roeflus, Netherlands sculptor 
[15].One of the future project is to “print” 3D house 
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Figure 8: Polyhedron model and dome structure,  Rinus Roelofs  
 

D. Kozlov developed form-finding method for constructing 
transformable structures based on flat cyclic periodic knots structure 
(Turk’s-Heads knots) made of resilient filaments (steel wire). The 
physical properties of the resilient material lead to the spatial surface 
with positive, negative or combined Gaussian curvature. The elastic 
energy of the knotted resilient filament forces it to assume the shape 
defined by the minimum value of the energy [13] (Figure 9). 

 
Figure 9. Transformation of surface model given by cyclic knot 

 

One of the most remarkable examples where knot theory, 
computer science and art meet is computer software KnotPlot [17] by 
Rob Scharein (Figure 10). 
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Figure 10: Digital Mandala by Rob Scharein (KnotPlot).  

Some of the recent architectural projects is Water cube in Beijing, 
based on the The Weaire–Phelan  structure that offers the better 
solution of the Kelvin conjecture about optimal partition of the space 
into cells of equal volume with the least possible area of surface 
between them (i.e., the most efficient soap bubble foam)[18].  

UN Studio Möbius house and Mercedes Benz-Museum, Stuttgart, 
inspired by a Möbius strip and interpretation of a trefoil knot as a 
boundary of its Seifert surface opened up the possibility to think about 
the other worlds, different from Cartesian grids, polyhedra, or 
uniformly spaced grid systems that dominated architecture for 
centuries [4].   

 
Figure 11: Danish Pavilion for 2010 World Expo in Shanghai 2010 

The structure of The Danish Pavilion for 2010 World Expo in 
Shanghai 2010 is designed as a traffic loop created by the motion of 
city bikes and pedestrians tied in a knot (Figure 11).  

All these projects were initiated using ideas from topology, 
minimal surfaces, knots, links, and nonuniform space tessellations 
open up new possibilities for art and architecture.  
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500 YEARS OF MELANCHOLIA 
 
 

Dirk Huylebrouck1 
 
 

Abstract 

In 1514 Albrecht Dürer made his now worldly famous engraving 
‘Melencolia I’. It enjoyed a general admiration through times, but 
recently some ‘experts’ pretended an ellipse on this drawing was 
constructed erroneously. They based their argumentation on a 
drawing Dürer made in his book ‘Underweysung der Messung’ and on 
the fact Dürer used the word ‘egg line’ instead of ‘ellipse’. The 
present contribution however invalidates these arguments. 

Key words:ellipse, conic section, Dürer 

 

1. INTRODUCTION 

‘Melencolia I’ is the title of a 500 years old etch (see figure 1) by 
Albrecht Dürer (1471- 1528). This is, for once, a sure fact about an old 
artwork: not only did the artist sign and date the work in the bottom 
right corner, the title is clearly shown by a mythical animal flying in 
the skies, while the date figures on the bottom row of a magic square. 
Today Dürer is sometimes called the German Leonardo da Vinci (1452 –
1519), an honor he would have enjoyed as he went at length trying to 
meet the Italian master. His nationality however may be more a 
matter of discussion, as his father was the goldsmith Ajtósi, who had 
traveled about a thousand kilometers to emigrate to Nuremberg from 
Ajtós, a Hungarian village near Gyula in Southeastern Hungary. His 

                                            
1Dirk Huylebrouck, Faculty of Architecture, KULeuven, Paleizenstraat 65-67, 
1030 Brussels Belgium, Dirk.Huylebrouck@Kuleuven.be 
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name refers to the word ‘door’ or ‘Tür’, and ‘Thürer’ in fact means 
‘door maker’ or ‘ajtós’ in Hungarian.  

 
Figure 1.This drawing would have an erroneously drawn ellipse; do you see 

it? 
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The ‘I’ after Melencholia would not refer to the number 1, but to 
the expression ‘Melencholia Imaginativa’. The melancholic state of the 
depicted intellectual absorbed in thought is illustrated through several 
symbols, such as the unused scientific equipment, the magic square, 
the human skull on the geometric solid, the hourglass showing time 
running out, the empty scale, the rainbow in the sky, the enigmatically 
positioned ladder and so on. However, the interpretations of the 
different features are not the topic here; they have been the subject 
of numerous publications, the one more speculative than the other. 
Rather, we are interested in the ellipses drawn in the etching, since 
some recent publications, moreover spread on Facebook, accuse Dürer 
of having drawn erroneous curves. Daniel Silver gave his publication in 
‘American Scientist’ the title ‘Slicing a Cone for Art and Science’. 
Another author, Theodor Pavlopoulos, summarized it under the title 
“Albrecht Dürer’s egg line”. Chris Impens, an esteemed mathematics 
professor of the University of Ghent (now retired), shared it on his ‘@ 
Valvas’ as ‘Dürer fails his drawing assignment’. The critics were not 
afraid to state that “any high school student beats Dürer” or that “he 
[Dürer] didn't see what any child can see”. So, what about it, do these 
accusations towards one of the greatest graphical artists make sense? 

2. DÜRER’S ELLIPSES 

On the etching, there is a bell above the magic square, and there 
would be a problem with the elliptic shape of the mouth of the bell: 
following the above critics, its right end would wider than its left end. 
They pretend Dürer drew an oval, instead of an ellipse. An oval looks 
more like an egg: etymologically the word is related to the Latin word 
‘ovum’ or ‘egg’. It is only symmetric with respect to its long axis, 
while an ellipse is also symmetric with respect to its short axis. 
However, when drawing an ellipse with a horizontal great axis over the 
bell’s mouth, the error seems very, very minor. And when the 
horizontal great axis is shifted over 2.5°, there even seems to be no 
error at all. Surely a bell can hang in a slightly skew position, why not 
(see figure 2). Moreover, the other ellipses such as the contours of the 
scales and of a flask, are correct (see figure 3). 
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Figure 2.The bell on ‘Melencolia I’ (left), with an ellipse with horizontal 
great axis drawn over it (middle) and with a slightly rotated ellipse drawn 

over it (right). 

 

Figure 3.More ellipses on Melencolia. 

It is also said when examining other masterpieces of Dürer “elliptic 
shapes sometimes stand out awkwardly”, and the example is given of 
the central panel of the Dresden altarpiece (about 1498). Here it is 
stated that “the shape of the crown held obliquely by putti over 
Virgin’s head, which ought to be elliptic, is rather an arbitrary, 
elongated closed curve”. However, not only is it the ‘awkwardness’ a 
matter of opinion (and in the case of Dürer’s art it is itself a rather 
awkward expression), but the confusion of the ellipse with the egg 
shape certainly is not illustrated in this curve (see figure 4). Moreover, 
when checking out some other ellipses, such as on the engravings 
‘Saint Jerome in His Study’ (1514) and ‘The Last Supper’ (1523), the 
egg shape Dürer would have considered is not confirmed, not at all 
(see figure 5). And yet Dürer’s critics state that “he had the wrong 
idea of what an ellipse looked like”. 
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Figure 4.The Dresden altarpiece (1498) with an ‘awkward’ (?) elliptic crown. 

  
 

  

Figure 5.‘Saint Jerome in His Study’ (1514) and ‘The Last Supper’ (1523); 
note the nicely drawn ellipses on these engravings. 
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3.THE CRITICS’ ARGUMENTS 

An important ‘argument’ in the discussion is a linguistic one about 
the vocabulary used by Dürer. He translated the word ‘ellipse’ into 
German as ‘eyer linie’ or ‘egg line’, since he preferred to use the 
German language rather than Latin. This was not so uncommon in 
those days: for instance, the Tuscan Leonardo da Vinci wrote in his 
regional version of Italian, the Flemish mathematician and engineer 
Simon Stevin in Dutch and Martin Luther translated the complete Bible 
from Latin. Just as Leonardo and Stevin (and Luther?) often had to 
invent words, Dürer did so for his language. Perhaps we should keep in 
mind mathematical expressions in Latin were creations as well with 
words borrowed from every day’s Latin language, at least for Latin 
speaking people; or else they were compositions using existing words, 
in Latin or in Greek. For example, Dürer’s word for ‘spiral’ was a 
'Schneckenlinie' or 'snail-line', but ‘spiral’ itself was a borrowed word 
from everyday life, because ‘spira’ meant ‘turn’ or ‘twist’. So opting 
for a word like ‘egg line’ for ‘spiral’ is as understandable as choosing 
the word ‘spiral’ for that mathematical notion. 

A funnier example is the word used by Simon Stevin for a sphere, 
in Dutch. His word was ‘kloot’, which means, in today’s Dutch, nothing 
else but ‘testicle’, but in Stevin’s days it simply was a synonym for 
sphere. However, no science critic would ever think about accusing 
Stevin for confusing the earth’s shape with that of a testicle. These 
language issues and ‘confusions’ (a very debatable topic) are very well 
known to mathematicians from Germany, The Netherlands or Flanders, 
but perhaps uncommon to specialists not familiar with this European 
context. 

Another, and in fact the sole valid argument of the critics, is 
Dürer’s drawing on page 30 of his book ‘Underweysung der Messung’ or 
‘Teaching Measurements’ (Nürnberg, 1525). It shows a drawing for the 
plane intersection of a cone (see figure 6). It would become a classic in 
all courses on Monge’s projection method. In this drawing the ellipse is 
indeed slightly wider where the cone is wider. The critics state that 
Dürer made ‘an elaborate technique to accurately draw the ellipse’, 
but anyone who followed descriptive geometry in high school would 
laugh away the adjective ‘elaborate’. The logic of the method is 
simple, but the execution is more problematic. In fact, anyone who 
ever made this drawing with compass, ruler and pencil experienced it 
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is not so easy get a smooth ellipse. One easily gets an egg shape or else 
an ellipse with sharp vertices on the longer axis.  

I taught this course for years and remember I sometimes turned an 
imprecise ellipse on a student’s copy into a whale when it resembled 
too much to an egg or into a goldfish when the vertices were too 
sharp. This happened very often and seemed unavoidable to many 
students when making this drawing for the first time. But in Dürer’s 
case I would not have added any comments: knowing the techniques 
and materials at his disposal, his drawing surely was good enough for 
any teacher of Monge geometry. It looks slightly like an egg, sure, but 
it is not exaggeratedly wrong. 

 
Figure 6.Albrecht Durer’s drawing of an elliptic intersection of a cone. 

Perhaps we are too spoiled today by computer drawings to 
understand the technical difficulties when making such a drawing by 
hand. Note a similar remark about a drawing can be made for Dürer’s 
hyperbolic intersection of a cone: the obtained hyperbole does not 
seem to have asymptotes. The hyperbole curves slightly inwards. Also, 
the top of the hyperbole is too sharp and the curve is too plump (see 
figure 7). This again will be recognized immediately by any teacher 
who ever taught descriptive geometry, since it was a very common 
inaccuracy in the pre-computer era. One can wonder why the art 
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critics did not seize this opportunity to comment Dürer’s geometric 
insights once more, while they were so eager to see deformed ellipses. 

     
 

Figure 7.Durer’s drawing of a hyperbolic intersection of a cone, and a 
modern version. 

4.THE CRITICS’ OWN ERRORS 

Thus the critics’ arguments are doubtable, but their own contributions 
are not much better. For instance, they added a ‘modern drawing’ in 
which they redrew Dürer’s drawing as to explain it, adding a lengthy 
explanation of the method, instead of simply referring to any high 
school text book on descriptive geometry. The drawing makes their 
argumentation worse: two intersection points have an important error 
of precision (see question marks in figure 8). Their drawing, though 
clearly made on computer, will turn out into a much less precise 
ellipse than Dürer’s case. The Dürer critics also add some 
mathematical facts about the ellipse, and one can wonder why they do 
so too, unless it is were for demagogical purposes. The additional 
mathematical information does not impress anyone with a high school 
degree.  
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Figure 8.The critics’ modern erroneous ‘explanation’ (the question marks are 
additions), and a correct modern version. 

So, admittedly, Dürer’s drawings of the elliptic and hyperbolic 
intersections of a cone have inaccuracies, but there is no proof at all 
Dürer thought an elliptic intersection gets broader where the cone gets 
broader. He never said so; it is a mere very subjective exaggeration. 
Moreover, even if there would have been an egg shape in bell Dürer 
drew because he would have thought an ellipse gets wider at some 
end, the egg shape would have been in the wrong position. The egg 
should not be wider to the right, but to the bottom. The ellipse 
corresponds to the intersection of a cone formed by light beams 
reaching the eye and the plane of the bottom of the bell (see figure 9). 

 

 
 

  
Figure 9.The egg shape of the bell on the ‘Melencholia’ engraving following 
the critics’ alleged egg theory (left), and as it should have been following 

their hypothesis (right). 
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A final consideration is that Dürer’s ‘Underweysung der Messung’ 
with the egg shape cone intersection appeared in 1525, while the 
alleged other erroneous ellipses are on drawings or paintings from 
before the appearance of that book. Thus, Dürer could hardly have 
based his bell ellipse on ‘Melancholia I’ (1514) or round crown on the 
Dresden altarpiece (1498) on the technical construction in the 
‘Underweysung der Messung’. Of course Dürer could have had in his 
mind that erroneous egg concept of the ellipse during his entire live, 
the critics will object, but it surely contradicts their also uttered 
hypothesis Dürer made his artwork based upon technical geometric 
drawings he first prepared. And this they ‘support’ by the well-known 
literature about the exchange, in one direction or in both, between art 
and science during the Renaissance. No, the geometric representation 
of the ellipse came later. 

When I first read the text of the American Scientist, I thought it 
would be an interesting topic for the Dutch popular science magazine 
EOS for which I revealed many similar errors of other famous artists or 
artworks (some of them reached Scientific American or international 
blogs). In the past, I did not hesitate to reveal Rinus Roelofs’ discovery 
of a mistake in a geometric drawing by Leonardo da Vinci, or to 
disclose an arithmetic error in Norbert Attard’s Fibonacci numbers in 
his 100,000 euro artwork in De Panne (Belgium), or a ridiculous 
hexagon in the Belgian Atomium landmark and an equally hilarious 
‘bridge scale model’ in the Australian million dollars traveling 
exhibition enterprise ‘Leonardo the Genius’. But accusing Dürer based 
on the very meager language and inaccuracy arguments given by his 
critics does not make sense. On the contrary, their negative 
‘Hineininterpretierung’, to use a word in Dürer’s language, can only 
make a reader melancholic. 
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OPTICAL ANAMORPHOSES CONSTRUCTED BY THE MEANS 

OF ORTHOGONAL GRIDS 
 

Marijana Paunović1 
 

Abstract 
 

The aim of this paper is to present anamorphoses constructed by 
means of orthogonal grids. By geometrical analyses it has been proved 
that this type of anamorphoses, with all its specificities, belongs to 
the group of optical anamorphoses. The goal is that by comparison of 
perspective anamorphosis in the plane with anamorphosis projected 
by means of orthogonal grid, also in the plane, point out their mutual 
differences and in this way be defined as sub-categories. Comparative 
and analytical methods are used, not only in the field of geometry but 
also in presenting examples from history of arts, particularly in 
contemporary art and design, as aspects of the application of those 
constructions. In addition to the mentioned, the authors' examples are 
presented which point to new shapes of this anamorphoses sub-
category. 
 

Key words: optical anamorphosis, perspective, parallel 
projection, Monge's orthogonal projections.   
 

 
1. INTRODUCTION 

 
Optical anamorphoses in this paper are analyzed by their nature 

and geometry, by using chronology when presenting the development 
of one specific sub-categories of optical anamorphoses. Category of 
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optical anamorphoses is equated with that of perspective 
anamorphoses, probably because of the fact that scientists endeavour 
to explain optical anamorphoses only by the theory of perspective1. 
Most researchers dealing with phenomenon of anamorphoses are 
historians who are concerned with the analysis and rationalization of 
that phenomenon are exploiting history and theory of perspective, 

excluding contemporary achievements in geometry, which offer 
different opinion on the research of the Renaissance masters. In the 
present study it has been shown that perspective anamorphosis is 
actually sub-category of optical anamorphosis.   

 

     
Figure 1. Portrait anamorphosis, Egnazio Danti. In Vignola's treatise: Le due 

regole della prospettiva pratica. Rome, 1583 (reprint 1682) page 96. The 
original was published inversely 

 

In that context, some of contemporary theorists2 state that Danti's 
anamorphosis of the head, presented in Vignola treatise (fig.1), is 
almost a rudimentary shape of perspective anamorphosis, probably 
because of the fact that during constructing he does not use view 
angle, which is the basic principle of linear perspective. In the same 
treatise Vignola has illustrated in the first rule (fig.2 - left) view rays 
which connect view point (G) with the vertex of square (A, R, P, Q), 
which by passing through the image plane define perspective image of 
those points (A,L,K, H). Owing to Vignola's first and the second rule 
(fig.2), as well as the device (fig.3)3, which is presented in Vignola's 
treatise, it can be concluded that at that time view angle was known 
and used in analyses.  

                                            
1 Perspective anamorphosis, of Leonardo, one presenting eye and another 
child's head are in the Codex Atlanticus (1483-1518), the largest collection of 
drawings and manuscripts of the Renaissance master Leonardo da Vinci (1452-
1519). 
2 Jurgis Baltrušaitis (1984-49) names this construction a rudimentary scheme 
(Baltrušaitis, 1984-49 IZ) and so does Lily Massey (Massey, 2007:63). 
3 The horizontal lines in the image plane reduce perspectively, and the 
perspective image of directions (BL) and (MK) moves to the vanishing point 
(O), which is a direct consequence of the view angle. 
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 According to historical data on perspective, encompassing its 
development over the period of almost one hundred years after Danti's 
drawing, it is obvious that the same method is still in use1. The 
question arises why Mario Bettini has used rudimentary shape of 
anamorphosis after all achievements of that time related to 
perspective? The answer to the question is one of the basic starting 
points for our present study, which indicates that Danti's model is the 
first one from the special category of anamorphoses that are 
constructed in the orthogonal grid. 
 

   
Figure 2. Vignola's First rule (left) and the Second rule (right). In Vignola's 

treatise: Le due regole della prospettiva pratica. Rome, (reprint 1583) 
 

 
Figure 3. Tommaso Laureti's device, Egnazio Danti. In Vignola's treatise: Le 

due regole della prospettiva pratica. Rome, 1583, page 39 
 

2. PERSPECTIVE ANAMORPHOSIS AND ANAMORPHOSIS WITH 
ORTHOGONAL GRID 

 
For supporting statements, cited in the Introduction Section, the 

constructions of the two mentioned anamorphoses must be compared 
(Figs 4 and 5). 

                                            
1 For instance, Samuel Malorois, from Hague, 1614, Mari Betini, Bologna, 1642 
and others. (e.g. Baltrušaitis, 1984:32-49) 
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Figure 4. Orthogonal projections of anamorphosis with the orthogonal grid in 

the horizontal plane (Danti's model) 

 
Figure 5. Orthogonal projections of perspective anamorphosis in the 

horizontal plane 
 

• Both examples are plane anamorphoses. 
• They both have a defined view point (O), whereas in Danti's example 

it is the field and not the point. 
• Besides, in both examples there is a defined distance (d). 

However, if these distances are compared it is evident that the 
perspective anamorphosis must be positioned considerably outside 
distance circle (90° circle of view) in order to remain unrecognizable 
as in the example (fig.5) where the spacing from the vanishing point 
(N) to the image (ABCD) is equal to two distances. In contrast, the 
spacing from the line segment (AB) of the rectangle (ABCD) is one 
distance, which is much closer to the projection of viewpoint1 (fig.4). 

                                            
1 In the case of perspective anamorphosis that point overlaps with vanishing 
point (N) (See fig.5) 
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In Danti's example (fig.1, left), it may be said that the image lies near 
the viewpoint projection, and peephole enables the field for more 
positions of viewpoint. 

By comparing these two constructions of the plane anamorphoses, 
it may be seen that there are more differences than similarities. The 
most remarkable difference, which renders the main characteristic to 
this specific group of anamorphoses, is orthogonal grid (fig.4- grid 
ABCD), in which a drawing or an object is inscribed. It is a constructive 
system that offers multiple expressive possibilities, as presented in the 
following examples, and its shapes allow narrower classification of this 
subgroup of optical anamorphoses.  

 
Figure 6. Optical angles in the example of perspective anamorphosis 

projected in the horizontal plane 

 
Figure 7. Optical angles in the example of anamorphosis constructed by 

means of the orthogonal grid 
 

The comparison led to the following findings: 
 

1. Both examples rely on the optical angle. In perspective 
anamorphosis the optical angle is exploited directly in the construction 
(fig. 6) so it is difficult to say in which of the planes (f1, f2, f3, f4) the 
virtual image lies. The created illusion depends on pictorial effects. On 
the other hand, anamorphosis constructed by means of the orthogonal 
grid employs the rule of optical angle in the idea itself. It relies on the 
optical angle effect, which in the viewer creates the impression that 
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the parallel directions BC and AD intersect (fig.7). In this case, the 
plane of virtual image is in the plane of the constructed grid itself. 

2. Fixed position of the viewpoint is very important for the 
perspective anamorphosis, because the impression of the presented 
disappears rapidly when the viewer changes his position. However, in 
anamorphosis constructed by means of orthogonal grid there is a field 
for a larger number of viewpoint positions, regardless of the difference 
in its sub-groups, which will be also seen in other examples.  

3.By applying definition of perspective (perspicere lat. see 
through) to the original Danti's drawing (fig.1) it may be concluded 
that for the portrait a pictorial perspective was used and that it was 
positioned behind the window ABCD which was in the plane of 
anamorphosis. That window extends along the AB direction. It means 
that the creation of the 3D illusion by means of anamorphosis with the 
orthogonal grid, demands from the artist a skill of fitting pictorial 
perspective into the orthogonal grid. Virtual window is in the plane of 
anamorphosis and maintains the impression of the same plane unlike 
the perspective anamorphosis, which creates the impression of the 
plane perpendicular to the plane of anamorphosis.  

In Danti's drawing of human profile, he relies on the extent to 
which it will be squeezed due to distance. Given that the peephole is 
near the observed drawing and that it defines the field of view, as well 
as how far should the observer be far from the drawing, results in the 
obscurity of the nearer part of the drawing plane since it is outside the 
field of view. Namely, the foreground of the presented image (in our 
study the portrait), coincides with the field of view1. The foreground 
of that image in anamorphosis in the reality is not nearest to the 
viewer, but foveal vision is involved so that which is closer is actually 
seen as blurred. This can be explained best by the illustration of 
Milutin Borisavljević by means of which he explains vision as a 
successive, temporal phenomenon (fig.8). Although Borisavljević by his 
illustration explains vision as a successive, temporal phenomenon, in 
the context of the issue addressed in the present paper it will serve to 
explain the mentioned situation of the partially directed view. Given 
that the eye is too close to the line segment AB, and the view is 
directed towards the point A, one third of this line segment i.e. one 
which in the field of view is closer to the point A is distinct, the second 

                                            
1 "Field of view is only that what is distinctly seen, and it is only foveal vision, 
whereas other parts of retina render indistinct - orienting image." 
(Borisavljević, 1948:82) 
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third is blurred, whereas the third one closer to the point B is not seen 
at all. 

 
Figure 8. Vision as a successive temporal phenomenon1 

 

4. In addition to an optical angle for anamorphosis, constructed by 
means of the orthogonal grid, a considerable role is played by 
distance2 i.e. vicinity of the viewer to the image, contrary to the 
perspective anamorphosis the  construction of which may be adapted 
to different distances.   

5. If in the present article all the presented examples are 
compared it may be concluded that, in anamorphosis constructed in 
orthogonal grid, the non-recognition effect of the presented is more 
significant than illusion effect of the space.  
 

3. DIFFERENT SHAPES OF ORTHOGONAL GRIDS OF OPTICAL 
ANAMORPHOSES 

 
As it was shown in the present paper, in the group of optical 

anamorphoses, in addition to perspective ones, there are also those 
constructed in orthogonal grids. The rule which applies to all 
anamorphoses in this subgroup is that there must be an appropriate 
ratio of the size to the distance. This ratio varies from group to group. 
It should be noted that within the mentioned sub-group there are 
various shapes of orthogonal grids. 

                                            
1 "Vision is a successive, temporal phenomenon. One first sees the point A 
then point B (or inversely) and not both at a time, and if it were so, the eye 
would be immobile, and not mobile…." (Borisavljević, 1948:88) 
2 In the same example Borisavljević explains: " ….Distinct vision (reading) is 
foveal, whereas extrafoveal vision is only orienting, otherwise indistinct." 
(Borisavljević, 1948:88) 
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The simplest shape of such a grid is that which is constructed in 
one plane (fig. 9). Direction x does not change the length, whereas 
direction y "extends" until after the image becomes unrecognizable. In 
order to get anamorphosis the length on the direction y has increased 
by more than 10 times (Fig. 9 - right). 

 
Figure 9. left - Anamorphic image, Edward Ruscha, Leo Costelli Gallery, New 

York (Leo Castelli), New York, 1995, internet source: 
http://www.planetperplex.com/en/itemanamorphic-paintings/, 

right- presentation of orthogonal grid of anamorphosis in/on the plane 
 

If the mentioned anamorphosis (fig.9) is compared, e.g with 
Danti's anamorphosis of the portrait (fig.1), it may be concluded that 
the original ideas were varying. In the first example it is not insisted 
on the space illusion, but an optical angle is used, whereby the 
author's aim is to make distortion in order to achieve an exceptional 
convincing surprise effect.  In another Danti's example, the aim is just 
opposite; the effort is made to achieve space illusion. 

The following example (fig.10) is also anamorphosis constructed by 
means of the orthogonal grid in the plane. However, by the number of 
projected anamorphic images this example is more complex. It differs 
from the previous one by a larger number of view points from which 
the images are decoded. In this example those are words which 
combined constitute a particular text, i.e. entity. From the viewpoint 
of construction, it presents several intertwined anamorphoses with 
orthogonal grids. The mentioned example has three overlapped 
anamorphoses, three view angles, i.e. three viewpoints. 

http://www.planetperplex.com/en/itemanamorphic-paintings/
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Figure 10. Solution to this anamorphosis are words "Spite is bad craft" 1 

 

Contrary to this example, the following type on anomorphosis 
(fig.11) is three-dimensional and has one virtual image which may be 
observed from two view points (two geometrical fields of view points). 
It means that the virtual image in the plane xy decomposes along 
direction z which enables that it is observed from both sides of that 
direction. This anamorphosis uses one virtual image in the plane that is 
orthogonal to the direction of anamorphosis extension. The larger the 
number of planes, in which anamorphosis is decomposed, the more 
interesting its shape. 

 
Figure 11. Illustration of grid geometry of 3D anamorphosis that has one 
virtual image in the plane orthogonal to the direction of anamorphosis 

extension. 

  
Figure 12. Bicycle, street art, street Padova in Milan, internet source: 

http://weburbanist.com./2008/11/29architecture-obtical-
illusions/?ref=search 

                                            
1 Plait, in the journal Enigmatika Tik-tak, 1984, page 30. 
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Figure 12 shows the installation in the space (urban design) where 
circles and triangles in parallel planes, for the viewer's vantage point, 
form an image of the styled bicycle. 

 

 
Figure 13. Illustration of the orthogonal grid geometry of 3D anamorphosis 

with two projected anamorphic images. 
 

In this context, the application of Cartesian coordinate system can 
be foreseen, whereby on an anamorphic object the viewer can also 
recognize two images in four directions (fig. 13). The image that is 
recognizable in the plane xz decomposes along the direction y, 
whereas the image, recognizable in the plane yz, decomposes along 
the direction x.Obtaining of these 3D anomorphoses can be also 
imagined as a result of cutting of the image in the plane xz along 
direction y and cutting of the image in the plane yz along direction x. 

 

 
Figure 14. Duet, Shigeo Fukuda, 1997, Internet source: 

http://psylux.psych.tu-dresden.de/i 
1/kaw/diverses%20Material/www.illusionworks.com/html/art of s higeo 

fykuda.html 
 

Such an anamorphosis was modeled by Shigeo Fukuda, renowned 
contemporary Japanese sculptor, graphic artist and poster designer, 
whose special field of interest were optic illusions. The Sculpture Duet 
(fig. 14) is an example of this anamorphic shape, and is one of his most 
significant works. 

Since these anamorphoses are formed by means of Cartesian 
coordinate system, model of 3D anamorphosis may have at least three 
images which may be understood either as Monge's projections, or as 
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shadows to parallel rays which are formed in the three planes xy, yz, 
zy. That model (fig.15), is unrecognizable if not viewed from either of 
the before mentioned directions x, y or z. 

 

 
Figure 15. 3D anamorphosis constructed in the orthogonal grid with three 

projected images. 
 

Besides, if this system (Fig.15) is assumed as passing through of 
orthogonal rays through three faces of the cube then in that respect 
also other Platonic solids and free forms may be systems which 
geometry will form anamorphic images. Thus, fig.16 depicts the model 
of 3D anamorphosis in the system of tetrahedron, in which passing 
through by orthogonal rays was made only in respect to one face. 

 

        
Figure 16. 3D anamorphosis constructed in orthogonal grid positioned in 

respect to one tetrahedron face. 
 

 
4. CONCLUSION 

 
In the present article a separate sub-group of anamorphoses, 

which are constructed by means of orthogonal grids, is analyzed and 
presented. By comparative method, it has been concluded that 
perspective anamorphosis and those constructed in the orthogonal grid 
belong to the group of optical anamorphoses. Danti's example of 
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anamorphosis is one of the first constructions of anamorphoses that 
belong to this sub-group. 

This principle of construction provides new possibilities in the field 
of geometry given that there are neither examples of application of 
this construction in the system of other geometrical solids, nor in the 
system of free forms. 

Besides, each of the mentioned shapes of anaphormoses may find 
application in the field of visual creativity, from fine arts to design to 
architecture.  
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Abstract 

Optical illusions are way of visual perception where viewer 
creates picture different than scene in reality. Even there are many 
studies trying to discover cause of optical illusions, since today it is 
not clear are optical illusions result of brain or eye mechanism. This 
paper is about optical illusions application in architecture and urban 
planning and their connection. The aim of this paper is to show how 
using visual tricks many, on the first sight complicated structures, can 
be achieved. Even architecture and urban planning have developed 
and  they are still in progress, optical illusions were used since 
Ancient Greece architecture. Even this visual illusions have origin 
centuries  ago, scientific interests and researches started few decades 
ago. This paper will show few examples of good practice and good 
connection between architecture and visual illusions. Even there are 
no precise rules how to use optical illusions to achieve wanted goal, 
many architects are successfully using these methods last decades. 

Key words: optical illusions, architecture, urban planning, 
interior design, perspective  

 

1. INTRODUCTION 

Optical illusions are a type of misleading perceptions and they are 
characterized as a visually perceived pictures that are different from 

                                            
1 Milica Igić, PhD student, Faculty of Civil Engineering and Architecture  
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reality. Beside optical illusions, as a type of misleading perception, 
there are also hallucionations. When we are talking about perception 
where we see objects that are present but not as they really look like 
we refer to optical illusions. On the other hand, when we talk about 
the situation where we percept objects that are not presented in the 
scene we are looking at, we are refering to hallucinations. 

Optical illusions are often used in art, architecture and urbanism. 
Use of optical illusions was also in Ancient times, especially in Ancient 
Greece architecture. This paper is about application of optical illusions 
in architecture and urban planning. This special characteristic is used 
to make facades of objects, their interior and even urban spaces more 
interesting and to boost 3 dimensional effect. Many effects that are 
complicated to achieve in structural – constructive way become quite 
simple if architects can use tricks of optical illusions.  

The aim of this paper is to show how advanatages of optical 
illusions are used in architecture and urban planning and how many 
construction ideas can be easily achieved by only using eye tricks. 
Analyzing objects that are built, good examples where optical illusions 
were used will be shown. 

2. OPTICAL ILLUSIONS 

Optical illusions have their origin in Ancient times. They are not 
used just in visual arts – paintings, graphic design etc, they are also 
used in fashion, architecture, urban planning ... Optical illusions where 
subject of many studies during centuries. Scientists were exploring 
what is causing optical illusions – brain or eyes or combination of both. 
Even today there are no clear definitions what is causing them. Some 
scientist consider that eye see 2D picture and during its 3D 
transformation it makes certain „errors“ and we percept picture 
different than reality. Others consider that brain is responsible for 
making errors in judgment of reality.  

There are different types of optical illusions and there are 
different things that cause optical illusions. Depending on shapes, 
colours, directions and many other factors there are many ways to 
achieve effect of optical illusions. Illusions that are result of 
interaction with context like specific type—brightness, colour, 
position, tile, size are called Physiological illusions. This type of 
illusions are result of eye and brain stimulation and the best example 
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is Hermann grid illusion.(Fig 1) When we have situation where looking 
in one scene or image we see to different things we talk about 
cognitive illusions. One of the good example where depth is playing 
key role in perception is Ponzo illusions. (Fig 2) 

                         
Figure 1. Hermann grid illusion            Figure 2. Ponzo illusions 

 Some of the characteristics of optical illusions are often used to 
improve architectural buidings – for example using Ponzo illusion 
objects can be perceived to be larger than a same sized object nearer 
to the observer. Also, our perception about relative size of one object 
is determined by distance from which we observe object. All this 
proves that no mather if optical illusions are caused by eye or brain 
mechanism, one of the factors that have influence on observer is 
environmental context. So we can say that optical illusions are a way 
to connect object with surrounding. 

 Illusions can appear in any sense modality, some of the 
powerfull illusions can cross from perception of size object, over its 
weight and in the end judgment can be done by lifting objects. It is 
well known that small objects can appear heavier than bigger object 
with the same scale weight. So we can say that many illusion tricks can 
be used to make space to look like it has bigger volume than it is and 
people often use materials – like mirrors to achieve bigger depth for 
small rooms. Also, some of the optical illusions can be achieved only by 
colour – bright colours are closer to light objects and opposite. 

3. OPTICAL ILLUSIONS IN ARCHITECTURE AND URBAN PLANNING 

Optical illusions were used centuries ago and not only in art but 
also in architecture. Ancient Greek used their perception so they can 
make optical illusions in their paintings even they haven’t draw 
shadows. On the other hand, they used their perceptional skills to 
make their monumental buildings more elegant and sophisticated. 
Because of the lack of mechanization, many of their high columns  had 
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many irregularities and thanks to the optical illusions effects their columns 
appeared straight.  

Today, architects use many tricks to make object interesting and to 
achieve better 3D characteristics. Many buildings have façade elements that 
provide completely destructive picture and to look like that every part has 
different dimension. Good example is Café Wall Illusion building in 
Melbourne where cladding black and white was not padded in vertical order 
and entire façade looks like that every panel has different dimension and that 
it is not square shaped. (Fig 3) This illusions is enhanced with orange 
horizontal lines that just make optical illusion real. It is impossible to see 
from distance what is cladding really like and this makes visitor to come close 
so can make sure that all panel are same sized. This good impression could 
not be achieved without proper choice of materials and their colors. Contrast 
between black and white makes optical illusion more effective. 

          
Figure 3. Café Wall Illusion, Melbourne        Figure 4. Building in Germany  

There are objects where architects struggles with simple shapes 
and want to make object form to look more dynamic but without using 
complex structures. One of the examples is building in Germany          
(Fig 4) where there are used arches on facade to make building look 
like it has sphere on front facade. These arches of steel go over glass 
cladding and thanks to the reflection and their form, until someone is 
below building it looks like that facade is not straight. This optical 
illusion could not be achieved without glass facade because if there 
was no reflection, 3D effect of these arches would not be the same 
and would not be that real. 

During planning process, architects and urban planners the 
greatest attention pay on object function and on satisfying techical 
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and clients requirements. Often, function dictates form and when 
planning process is finished architects get form that is inappropriate 
for objects purpose. This situation is now not a problem thanks to the 
tricks of optical illusions. Houses that are having cubic form can easily 
get some niches without making „holes“ in facades. One of the good 
examples is Moda Bagno-Interni store in Athens (Fig 5). This store has 
cubic form and architects K-studio had an idea to make some tricks 
and to give this object fully perspective look. Space around windows is 
„cut into“ the building for less tha one meter and it has wooden 
cladding. This panels had texture which makes windows look like they 
are on the other side of the builing. Beside that, glass on the windows 
is 100% reflective so that makes perspective look more effective. Until 
people come close and se what is it all about it is impossible to even 
think that this facades is almost flat. Thanks to the material texture 
and reflective glass this, in the first time just cubic building, got very 
interesting facade. 

   
Figure 5.Moda Bagno Int. store      Figure 6. Residential  building in Mexico 

In order to make facade more dynamic, architects sometimes use- 
attach elements on plane facade and it gets completely new visual 
effect. This is the case with residential object in Mexico (Fig 6.). This 
object has completely glass facade and columns are visibile and they 
make breaks between glass portals. Architects idea was to break 
continuality and plane surfaces by pulling out walls from columns. This 
walls were shaped like waves in vertical direction. In opposite of that 
they put fence on terraces like waves in horizontal direction. This way 
all the slabs are shaped like waves and fence just followed them. This 
way, entire object received completely new look. These waves made 
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object look like that it has irregular shape with curvy edges and not 
simple cube with straight edges.  

Maybe the most frequent use optical illusions have in interior 
design. The most easiest and cost effective method to make some 
space look higher, to make it have bigger volume, bigger depth or even 
to make high spaces look lower. All these can be done simple by using 
adequate material, adequate color or to use shapes on walls such are 
stripes, triangles or circles. It is well known that horizontal shapes 
make space lower and opposite that vertical shapes can make space 
higher. Also, use of briht colors or mirrors can make space look deeper 
than it is, and using mirror on the celling space looks like it has more 
volume. One of the good examples of using stripes to make space 
bigger is The Bangkok University Lounge (Fig 7). This space was former 
proffesor office and it is converted in to student lounge. It is not so big 
space and thanks to the „zig-zag“ floor tiling space looks more bigger 
and with greater volume. Also using stripes from floor to celling and 
over it, space looks higher and more compact. Of course, great impact 
on good optical illusion have choosen colors – black and white which 
certainly make the best contrast. 

      
Figure 7. The Bangkok University Lounge   Figure 8. Matadero cinema center 

Former slaughterhouse Matadero in Madrid was converted in 
cinema centar with unique interior design(Fig 8). Because this building 
had strong historical value and now is cinema – place where many 
people are gathering, architects had an idea to make interior like sort 
of basket that keeps memories and collect people in one place. This 
was achieved using optical illusion – orange stripes from PVC were 
interwined and behind them is place entire system of LED lights. 
Becuase most of the rooms have no natural light, LED lights are 
working entire day and effect of basket is achieved in complete.       
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Orange stripes look like they are made from wood and thanks to their 
flexibility they are interwined and LED lights only make entire scene 
more effective. 

Many of the landscape architects also use optical illusions to 
somehow make exterior pavement more dynamic and to easily achieve 
3D effects in paving flat surfaces. One of the good examples is paving 
of family house yard in San Francisko called deformscape(Fig 9). This 
yard has small surface so architects wanted to achieve third dimension 
in paving and they came on idea to make tiles that look like that they 
sink around the tree. This effect they draw on computer and tiles were 
done according their sketches. This makes perspective more obvious 
and makes observer ask him self is the terrain flat or not. Of course, 
with using other colours than black and white, this effect would not be 
so intensive. Also, with using white, space looked more bigger and 
black lines just make perspective in first plan. 

   
Figure 9. House yard in San Francisko Figure 10. Park ahead of Paris city hall 

 One of the temporary instalations was park in front of Paris city 
hall (Fig 10). This park was designed in 2011.year as  90 days project of 
few young architects. This park had surface of 1,200 m2 and it was 
covered with grass and it had eliptical shape. Using lines that 
represented earths grid and making every piece on different level, 
they achieved that their park looked like 3D look of planet earth and 
like that on the top of it were planted trees. Thanks to the optical 
illusion, from distance this park looked like that it has depth – like that 
sphere – earth was standing on flat surface. The aim of this project 
was to make visitors ask them self about the role of nature in their 
lives. 
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 Because of many traffic accidents, every city struggles with 
regulation of speed limit. Many ideas were implemented in order to 
subconsciously make drivers to drive slow. In Philadelphia, city 
authorities in cooperation with designers made system how to make 
symbols on the street to make drivers to drive slow (Fig 11). They draw 
triangles that from the height of driver seat appear like pyramids on 
the road. These optical illusion speed bumps were drawn in residential 
zones where is the biggest problem with speed limit. This 2D speed 
bumps were in the beginning designed as triangles – pyramids, 
depending on their effect on traffic, there are plans to consider many 
more shapes. It is interesting, that illusion of third dimension is 
achieved only with colors and perspective drawing. These optical 
illusions are not only good designed and have positive effect on traffic, 
but also they are ten times cheaper solution than regular speed bumps. 
Beside this creative idea, there are ideas in making speed bumps like 
pedestrian that are crossing street. Idea is to draw humans – especially 
children on the way and using perspective and colors to make them 
appear like they are standing looking from driver seat. 

    
Figure 11. Speed bumps in Philadelphia  Figure 12. Twist bridge in Holland 

Optical illusions are also used in civil engineering in order to make 
simple construction more dynamic and elegant. Twist bridge in 
Netherlands designed by West 8 Architects (Fig 12) is good example 
where good and functional construction is combined with simple steel 
tubes and effect of twisted construction was achieved. On the basic 
construction of bridge steel frames – tubes are added and they are 
placed in a way that it looks like the entire bridge is twisted. Using 
strong and effective red colour, this bridge looks very powerfull, 
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monumental and also elegant in the same time. This example shows 
that it is not neccesary that bridges be simple and all same and that 
can just with little creativity and optical tricks to achieve real piece of 
art. 

4. CONCLUSION 

Analyzing above mentioned examples, it is obious that optical 
illusions and architecture are connected. Architects are using optical 
tricks in order to make buildings more interesting and to achieve more 
effective 3D impression. Optical illusions can be achieved in many 
ways – using different shapes, using different materials ... With 
choosing just adequate material, object that has flat facades can 
visualy become quite dynamic object with completely different 
appearance. 

Optical illusions are not some new high tech method, they are 
result of human eye perception and eye and brain mechanism 
transmision. Optical illusions are giving different picture of object 
observing from distance and when we approach object has simple 
shape. These illusions have great implementation in interior design. 
Architects can use few tricks in cladding or decorating walls and they 
can make every space look according to clients prohibition for less 
money. Also, in the paper are mentioned some creative uses of optical 
illusions in order to reduce speed in residential zones. These positive 
practices should be highlighted and used around the world, because 
they can not only save money, but also can increase creativity among 
young people in order to design everyday solutions using optical 
illusions. 

According to everything above said, we can conclude that optical 
illusions have huge sphere of implemetation in different fields of art, 
architecture, urban planning and design, fashion design.. Visual tricks 
can make everything possible with just confusing human brain. It is 
important that visual artist, architects and other experts cooperate in 
order to provide easier solutions for  everyday life and functioning. 
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Abstract 

Theories of reverse and convergent perspective in Byzantine art of 
the representation of objects, and especially those of architecture, 
have proven in a lot of places to be not a naive art but an effort to 
understand space differently from this in sensual world. This 
interpretation of perspective requires our attention in the analysis of 
individual procedures in the form of consideration of necessary 
representation of object models. They are represented on the 
founder's endowment images and their interpretation is significant 
from several aspects: the idea of the founder, the understanding of 
forms in a reverse perspective in Byzantine painting and iconography, 
the interpretation of any changes in conceptual ideas in the 
construction of religious buildings in which these fresco-images are. 

Key words: fresco-technique, reverse perspective, convergent 
perspective, endowment models   
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1. INTRODUCTION  

If we look at the representations of buildings in the medieval 
frescoes of our churches, we will discover that they are certainly not a 
naive painting, but there are certain technical characteristics of the 
composing form. The iconography of the Middle Ages is not clumsily 
expressed, but expressed in a way that shaped the perceptions of his 
contemporaries. All forms belong to the representation of space, so a 
fresco-painter is tasked to convey a three-dimensional space on a two-
dimensional plane in a very much different system of observation from 
our today. 

Modern central perspective that is evolving by great achievements 
from the Renaissance is the basis for the one that we use today, which 
is based on a law that parallel lines extending in the direction of our 
looking, and losing in the point of vanishing. However, a line 
perspective is criticized for representing the principle of monocular 
looking - seeing only by one fixed eye. 

Perspective is the basic method also in the Middle Ages to 
represent the characters of objects on a two-dimensional plane using 
the projection line. Yet the perspective of  icons and frescoes is 
different. We call it reverse or Byzantine perspective. It is growing, 
which is achieved by the lines that start from the observer and which 
do not accumulate in some imaginary distant point, but beyond, 
diverging from the observer. The man in front of the icon is the master 
and owner of a virtual world, but also a participant in God's creation.  

Natural viewing unlike monocular includes both the eye and the 
union of the human optical impressions (personal, individual) or spirit. 
People are moving like creature (live beings) in space and the eye 
movement and lateral distortion of image objects constructed by 
geometric method often can not meet display visible reality. This fact 
was already known in antiquity as the best way that it can be known is 
by a slight deformation of ancient Greek columns. 
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2. THE MEDIEVAL WAY OF DISPLAYING OBJECTS IN SPACE - ITS 
MEANING 

One of the first ways of displaying area is the method of  
axonometry, taking into account that rays of perspective are in fact 
parallel. These kinds of representations are possible if the object of 
observation is very close to the viewer. The case presented in 
axonometry is often considered as a part of the space in itself, 
separately and with his own assembly without a relationship with the 
whole scene. Axonometry however has no base line that creates space 
in depth for the viewer. It is therefore independent, the presence 
itself, publishing the truth outside of space and time determinations by 
what it was suitable for use in Christian iconography, that is, frescoes 
in the early centuries of Christianity1. 

If one however look long enough into the perspective view, the 
viewer realizes that it avoids the laws of linear and the central 
perspective and subconsciously accept even the vanishing line that are 
spreading instead of shrinking. This is due to compliance of adult with 
the laws perspective that is experientially perceived by that person in 
real world. In contrast, if we were asked a child to present a table, or 
any other object in space, it would have presented the way he knew 
him, and not to see him. In the case of the table legs in the 
background would be longer than those in the foreground. 

Same is the case with representations of objects of medieval 
artists, especially in the Byzantine - Orthodox cultural sphere. The 
painters of this period reverse the base vanishing line (rays of 
perspective) not so that they lose in the same point, but that they are 
expanding by the depth beyond, which now look very strange to us. 
Perspective rays are, especially in the icon, intersecting at one point2 

                                            
1 Although it should be noted that the illusion plastic picture was present at the end of 
the development of Greek art, the Hellenism, as well as in Roman art (for example in 
frescos at Herculaneum and Pompeii), and the Renaissance, which is inherited Greek 
and Roman conception of painting, only inherited their first artistic principle: "create 
an illusion of three-dimensional images using the method of tone in painting." M. Peić, 
Pristup likovnom delu, Zagreb 1986, 125. 
2 These points of intersection can not be seen as a vanishing point, as is usually the 
point of intersection of projection rays are called in the central linear perspective, 
because they do not insist on the illusion of depth represented space (moving look into 
the depths of space, indefinitely). 
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that in reality of perception image is placed in the viewer actually. In 
broader plans, such as the performance of the frescoes, it is difficult 
to speak of a vanishing point in front of the two-dimensional images. 
Therefore, there is no real depth to the frescoes, but space is often 
reduced to a small number of plans. In this way, the carrier 
perspective lines are reversed so that they output from the interior of 
the icons (frescoes) to the viewer. Because of this medieval art 
performance of space and objects has the opposite goal from the one 
in the Renaissance. Instead of, as in this other one, person should feel 
like a participant in the collection area, the Orthodox representation 
(icon or fresco) is trying to line their propagation depth to penetrate 
to the viewer. Basic things about the opposite perspective in Byzantine 
painting are therefore the following:  

• The area has a shallow depth, usually restricted to one plan and it is 
closed to the background by some architectural structures and 
landscapes.  

• The objects and elements of building construction are displayed in 
axonometry or more often the reverse perspective. This attitude could 
be attached with Panayotis Mikelis1 assumption of displaying of 
holiness (the pursuit to something endless in Christianity, with no 
vanishing point in the depth display). 

• A set of these systems of representation confirms that the lines go 
from the depths of the icons or frescoes to the viewer. The perspective 
thus becomes part of the whole composition, and subordinated to the 
idea of the way that some person or event should be displayed. 

3. A METHOD OF DISPLAYING AN OBJECT IN THE REVERSE 
PERSPECTIVE 

 
Five Bakušinski was first who gave a scientific interpretation of the 

reverse perspective through theory of binocularity2. In fact if any 
object is at 30 cm from the eye, the man was able to look at its 
opposite side, provided that the width between these surfaces is not 

                                            
1 Panayotis A. Mikelis.,  Esthetique de l’Art byzantin, Flammarion, Paris, 1959. 
201.  
2 Анатолий В. Бакушинский, Линейная перспектива в искусстве и зрительном 
восприятии реального пространства, Исскуство, Москва, број 1, 1923. 213-269. 
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greater than the distance of eye pupils. However, this theory is just 
limited, but apparently can function from the standpoint of perception 
icons such cases where the man approaching when he bows in order to 
commemorate. 

Another Russian author , L. F. Žegin gave a more advanced theory, 
which is based on the dynamics of human perception of space1. The 
image of an object in the human brain receives reviewing a number of 
places. This movement of the figure shows curves B1 – А and B2 - Б. 
After this process, the vertical and horizontal lines remain parallel, but 
the base line following the movement of changing the vanishing. 
Because of this phenomenon, the vanishing point moves above the 
horizon, and a front plane (here represented as AБ), remains 
motionless (Figure 1a). With regard to the body, a third dimension 
must be added which has two points of view (Г1 - Г2), which can be 
consolidated in the same process with the В1 and В2 (Figure 1b). 

А)      B)  
Figure 1. A: Shrinking of the foreground due to eye movement; B: 

effect of the third dimension. 
 

By approaching of the two angular points of one basis of cubic 
object we get an interesting phenomenon in the frescoes, as parallel 
lines of faces are closer to the viewer and they away from him are 
turned in to the curves. This results in convenient leads to the 
tightening of the curve until breakage, which is on the back side. The 
cup, which is at the center of the table moves to the line closer to the 
viewer. This is due to simple reason that the diagonal cross-section of 
the newly created form closer to the  edge of a cubic object (Figure 
2). 

                                            
1 Лев. Ф. Жегин., Язык живописного произведения, Исскуство, Москва, 
1970 
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Figure 2: Distortion of the object in the opposite perspective and 

consequences for the positioning of objects that are on it. 
 
When it comes to forms in the background behind the scene of 

happening, however, it is observed a strong emergence of other types 
of perspectives - converged. This takes into account that the observer 
is much more far away from the object of observation. If the in central 
perspective vanishing point defines the skyline, it will in the 
convergent perspective, contrary to those so far described, be below 
the horizon, which will cause strong convergence - (approaching of one 
to each other) line shown in Figure 3. 
 

    
 

Figure 3: Principle and effect of distortion of objects in a convergent 
perspective. 

 
The general principle of this perspective is evident if we look at 

the operation of the visual rays that are in the process of moving, 
which leads to distortion of measures of object. Visual rays intersect in 
front of this object and are directed to opposite sides. Point A is 
directed by Б, and point Б to Г. The consequence of this movement is 
the same as in the reverse perspective, i.e.. there is a reduction of 
space. It is mostly in architectural objects on the scenes of the 
frescoes where it is applied to display building portals, as well as some 
details of the thrones. We should therefore bear in mind that the 
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convergent perspective is not constructed according to the rules of 
central perspective as the vanishing point is below the horizon. 
Precisely, it is a mirror image of the reversed perspective and 
complements it. 

Žegin’s theory is complex but can be divided into several major 
optical methods: visual ray direction, movement in space, the effect of 
the mirror. 

4. DISPLAY ARCHITECTURAL STRUCTURES IN THE ORTHODOX 
FRESCOES 

 
The application of these procedures can be observed with the 

display of architectural structures in our freskos, especially in 
endowment models. On the walls of the interior of Orthodox churches 
frescoes do not show the architectural object which by the 
composition of their perspective line led observers to infinity using the 
central perspective. They use the composition of the Orthodox point of 
view where something must to come to its essence, to come to the 
center, so the viewer feel closer to the characters and events that are 
framed by architectural space as a whole. Celina is constantly 
subordinated to Christian teaching. Thus, the icon painter in this 
perspective will show Christ greater than angels, and these greater 
than the saints, and finally the other people as a minimum, since their 
size does not mean their variable or relative position in space, but 
their immutable and absolute position in the hierarchical scale of 
importance and essence1. Often, objects of architecture possess a 
certain perspective that by narrowing the size of the object in a 
certain direction, ie. by particular depth of reverse perspective, points 
to a particular person, object or event that is significant to the 
Christian doctrine (Figure 6). 
 

                                            
1 R. Ivančević, Perspektive, Zagreb 1996. 6. 
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Figure 4. Rays directed toward the depths of the characteristic movements 
of the body of Christ, the saints in the compositions of the blessing of the 
apostles or Christ, Saint Thomas and cock in the composition Infidelity of 
Thomas (Patriarchy of Peć). 
 
5. DISPLAYING OF ENDOWMENT MODELS IN REVERSE PERSPECTIVE  

 
The truest representation of architectural reverse perspective is 

present in the frescoes of the Serbian churches, where the endower 
was presented with a model of the building, which is dedicated to God, 
the Virgin Mary or to some saint person. These performances usually 
display objects in such a manner that can be characterized as a 
transition between isometry and reverse perspective (Figure 5). On the 
founder's model it can often be noticed such inclination of plane of the 
object in the function of informing the viewer about the specific 
formulation of the object geometry as a function of harmony that 
reflects faith of a ruler in God. What is more important to them is that 
they are the main parts of the church, often without their porches, 
narthex, but with a lot of detail originally conceived layout. One such 
case is with arched vaulted side entrance of the church St. Trinity of 
monastery of Sopoćani (which was later walled opposite original idea), 
the other one window in the midst of a pilaster in the church of Sv. 
Ahilije (by which model in hand of patron agreed with current state), 
the number, type and the manner of glazing’s on the church Sv. 
Joachim and Anne in Studenica (model confirms the current state). But 
there is a surprising deviation of basic shapes of the Church of Christ 
Pantocrator in Dečani (no transept with double window, the level of 
roof ridge on altar area (where in reality it is significantly lowered), 
the founder's model lacks narthex although current object in the plan 
and the way of masonry joints between narthex and nave it is clear 
that the nave and narthex are simultaneous). Based on these examples 
it is clear that the founder's model is a three-dimensional model of 
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conceptual ideas1, which the architect in a complex object, such as 
church of Dečani, certainly need for empirical testing of mass action’s 
within it.  By time it came to the editting of the original decision’s, for 
what the model of Dečani is proof. There are in favor of founder's 
models the examples of Ani from Armenia in the Orthodox world, but 
also in neighboring Bulgaria in Červen2. Thus the performance on the 
frescoes depicts conceptual technical models of church. 

 

        
Figure 5. details of patron portraits of King Uros (Sopoćani), King 
Dragutin (Arilje), King Milutin (King's Church in Studenica), Stefan of 
Decani (Decani) with models of its own churches. 
 

The biggest change in the use of reverse perspective can be seen 
in small dome polydomed churches, as it is the case with the church of 
the monastery of Gračanica. Model of church in Gračanica Monastery 
was introduced so that the object seen from the southwest to the 
northeast. Consequently, a octagonal small domes should be in the 
central perspective or isometric view so that the two sides of the dome 
much wider than it is case at the one lateral side of the two 
aforementioned. Form prism that has been based on regular octagon is 
in the typical trend of the depth that goes from icons and frescoes and 

                                            
1 This interpretation is contrary to some previous observations regarding the 
presentation of the model. See: Marinković č. Ktitorski model - slika makete ili crkve?. 
Zbornik radova Vizantološkog instituta 
2007;(44):145-153. 
2  For example, in Bulgaria see the stone model of the church no5 in Suštinskijatski 
grad in Červen: димова в. Църквите в българия през xiii-xiv век, aгато ́, софия, 2008. 
26. Слика 8.; for examples in Armenia see the stone model example of the church of 
st.grigorius and tigran martyrs in ani: аni 1050, alboum, dedicated to 1050 anniversary 
of proclaiming Ani capital of Armenia, published throuh patronage of ministry of 
diaspora and culture of republic Armenia. 2011. 182. (isbn 978-99941-875-9-1) 
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spread toward the viewer looking to him as a regular quader (Figure 
6.). 

 

   
 
Figure 6: By expanding the depth of the picture plane toward the observer, 
small dome basically octagonal in plane in the church of the monastery of 
Gračanica, receive specific form of the fresco- model on patron model. 

6. CONCLUSION 

For more frescoes there can be concluded that the rays of depth 
are directed from the plane of the background to the viewer to expand 
in that direction. In others, the depth ray narrow or expand to a 
particular person (Christ , the Virgin Mary or a saint). This suggests 
that the method of displaying the perspective subjects itself to a space 
that is in the same time the operational scene that shows a significant 
person or event. Like many processes in the Middle Ages, the reverse 
perspective can not be described as a way of representing objects 
where one rule consistently been implemented for all the buildings. 
However, a common manner can be observed. One of the proofs are 
smaller domes of polydomical temples such is the church of the 
monastery of Gračanica. 

Namely, we can see the problem as fresco displays the donor's 
model in the ruler hands as a representation of current constructed 
facility. But in that case, we can not figure out how to represent the 
church in fresco so different from current (basilica) organization of 
church in Dečani, where the model is in more accordance with the 
(central) plan of the building than its structure of above. A roof 
Solution on a fresco in Dečani has many similarities with the 
contemporary church of Sv. Nicholas in Banja near Priboj, whose 
founder also Stefan Dečanski. So the solution that mural shows were 
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known and accepted in the architecture, but for structural reasons 
rejected, as this time we can discuss further. In the founder's models 
in fresco’s as technical models there are proofs in favor of the 
examples of Ani in Armenia and in Červen in Bulgaria. These models, in 
addition to the materialization of the stone could be made of wood or 
wax, which was even easier to work and presentation. So the display in 
the fresco’s represents the technical models rather than already 
constructed churches, and as a consequence there is a great difference 
in a perception of fresco-painter for representing smaller rather than 
objects greater then himself. In this way, those kinds of small objects 
could be easier subjected to the law of reverse perspective, giving the 
information from important angles of viewing.  
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THE SPACE IN PAINTING “LAS MENINAS” BY VELÀZQUEZ 

 
Ivana Marcikić1 

 
 

Abstract 
 

The aim of the present paper is to explain the painter's methods 
for obtaining the effect of illusion of space in the painting Las 
Meninas painted by Velázquez. Different constructive methods have 
been used for this decoding. Possible explanations for the artist's 
reasons for inconsistencies in constructive perspective are given in this 
paper. The results obtained by the method of decomposition are 
emphasized. The key composition elements of the painting have been 
also analyzed by this method. Positions of the figures have been 
analyzed, not only by perspective methods, but also by planimetric 
ones. Restitution of elements of constructive perspective is present in 
the form of 3D model. 
 

Key words: illusionism, constructive perspective, stage 
perspective, aerial perspective, Ames room 
 
 

Completely successful illusionary painting of the interior (Fig.1) 
enables the viewer to experience Velázquez's (Velázquez Diego, 1599-
1660) figures as if they were present in the museum space in which the 
viewer himself is present. An exceptionally successful effect of false 
architecture, i.e. the effect of penetrating the painter's canvass is 
achieved. 

It seems as if the moment of life was suspended in Alcázar. The 
composition creates the impression of a hidden occurrence if only 
because the royal couple is absent from the painting. Conventional 
court etiquette is disturbed by introducing the viewer "behind the 

                                            
1 Ivana Marcikić, Ph.D., Professor, Course of Applied Geometry, Faculty of 
Applied Arts, University of Arts in Belgrade, Serbia, marcikicivana@yahoo.com  

mailto:marcikicivana@yahoo.com
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scene", i.e. in the intimacy of the performance which is not intended 
for the audience. The main persons, and the main scene are hidden, so 
that all appears uncommon. 

Puzzle of the painting Las Meninas is in that that we do not know 
either the position of the royal couple, or of a large mirror in which 
Velázquez sees the whole scene, including himself and the reflection 
of both the king and the queen in the small mirror.1 

 By intensely luminous field of the open door in the surrounding 
of the vanishing point the composition's depth is increased, given that 
the too intense light seems to lead us towards infinitely distant center. 
Successful illusion of the space was achieved by the method of 
constructive perspective by which the space is presented. 

However, the partitioned door is not in constructive perspective. 
The painter performed this inconsistency masterfully and deliberately, 
so that the door's shape remained a parallelogram which "closes" the 
space. If also here Velázquez had applied the rules of linear 
constructive perspective, the door should have had the shape of 
trapezium, and above the lintel should have appeared a luminous 
triangle of air above the door, which would have created impression as 
if it had not been appropriate and had not served its purpose of 
partition i.e. closing of the room. Knowing theatre perspective, 
Velázquez here solved the problem inspired by suffits, vertical 
rectangles which hide technical elements of the stage space. 

  Another reason for the inconsistency from the constructive 
perspective are "partitions" on the door which, if they had been 
presented in the constructive perspective, would have become less 
distinct. However, presented in this way, their genuine shape is 
suggested. We consider that it has also been affected by the painter's 
necessity to "soothe" the ambient just by this part of the composition, 
whereas their rhythmic reduction would have led to certain "mobility" 
that the painter did not want. 

 The position of figures of the composition Las Meninas imposes 
itself by extremely interesting spatial arrangement. We tried to 
decode this Velázquez's unique sense for figure placement by means of 
their geometrical relation. 
 

                                            
1 Jose Gudiol, Velazquez, 1599-1660, Alpine Fine Arts Collection (U.K.), 
London 1987, page 288-289. 
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Figure 1. Velázquez, Las Meninas, 1656, oil painting, 318 x 276 cm, museum 
Prado, Madrid. 
 

Velázquez was intensively dealing with planimetry and studied 
Euclid's Elements1 (Euclid 325-265 B.C.). In Las Meninas painting he has 
connected three figures by their mid-frontal points obtaining in this 
way the stellar multi-angle. However, the plane of this multi-angle 
"cuts" figures in the painting just at the level of the "third eye" of each 
of them.  Thus, Velázquez introduced into the 2D composition of the 
painting a space element, i.e. geometrical oblique plane. Among 
varying visual effects realized in Velázquez's master-piece the aerial 
perspective has a considerable role. Rarely used in the interior, 
possibly for the first time in Las Meninas, this perspective has also 
                                            
1 Alison Cole, Perspecitive, Dorling Kindersley, London 1992, pp. 35. 
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introduced spaceness, i.e. air on the scene. Insufficiently sharp mid-
ground, i.e. intentionally muted figures in the mid-zone of the 
composition, have markedly accented the effect of aerial perspective. 

 

 
Figure 2. Velázquez, Las Meninas, 1656, oil painting, 318 x 276 cm, Prado 
museum, Madrid. 
 

If from the painting Las Meninas, depicting Velázquez's painting 
studio,   all the figures, except for the reflection of the royal couple in 
the mirror, are removed                                                                                                                                                                            
the space in the painting  is changed, enlarged and is unrecognizable 
(Fig.2),. However, exceptionally successful false architecture of this 
painting, i.e. the effect of passing through the painter's canvas, along 
with the effect of composition cutting, introduces the viewer in the 
Alcázar's room and directs him to the most luminous part behind the 
open door. Thus, Velázquez, by the lightest tone of the background, 
also achieves the third effect - the increased depth.  

It is interesting that trapezium shape of obliquely raised floor 
surface, freed from figures, imposes itself and reminds of Ames space 
anamorphosis i.e. of the transformation of quad-shaped room to four-
sided truncated pyramid. In this way very convincing effect of stage 
perspective is achieved.  The center of this metamorphosis is in the 
eye of the viewer, which in Velázquez's painting belonged to the 
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foreground. The royal couple, although having a subordinate role, 
becomes dominant, and viewed in this way it becomes a new, 
especially valuable and noticeable painter's solution.  

The vanishing point of lines perpendicular to the painting plane is 
determined and by means of the perspective grid of the interior frontal 
perspective, by laws of constructive method, the most distant figure is 
"moved" so that its axis is in the frontal plane to which also belongs 
Velázquez's figure axis (Fig.3).  This enabled comparison of their 
heights and unexpected data has been obtained that Velázquez is not 
the tallest figure in this composition. This scheme directly confirms an 
exceptionally important role of the figure positioning in the space. The 
change of this place, chosen by Velázquez himself, and consequent 
change of the figure size, which is moving over the space, obviously 
gives not only  another impression of the painting, but also of both the 
figure and  object in its surrounding. 

 

 
Figure 3. Velázquez, Las Meninas, 1656, oil painting, 318 x 276 cm, Prado 
museum, Madrid. 
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Figure 4. Velázquez, Las Meninas, 1656, oil painting, 318 x 276 cm, Prado 
museum, Madrid. 
 

Velázquez's positioning of figures (Fig.4) is analyzed by connecting 
"the points of the third eye" of each of them into the stellar multi-
angle which, as presented in the scheme, belongs to constructed 
oblique plane. Vertices of the multi-angles are the triplets of the 
collinear points whereby this strictly planimetric positioning of figures 
in the space is unexpected.  However, just the mentioned oblique 
plane has enabled the best possible, ideal positioning of figures and 
determined their heights, putting in the equal position all the figures 
of this composition. It is undoubted that just the oblique plane has 
decisively affected the total visual effects of Velázquez's painting. 
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Figure 5. Velázquez, Las Meninas, 1656, oil painting, 318 x 276 cm, Prado 
museum, Madrid. 
 

By eliminating figures surrounding infanta its exquisiteness is 
accented. We consider that a new painting as successful, regardless of 
the decomposition of Velázquez's scheme (Fig.5). Thus, this reveals 
that Velázquez's space and each figure within it was studied to the 
extent that it is possible to remove and add some elements whereby 
neither ambient nor other figures, as well as infanta itself, are not 
threatened in the least. It should be noted that this is seldom seen in 
painting arts. It is a surprising fact that Velázquez's master-piece, 
observed in this way, contains a number of other paintings which are 
each in itself, great achievements.  

 
Given that each of the presented variants introduces new and 

varying effects of the space1 it will be interesting to imagine them in a 
                                            
1 It is interesting that in 1999 in Prado gallery, among the restored works, 
Velázquez's painting Las Meninas, certainly the most significant work of 
Madrid-collection, was moved to the wall opposite the window and lowered to 
the floor. In this way the illusion is lost that the wall is penetrated and that 
the array of windows of the exhibition hall is connected with the painted 
windows. This curator's decision provoked experts debates - some of them 
give advantage to emphasizing the space in the painting by means of a careful 



 

297 

frieze, arranged next to each other, and only then the size of each one 
separately will be comprehended, whereby it will be very difficult to 
decide whether any of them is better than the others.  

 

 
Figure 6. Velázquez, Las Meninas, 1656, oil painting, 318 x 276 cm, Prado 
museum, Madrid. 1 

 

                                                                                                           
choice of the painting position in the gallery space in respect to the painted 
horizon (the main vanishing point and "ideal" viewer), whereas others support 
the new position of Velázquez's work, justifying it by "liberating the painter's 
idea from exterior additional effects". One additional argument to supporting 
a new positioning is in continual transition of the gallery floor into the floor in 
the painting, which might be linked to the painter's choice of composition of 
extremely large dimensions. Velázquez's figures in the painting, presently 
displayed in Prado, are standing at the same floor level as do gallery visitors. 
1 Philippe Comar, La perspective en jeu. Les dessous de l'image, Paris 1992, 
page 117. 
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Restitution of elements of constructive perspective was done by 
applying computer techniques (Fig.6). 
 

 
Figure 7. Title page of Euclid's geometry, published in Castilian language, 
which was studied by Velázquez and which he had in his library.1 

 

In his library at the court, Velázquez had books of optics, 
geometry and perspective. One of them was Euclid's Elements 
translated by mathematicians Niccolo Tartaglia (1499-1557). Another, 
for him much more significant book was Optics, written by Witelo (XIII 
century), which contains descriptions and illustrations of instruments 

                                            
1 Under heraldic mark on the frontispiece is written: "With the permission of 
the Royal Council, in Seville, in the house of Alfonso Barrera, 1576", Angel 
del Campo y Frances, La magia de Las Meninas, Madrid 1978, page 57. 
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for geometrical constructions which in Velázquez's time were the 
latest ones. The painter used this literature because he was interested 
in geometry both from theoretical point of view and for the application 
in practice. Mastering of constructive methods enabled him to employ 
perspective rules and inconsistency from them in the function of visual 
effects of illusionistic image. 
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Abstract 

The use of digital technology includes an interdisciplinary 
approach. The focus is on fusion of different media and genres into 
new forms of artistic expression as well as transcending the 
boundaries between art and education, the arts and research. 

Teaching descriptive geometry using animation softwares enables 
development of the ability of spatial representation, perception and 
understanding of space. The specific contribution is in the education 
by working with 3D animation for students of art and engineering field 
of technical - technological group of students. We emphasize the 
importance of dealing with design dynamically- generated form.  

Experimental design (freeform) presented on DVD includes: 
generating a surface with the two profiles as guidelines, generating 
free form using lattice deformers and generate free-form by the 
duplicating along curve tool.  

The key concept of dynamic geometry is to select the item which 
is then changed position and simutaneously you can see changes in the 
structure. This ability of movement is fundamentally improvement 
regard to the drawing on the paper or static CAD models. 

The movement in animation is captured by sequence of static 
pictures. If we have the form which changes during the time, we could 
observe these changes also sequentially. On this way, the form cloud 

                                            
1 PhD, Lecturer, University of Belgrade, Faculty of Architecture 
2 PhD, Associated professor University of Belgrade, Faculty of Civil Engineering 
3 PhD, Docent University of Belgrade, Faculty of Forestry, Department of 
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be observed during the morphing in time, and each particular frame 
could be the base for further development. 

Key words: Descriptive geometry, education, computer 
animation, experimental design 

 

1. INTRODUCTION 

New standard in geometry education is the use of multimedia tools 
in educations of descriptive geometry. For practicing more 
complicated operations and for analyzing the different forms, their 
arrangement as well as their relationship within the space the 
application of computer animations in education through experimental 
design could be used [1].  

This paper is important research in the field of application of 
methodological innovation in the area of space geometry and computer 
animations with the focus on geometry education in visualization and 
experimental design.  

Improvement of spatial ability, ease of application, pedagogical 
stimuli for users in terms of encouragement for the further geometry 
exploration is provided by the applicability of dynamic 3D geometry in 
education.  

The proposed form of educational environments is a new 
opportunity for teaching and learning of descriptive geometry. 

2. GEOMETRICAL EDUCATION 

Development of the ability of spatial representation, perception 
and understanding of space is enabled by descriptive geometrical 
education.  

In the scientific hierarchy descriptive geometrical education is 
placed in the field of architecture, as well as with the field of 
mathematics, mechanical engineering and engineering graphics. 
Geometrical education is definitely important for all engineers, artists, 
and physicists as well as natural sciences students since enables 
perception of space abilities training [9].  
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3. CONSTRUCTIVIST THEORY 

Constructivist theory is the base for this paper. Cognitive theory 
known as constructivism emphasizes that learners construct new 
knowledge by rearranging and refining their existing knowledge. 

Valid and reliable basis for a theory of learning is provided by 
constructivist theory. Learning process is carried out when students 
are able to build conceptual models that are in accordance with what 
they already understand and with new content, as constructivism 
emphasizes. Basic principle commitment to constructivist position 
includes that knowledge is not transmitted directly. New experience of 
learning the flexible learning path must be provided with the aim to 
provide the successful implementation of a constructivist theory. 

4. 3D DYNAMIC GEOMETRIC SOFTWARE 

3D animation software have become common tool for educating, 
initiating the development for training and experimental design [10]. 
The specific contribution is in the descriptive geometrical education by 
working with 3D animation for students of art and engineering field of 
technical technological group of students. The importance of dealing 
with design dynamically generated form is emphasized in this paper. 
CAD applications have similarities with the dynamic geometry 
software, for example in prototype construction that can be quickly 
adjusted as well as it could be used for quickly and easily construction 
of a simple model as a start from the further parametric design and 
prototype production. Precise construction is support by many CAD 
applications. Among the best known are: Rhinocerous, SolidWorks™, 
Autodesk Mechanical Desktop™, Catia as many others. For digital 3D 
animation software the aim is not to be precise but to produce the 
animation. Comparing with CAD programs which purpose are to draw 
and construct precisely and produce the prototype, the 3D animation 
final product output is IMAGE. The emphasis is on ease objects 
manipulation in 3D space, and simplified controls for construction, 
which are especially important for modeling the so-called organic 
models. 3D multimedia learning DVD is done in this kind of software 
because of the main above mentioned reason why the animation used 
for it. The most well-known programs for 3D computer animation are: 
Blender, Autodesk Maya, Autodesk Softimage, Autodesk 3ds Max, and 
others. Considering that our paper relates to the 3D animation 
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application in the descriptive geometrical education, the areas of 3D 
animation follows [13]. 

5. CONTENT OF THE MULTIMEDIA DVD 

The educational multimedia DVD learning tool consist of 16 
animations, which approximately duration about 5 minutes. Descriptive 
geometrical areas are: 

1. Platonic solids: cube, tetrahedron, octahedron, dodecahedron 
and icosahedron (Figure 1) 

 

    
Figure 1.frame from multimedia DVD dodecahedron and icosahedron 

 

2. Ruled surface: conoid, rotational hyperboloid (Figure 2), 
helicoid and hyperbolic paraboloid (Figure 3) 
 

   
Figure 2. frame from multimedia DVD - conoid and rotational hyperboloid 
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Figure 3. frame from multimedia DVD - helicoid and hyperbolic 

paraboloid 

 
3. The surface of revolution: the torus (Figure 4) 

 
Figure 4.frame from multimedia DVD the torus 

 
4. Mutual intersection: conic sections, cone and cylinder, sphere 

and cylinder  and two half-cylinder (Figure 5) 
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Figure 5.frame from multimedia DVD - two half-cylinder 

5. Experimental design (freeform): 
Generating a surface with the two profiles curves as guidelines (Figure 
6),  

    
Figure 6.frames from multimedia DVD - two profiles as guidelines 

 
Generating free form surface using lattice deformer (Figure 7)  

    
Figure 7.Frames from multimedia DVD - lattice deformers 
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Generating free-form surfaces with duplicate along curves tool (Figure 
8) [2].  

    
Figure 8.Frames from multimedia DVD - duplicating along curves 

The basis for generating spatial structures and constructive 
systems are Platonic solids. Ruled surfaces are heavy understanding in 
the 2D image while the easiest to generating by using computer 
animation tools for 3D animation. Intersections and the resulting 
intersection curves as well as intersecting surfaces are delicate and 
their perception is the easiest in these kinds of applications. Besides 
the easy perception and learning, the students are also motivated to 
repeat the same process and to continue to explore the topic.  

Short animations are the final presentation of our work on 
multimedia DVD. The whole process is directly recorded in 3D 
software. Every animation has additional text that follows and explains 
the procedure and gives the basic definitions.  

The aim is to demonstrate the potential of 3D geometry education 
by examples which are different in difficulty but all belong to the 
descriptive geometric area of the university educational levels. 
Dissimilarity of selected areas has shown how the different geometrical 
areas may be processed in the virtual environment by using computer 
animation. The animations from multimedia DVD represents: the 
application of Boolean operations (subtraction, union, intersection) in 
mutual relation of solids, the study of revolved surfaces and their 
geometrical properties; the study of curves and surfaces 2nd sort 
(intersection curves of two cylinders); regular polyhedra and their 
relationships; ruled surfaces and surfaces of revolution; free form.  
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6. CONCLUSION 

Descriptive geometrical education by using 3D animation 
supported different learning tools for students from auto didactical to 
guide by teachers as well as more autonomous way of learning.  

Computer animation represents the standard in education. This 
kind of learning tool allow students, teachers, artists, researchers, 
engineers, designers, etc. empowerment in all field of work, from 
education to practice[11]. 

Computer animation in the function of descriptive geometry 
learning tools offers new and fascinating possibilities. Users can 
explore the most diverse theoretical and practical problems with the 
aim of understanding the dynamic and complex spatial relationships. 
Users of this kind of teaching material research communicate and 
understand the spatial problems in different ways. It is possible to 
teach with objects in a simulated environment and to learn through 
movement, and immediate response [3]. 

Teaching and learning by using multimedia DVD stimulates a 
communication between teachers and students which were not 
possible at conventional ways of teaching [8]. The use of computer 
animation in the teaching related to the descriptive geometrical 
education improves and greatly speeds up explanations of teachers 
intentions [4]. 

Experience in the use of computer animation in geometrical 
education in the learning process demonstrates significant progress in 
the perception of huge possibilities working with each model. Today’s 
conventional hardware and software packages allow the use of 
computer animation quite simple. One, between many of observed 
advantages of usage of digital multimedia geometrical education are 
that enables the exchange of theoretical and practical knowledge 
among participants in the distanced locations. Computer animation is 
good platform for teamwork. Participants in educational process using 
interactive media, which includes design and communication at a much 
more direct way than simple file sharing. Teachers and students 
showed a higher level of interaction and the working possibility are 
multiple. The processes of thinking, creating and understanding in 
communication are enhanced through a media that allows the joint 
participation. Computer animation as a learning tool establishes a 
unique combination of collaboration and communication of interactive 
teaching process that is transparent and directs [5]. Users of digital 
multimedia geometrical learning tool have tremendous opportunities 
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to explore spatial relationships and geometrical characteristics of the 
topics being processed in this paper [6]. 

Especially important is dynamic educational experience in a virtual 
environment. Animation as a new dimension in geometrical education 
by using of dynamic geometry education achieved much higher insight 
into the actual structure and construction, because through the 
movement directly experientially we learn about the changes in the 
construction of the structure. This kind of innovative approach leads to 
new form of design. The usage of tools for 3D computer animation 
open up new perception of the tangible existence of geometric forms, 
all in motion, as well as the sensational dynamic manipulation of the 
geometry [7].  

The original contribution of this paper is in the implementation of 
transdisciplinary hybrid approach, overlapped several disciplines such 
as architecture, descriptive geometry, computer animation and 
programming.  

 
9. ACKNOWLEDGMENT 

Authors are supported by the Ministry of Education, Science and 
Technological Development of the Republic of Serbia, Project No. TP 
36008 

Literature 

 

1. Cucakovic, A., Teofilovic, N., Jovic, B.: Digital modeling of free forms 
structures at experimental design  Zbornik The Industrial Art and Design 
Issue No 12. The Interdepartmental Collection of Proceedings of SED-13, 
10th Crimean International Scientific - Practical Conference, Geometrical 
and Computer Simulation: Safe Energy, Ecology, Design. Crimea, 
Simferopol, 7-10 October 2013. Ukraine Association for Applied Geometry. 
Kyiv. pp. 104-108. ISSN 2221-9293. UDK 514.18 

2. Čučaković A. Nacrtna geometrija, Akademskamisao, Srbija, Beograd, 
2010. 

3. Wang Xiangyu, Schnabel MA. Mixed Reality in Architecture,Design and 
Construction, Australia, Sydney,Springer Science + Business Media B.V. 
2009. 

4. Čučaković A, Jović B. Constructive Geometry Education by Contemporary 
Technologies,SAJ_2011_3_ Serbian Architectural Journal, original 
scientific article, approval date 12.06.2011. UDK 514.18:62 ID 184977420, 
164-183. 



 

310 

5. Čučaković A, Nestorović M, Jović B. Contemporary principles of 
geometrical modeling in education, Abstracts  2nd Croatian Conference 
of Geometry and Graphics Scientific-Professional Colloquium of CSGG, 
pp. 10-11, Šibenik, Croatia, 5.-9., September 2010. 

6. Čučaković A, Jović B. Optional Course Engineering Graphics On 
Department For Landscaping Architecture At The Faculty Of Forestry, 
University Of Belgrade, International Conference SUNGIG moNGeometrija 
2010, Belgrade, Serbia. 24-27. June, 2010. 

7. Jović B. Geometrijska edukacija na polju vizuelizacije i eksperimentalnog 
dizajna primenom virtuelnih tehnologija, doktorska disertacija, 
Univerzitet u Beogradu, Arhitektonski fakultet, Beograd, 2012. 

8. Nestorović, M., Čučaković, A., Teofilović, N., Jović, B.: Geometrical 
Education by Using Multimedia Presentation, Scientific Proceedings of the 
12th International Conference on Engineering Graphics, pp. 163-169, 
BALTGRAF 2013, ISBN 978-9934-507-30-4, June 5-7, 2013., Riga, Latvia 

9. Stachel H. What is Descriptive Geometry for?, In DSGCK Dresden 
Symposium Geometrie: konstruktiv & kinematisch, Dresden/Germany. TU 
Dresden, 2003 (ISBN 3-86005-394-9), Feb. 27 - March 1, 2003; 327-336. 

10. Teofilović N. Umetnost pokreta u prostoru praznine (tehnologija i praksa 
virtuelnih karaktera), Srbija, Beograd, Arhitektonski fakultet Univerziteta 
u Beogradu, 2011. 

11. Teofilović N. 1:1 (3D karakter animacija i instalacija), doktorski rad, 
Univerzitet umetnosti u Beogradu, Interdisciplinarne doktorske studije, 
Grupa za digitalnu umetnost, Beograd, 2010. 

 
 
 



 

311 

 
 
 
 
 

ANALYSYS OF EDUCATIONAL PROCESS IN SUBJECT 
CONSTRUCTIVE GEOMETRY AND GRAPHICS AT THE 

FACULTY OF MECHANICAL ENGINEERING 
 

Zorana Jeli, Ph.D. 1 
Emil Veg, M.Sc.2 

Branislav Popkonstantinovic, Ph.D. 3 
Ljubomir Miladinovic, Ph.D. 4 

 
 

Abstract 

This paper presents the analysis of the teaching process in the 
subject of constructive geometry and graphics in the first year of 
undergraduate on Mechanical Engineering in Belgrade. First, the 
preliminary test, in which students are shown how previously acquired 
new knowledge of basic geometry in primary and secondary education. 
On the basis of this test is adjusted current approach to the teaching 
process. Then we did analysis on each test level (the first test, the 
final exam) and on the basis that leads to the final result as a learning 
process successful.  

Finally, during teaching of Engineering Graphics, finally evaluated 
the success of teaching the subject Constructive geometry and 
graphics, as well as the basic tool for all the visual representations in 
engineering.  

Key words: education, didactics, Engineering graphics 
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1. INTRODUCTION 

Faculty of Mechanical Engineering in Belgrade, in accordance with 
the Law on Higher Education, introduced a new curriculum in 
01.10.2005, which is in line with the Bologna system of higher 
education. During the formation of the teaching problems there have 
been serious changes in the system of work, and the subject 
Constructive geometry and graphics are experienced great 
transformation. Teachers met with a very difficult task, which involved 
the shortened time of classes and lessons. Of course, the difficulties 
are magnified and changes in the system of teaching and introducing 
the teaching of all subjects. Lessons in Constructive geometry and 
graphics lasts only six weeks, and is hampered by the fact that it is 
performed in the first year of undergraduate study, while students 
have not yet understood that they changed the system of training (they 
move from high school to college). 

The authors have made and adjust the curriculum to these 
requirements. Each year this plan is changing and improved her. 
Finally, this work contains all the ideas that have been applied to the 
principle of teaching input and the final results, which have been 
collected over the years. 

2. CONSTRUCTIVE GEOMATRY AND GRAPHICS – A POWERFUL 
TOOL FOR VISUAL COMMUNICATION 

Of visual communication is the basis of any communication among 
engineers. It is simple, accurate and efficient. It is very important that 
students of engineering profile at the beginning of training to learn 
how to proper use visual communication methods. Constructive 
geometry and graphics is a very powerful tool in this area. 

During the primary and secondary schooling small number of young 
people fails to fully understand the geometrical problems that are the 
basis for a proper understanding of Constructive geometry and 
graphics. This is a fact which has been obtained in the result of 
implementation of the preliminary test during the formation of a new 
subject. The authors have prepared a seemingly very simple test of 
knowledge of basic geometric concepts and gave it to generations of 
students 2013/14 in the form of an anonymous work. 
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The test contained four questions, which are related to knowledge 
of geometric concepts that are studied in elementary school (sixth 
grade level). It was necessary to: 

1. Construct angle of 90 degrees using a divider and ruler (not 
specified exact method, only approved tools ), 

2. Construct a right triangle by given both legs and enroll him in a 
circle,  

3. Construct an isosceles triangle by given base and arm and 
around it descript a circle, and 

4. Construct a regular hexagon given site. 

The test results were alarming. On this sample of 50 students only 
8 students have answered all the questions correctly. Teachers found 
themselves faced with a serious problem of how to compensate for lost 
material from the previous level of schooling and execute a successful 
upgrade. Especial worrying was the fact that the tested sample 
students was such that they were mostly people who were in high 
school chose a natural direction and have an entrance exam at the 
Faculty of Mechanical Engineering in mathematics. Due checking 
preparation the entrance examination to the Faculty of Engineering 
and teachers arrive to the conclusion that no task in the entrance 
examination in mathematics has anything to do with geometric 
concepts. It has been concluded is the geometry within of secondary 
school curriculum is unreasonably set at a lower level. 

Regardless of the disturbing facts it was necessary to adapt to the 
current state of education. Aware of the lack of time and poor input 
parameters, the authors of this paper are adapted curriculum in 
subjects constructive geometry and graphics. The time limit was 
crucial to the process of teaching adapted to the fact that it is 
constructive geometry and graphics tool for visual communication and 
to train students to methods Constructive geometry used for the 
purpose of visual communication. This has resulted in the training of 
students in the basic methods Constructive geometry and graphics, 
while the more complicated methods designed for higher levels of 
education. 
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3. PROPOSAL OF A NEW CURRICULUM IN THE SUBJECT 
CONSTRUCTIVE GEOMETRY AND GRAPHICS 

Curriculum of subject constructive geometry and graphics from the 
moment of introduction of the new curriculum at the Faculty of 
Mechanical Engineering in Belgrade suffered changes of each school 
year. Gaining experience related to the course of instruction and the 
final results are verified on subjects Engineering Graphics Curriculum 
suffered changes. Of course, these changes were also caused by a 
"higher” power, which is subject to limited blocks of teaching at the 
college. Block classes provides that cartwheel constructive geometry 
and graphics listens during the first semester of the first year and the 
first six weeks. Also, according to the Law on Higher Education, it is 
necessary to enable students to two "transient" laying - tests. The first 
weeks of the new students are confused system. With the school 
system are transferred to higher education. One item should listen to 5 
hours a day. On top of that, there is a separate theoretical and 
practical part of the course. 

As the best method to show that in the first week of lessons 
students get the biggest share of theoretical knowledge they need for 
further practical work. Also, transient point in checking knowledge - 
colloquia have been introduced in the fourth, and final, sixth week. In 
these weeks when the examination of the theoretical classes are not 
held. 

During this period, students learn the basic methods of 
Constructive geometry and graphics. The following tasks they set: 

1. Finding the right page size, angle, triangle, etc. using 
methods of. transformation and rotation, 

2. The formation of ray projection of a body using 
transformation method, 

3. Finding the right size of geometric images at overturned 
plane. 

4. Display of the body located on the overturned plane, and 

5. The intersection of the real proper body and plane, finding 
right size section and develop a network of severed bodies. 

The first transient test knowledge students need to demonstrate 
to what extent they understand and learn the methods of 
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transformation and rotation. The group to which the student is carried 
out "input test is monitored through all stages of the test. In the first 
period of an initial deposit of 50 students passing grade on the first 
test had 35 students. From worrying situation at the beginning, after 
the preliminary test leads to satisfactory results. Educational and 
didactic method that we used in the study group proved to be 
successful. Of course, at this level of testing. It was too early to make 
a final conclusion. After the first test of the theoretical part of the 
course is drastically reduced compared to the practical classes. 
Students already have the motor skills which are necessary for the 
salvation of tasks. Tasks become more complicated in comparison to 
those that it had previously, during training, met. Enters the realm of 
spatial thinking, which for them represents an additional aggravating 
factor. In fact, in the previous level of education are taught to think 
exclusively arithmetic and need to be and behave that way. 

The second level of assessment has been carried out at the level of 
the sixth week of classes. Of the 50 respondents that level in the first 
period passed after the first 30 periods this system evaluation no 
longer applies. Curriculum, which must comply with the Law on Higher 
Education, does not give the option of continuing this system of 
assessment. Proved to be a rule that the highest percentage of 
students in this particular way successfully complete its obligations 
related to the subject of Constructive geometry and graphics. 

The next time a certain number of students, particularly those 
who have understood the material, but were hampered due to some 
factors and colloquia have not done well, pass successful testing 
knowledge. In all subsequent periods the percentage of students who 
successfully pass the knowledge test is drastically lower. These are 
usually students who are not conscientiously approached issues of the 
case and they usually have to go back to the course of this subject in 
the next year. 

As natural flow continued understanding visual communication on 
the subject of Constructive geometry and graphics continues to be the 
subject of Engineering Graphics. Knowledge that students have 
acquired the Constructive geometry and graphics are essential for the 
understanding of this subject. In lessons of Engineering Graphics 
students meet with modeling (especially 3D modeling) and preparation 
of technical documentation. It is necessary to properly learn all the 
Engineering graphic communication, their rules and standards for 
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which performed in it. First of all, they must be aware of the space in 
which they work how to read and de form of mechanical parts in 
space. This is a step that had to learn and absolutely adopt while 
working on the constructive geometry and graphics. 

The study was extended to a group of 50 students who worked 
initial test at the beginning of this work. Changing the subject, a group 
whose changed teachers set. The theoretical part of the course holds a 
group of teachers, and other practical teacher. The main reason for 
the change is connected with the fact of getting used to the system of 
teaching a teacher. We were interested in how students are able to 
adapt to another way of teaching, as we detail each forwarded 
information about the material that is studied in the previous level. 

The subject of Engineering graphics belongs to the group of 
greatest block and the students listen to it for five hours a week 
fifteen weeks. In this case, teachers are not faced with the problem of 
short time limits for the training of students. 

On the Engineering graphics in the teaching system is introduced 
and the use of computers. The practical part of the course is based on 
computer modeling and the development of technical documentation 
in SolidWorks software. This factor to some extent is a problem 
because before teachers dealing with the practice of teaching the 
problem of training students to use the software. SolidWorks was 
chosen because it is the easiest graphics software for all kind of 
graphic communication. Tasks are assigned to monitor the dynamics of 
the theoretical part of the course in the subject. Some teachers 
experimentally introduced and freehand sketching in the practical part 
of teaching. Freehand sketching proved to be a very useful tool, but 
the size of the group (the list of about 80 students, some of which 
actually comes to classes of 60-70 students-and teacher can’t do any 
change of it) represents a problem in the review and explanation of 
the irregularities that were made to the drawings. Students, as a rule, 
try to avoid heavily freehand sketching tool and its benefits. 

Transient tests - colloquia in the subject Engineering graphics are 
provided in the fifth, tenth and fifteenth week of classes. In the first 
test the knowledge gained from the formative defining certain 
mechanical parts and display works in three orthogonal projections, 
using a method of imaginary section. The second test covers the 
formative (method section) and dimensionally (quotation) defining 
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objects. The last test includes the formation of a complete technical 
drawing by default. 

Since the experimental group of students still follow the teaching 
of engineering graphics in this paper are able to display all the results 
from the tests. So far, results are processed only during the first tests. 
From a group of 50 students. At the college level, there is no 
conditionality to the subject of Engineering graphics can go to the 
lessons students who passed the Constructive geometry and graphics. 
Such a kind of catch would be very effective in understanding and 
monitoring of teaching, but the organization cannot be achieved, 
because a large number of cases in the years of study are based on the 
Engineering Graphics. 

From checked 50 students 33 students successfully passed the first 
test of Engineering graphics in the first examination period. This 
number is quite satisfactory. During the presentation of the work you 
will be able to process the results from the two tests and we will be 
able to talk specifically about the percentage of students who have 
demonstrated sufficient knowledge of the subject Engineering 
graphics, what percentage of students fulfill their obligations in the 
first test run, and how much later. 

4. CONCLUSION AND FINAL REMARKS 

On the basis of a serious study of the different teaching methods 
made an adjustment of teaching subjects Constructive geometry and 
graphics to modern educational models. Experimentally, the introduction 
of new or adapting existing teaching methods, a parallel investigation of 
the acceptability of a method for users - students come to the good 
educational model. Of course, the education process has a dynamic 
character; he is subject to constant change and improvement. On the 
other hand, its dynamics is conditioned by the input parameters, in which 
teachers cannot fully influence. 

The ideas that we have adopted have proven to be very effective 
now and in the coming period should not be subject to significant 
changes. Next year we plan to follow the same group of students, but 
most likely in a reduced number, the next subjects which presents 
natural way next to these two subjects, which there was a story in the 
paper. 
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Abstract 

In this paper we will analyze a usage of 3D modelling and 
rendering tools in three educations in two countries, and we will try 
to point to some similarities and differences in educational goals and 
students achievements. Graduation works of students of College of 
Civil Engineering and Geodesy in Belgrade will be analyzed. While 
projecting architecture and urban solutions, the students  paid special 
attention to 3D modeling, which allowed them to express and 
investigate their creativity. Students of Media Technology education 
at  Aalborg University in Copenhagen, Denmark, were looking into a 
problem of merging real-life footage and 3D modelled objects and 
learned how to model an interplay between real and digital 
environments. In this problem the strength of modern modelling tools 
could be observed, as the problem which was top-research theoretical 
issue only 15 years ago can now become an area of students’ semester 
papers. The students of Faculty of Informational Technologies of 
Metropolitan University in Beograd are using 3D in development of 
computer games in their extra-curriculum activity. Teaching practices, 
course requirements, obtained knowledge, and expressed creativity 
will be analyzed and compared between these three schools and the 
similarities and differences between students’ achievements will be 
presented. 
 

Key words:  3D modelling, rendering, Teaching practices, 
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1. INTRO 

Since 1990s computer-generated 3D environments become 
widespread within general industry, thus creating need to educate 
graduates skillful to develop and use 3D digital modeling tools. This is 
a field under rapid development, which raises an interesting question 
from educational perspective: how much to put stress in learning how 
to use state-of-the art tools, which would allow students to find entry-
level jobs efficiently, but inevitably would result in outdated 
knowledge once when tools change, and how much to educate them in 
theoretical backgrounds needed for the field, namely mathematics and 
physics needed for modelling of physical systems, which would most 
likely prepare them better for lifelong learning in this fast changing 
field. In this paper we will analyze a usage of 3D modelling and 
rendering tools in three educations in two countries, and we will try to 
point to some similarities and differences in educational goals and 
students achievements.  

Graduation works of students of College of Civil Engineering and 
Geodesy in Belgrade will be analyzed. While projecting architecture 
and urban solutions, the students  paid special attention to 3D 
modeling, which allowed them to express and investigate their 
creativity. Students of Media Technology education at  Aalborg 
University in Copenhagen, Denmark, were looking into a problem of 
merging real-life footage and 3D modelled objects and learned how to 
model an interplay between real and digital environments. In this 
problem the strength of modern modelling tools could be observed, as 
the problem which was top-research theoretical issue only 15 years ago 
can now become an area of students’ semester papers. The students of 
Faculty of Informational Technologies of Metropolitan University in 
Beograd are using 3D in development of computer games in their 
extra-curriculum activity.  

Teaching practices, course requirements, obtained knowledge, and 
expressed creativity will be analyzed and compared between these 
three schools and the similarities and differences between students’ 
achievements will be presented. 

 
2. COMPUTER GRAPHICS IN ARHITECTURE 
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Today, the work of architects is unimaginable without 2D and 3D 
drawings, animation and other tools supplied by computer, for faster 
and better work. During recent years, computer graphics courses on all 
faculties of architecture verified that this form of communicating ideas 
is becoming more important than other ways of architectural and 
graphic representations. The computer is becoming an important 
means in creating architecture, but we must not forget that it cannot 
ever create graphics and architecture. It will always stay as a great 
tool in the field of modern and professional graphic and architectural 
design. If we think about the role of a computer as a possible impulse 
to the creative act, we must name more different activities which 
often depend on personal approach of the architect himself. 
Architectural design is a complex process which includes the whole 
variety of activities: studying the problem, gathering facts, making and 
checking of hypotheses, formal articulation of suggestion, making and 
detailed checking of physical aspects. These activities in the process of 
designing are rarely linear in time, but, depending on the affinities of 
the architect, they are organized inside his strategies, in different 
ways. 

Following the history of applying computers in architectural 
design, we can see that architects followed developments in computer 
science, for a long time, with professional curiosity, but only in mid 
‘60s the first programs for solving certain architectural problems 
appeared. This is somehow later than other engineering departments, 
as systems for space technology, aircraft and car industry were already 
well under development by the end of the ‘50s. The pioneers in 
computerizing in architecture were small groups of enthusiasts, often 
from other branches, at architectural schools - MIT in Boston, UCLA in 
Los Angeles, the Universities of Edinburgh, Glasgow and Cambridge. 
The problems which appeared and skepticism among the colleagues did 
not discourage them. Their visions were solid; there was only the 
question of time.  

In 1968, the first studies were published, more precisely dealing 
with the matter. Part of that enthusiasm was transferred to our 
professional audience; on professional conferences in those days there 
was an optimism that appliance of computers will progress fast and 
that it will solve many of problems that architects had at the time. In  
late, recognizing of the terms which describe what computers should 
become in the process of designing became more important. Their role 
is pointed out through the idea of “computer-aided” in the relation to 
unwilling “computerized”, which arose negative connections. The role 
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of the computer, itself, as an architectural mean in the process of 
designing was determined by a new acronym, CAD, which, at that 
time, offered to a wider meaning from todays, and became the task 
for numerous researchers. In the situation like that one, it is essential 
to point out the complementary of the machine and the human. 
Programmers point out their own goals determined to create a 
program which would complement, not replace, the human, and whose 
purpose is to let free the energy for creative work. However, today’s 
architecture is less dedicated to creative work than before the 
computer era. In Belgrade there is an anecdote among the architects 
in which the famous architect Brasovan spent one month projecting 
handrail of his building’s staircase, while today that time is usually 
scheduled for designing of few thousand square meters. Time race, 
which is forced by the investors because "time is money", of course, 
especially in Serbian surroundings, is becoming more and more 
senseless, because it creates projects of low quality, unfinished 
projects, and of course, additional costs during the project realization. 
In the story about time, not to mention the procedure for getting the 
permit for constructing, with all approvals added, which lasts much 
longer than designing itself, and if we want to be ironical - the 
creative act of municipal engineering and legal clerks, is the most 
respected in the whole process, so the investor gets the impression 
that the project is done for them, meaning we could build something 
even without the project. 

  
Figure 1,2,3  The art in representing of architectural projects of the most 

famous Serbian architects between the two wars- Momir Korunović, Sokolski 
dom in Belgrade, 1928.Bogdan Nestorović i Aleksandar Deroko, sketch for the  

Temple St. Save in Belgrade, 1931., Milan Zloković, „Albania“, Beograd, 
1938. (Not accomplished) 



 

323 

 
 
 

3. EDUCATION OF ARCHITECTS 
 

If we focus on today’s moment and on our profession and check 
the education in architecture, we will see that some principles are 
more important and more implemented than others. Firstly, we must 
say that architecture belongs to disciplines which frequently 
experience modifications in short time intervals. On one side, we have 
changeable trends in the sense of style and visual elements and, on the 
other side, everyday improvements in the technology of constructing. 
A good school has to be on trend with scientific and technological 
processes which are happening in the profession and to allow students 
the access to this knowledge. Professors should encourage the students 
in accepting modern attitudes. Students should also invest effort and 
will to be up-to-date and in accordance with contemporary times.  
 

  
Figure 4,5 A trivial 3D, which tells a little about the object, usually shown on sites 

of the real estates 
 

Architecture, as a complex profession, has got a very complex and 
important multidisciplinary characteristic. It does not refer to a simple 
division on courses and groups, but to the concept that the same idea 
or a project, at the same time, is checked in the fields of design, 
urbanism and constructing. On the other hand, multidisciplinarity 
refers to other engineering branches which take part in building an 
object: construction, machinery, electro, hydro, geodesic, transport 
and others. These all sound familiar, but in reality, it is rarely 
realized. Additionally, each student’s project can and should be 
analyzed from the side of history and the theory of architecture, which 
is even more rare practice. 
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4. APPLYING OF 3D MODELING AT COLLEGE OF CIVIL ENGINEERING 
AND GEODESY IN BELGRADE 

 
At College of Civil Engineering and Geodesy in Belgrade students 

are prepared, starting from the first year, for computer graphics, 
through the subjects Applying computers and Software in constructing. 
Basic computer tools, where those subjects belong to, are AutoCad and 
ArhiCad, and the students use them and develop the practical skills 
through projecting and urbanism subjects. 

An interesting experience is comes from an urbanistic course. The 
students decided on one simple program - SketchUp, which is free of 
charge and available in basic version on Google. The program gives the 
opportunity for fast overlook of the given site and makes urbanistic 
analyses and allows for possibility to intervene in the space. 

   
Figure 6,7  Urbanistic sketch of already existing block on Zvezdara and its 

reconstruction, the work of the student Stefan Radosavljević 
 

In the previous example, in two practical works, the student 
analyzed the location (floor, condition, transport, purpose,...) using 3D 
model in SketchUp and established directions for future solution for 
the block. On the picture 8 and 9 is a reconstruction of the block in 
Skadarlija and represents the final phase of urbanistic project with 
decoration of the inner yard, with the reconstructed facades and 
streets. 

 
Figure 8,9  Reconstruction of the block of flats in the zone of Skadarlija; 

work of the student Bojan Milošević 
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The graduate work on the College is the crown of the process of 
education, requires three months of work and demands a careful 3D 
presentation. On the example of the graduate work of the student 
Nikola Dimitrijević – The Urbanistic-Architectual Project of Residential-
Business Center Tošin Bunar, we will analyze the process of projecting 
through 3D modeling. After it was finished in AutoCAD, the project was 
transferred to Autodesk 3ds Max. 3D modeling has started showing 
construction of the building, which represents the system concrete 
walls, beams and slabs. 

 
Figure 10,11 The first  phase - construction  and the second  phase -  

installation of facade panels 
 

The object was projected as a complex of several buildings 
situated on the whole location in the shape of a horseshoe. It is visibly 
defined what are public, private and semi-private functions of the 
object. The number of floors was given through the urbanistic 
conditions, but the dimensions which make the unique urbanistic form 
are different due to its contest and materialization. Architectural 
expression is connected to tradition of modern architecture of Novi 
Beograd. Corbusierian elements of urbanism and architecture, in the 
best tradition of  Moderna, were transformed to this small urban 
structure.  

  
Figure 12,13 The third and fourth phases - penetrations and sections  

 
The work of student Nikola Dimitrijević was adding superstructure 

to the existing expression. His different composition of forms and 
implementation of secondary remodeling, cuts of bigger forms which 
give a new look and artistic dynamic, are features which make an 
extraordinary quality of the project.  Penetrations and sections were 
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given in the third phase, while the status after shaping was shown in 
the fourth phase. 

 
Figure 14 The fifth phase 

 
Different composition of business and residential parts is present 

through the use of various details of the facade, but up to the moment 
when the visual sense does not lose the unity of form and appearance 
of the entire complex. On the business part, elements of expression 
were obtained using different profiles of facades, emphasizing 
squareness and repetition of the same elements, but in the discrete 
context. That way a lacy dynamic structure was obtained, which was 
later transferred to the residential area of the building in a different 
way. Softening of form on the residential area is evident in the choice 
of warmer material on the terraces (wooden paneling) and their 
different disposition on the facade. With the careful orchestration of 
all these elements the excellent graduate work  has been brought. 
 

 
Figure 15 final layout  
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5. BMU EXPERIENCES IN TEACHING 3D MODELLING AND 
RENDERING 

5.1. Intro 

Computer graphics and digital image processing techniques have 
evolved over the years, thanks to rapid advances of IT technology and 
become integral component of almost all computer based applications. 
On the other hand, in spite of well-developed and often sophisticated 
algorithms and techniques there is a class of applications like virtual 
reality, real time computer simulation and computer games where 
visualization needs are not easily fulfilled. Namely, visualization tasks 
share both time and computer resources with other software tasks and 
should be balanced in application. 

This part of article presents experience in teaching 3D modelling 
and rendering at Belgrade Metropolitan University (BMU), where 
bachelor, master and doctoral levels of study are available. Thus 
during the studies a student is focused on basic techniques, as well as 
on more advanced ones, which usually make part of research work. 

5.2. Studies at BMU of 3D modelling and rendering 

At BMU 3D graphics is central area of two curriculums:  
• Interactive media at FDA (Faculty of Digital Arts) 
• Computer Games at FIT (Faculty of Informatics Technologies), 

at bachelor level [1].  
Master and doctoral level studies contain several courses (like 

design of virtual reality systems, serious games, real time simulations) 
as a part their curriculums. 

Interactive media is artistic oriented curriculum, with the primary 
goal to learn how to create and animate in 3D objects and virtual 
worlds. Thus, techniques learned are based on using drawing and 
modelling tools (e.g. Photoshop and Maya) to produce 2D and 3D 
artefacts, as well as easy to use game engines (e.g. Game Maker Studio 
and Unity 3D). After finishing studies at bachelor level students are 
able to create their own simple games or similar interactive graphical 
applications using easy to use game engines. 

Computer Games curriculum at FIT is considered as a part of 
Computer Science and Software Engineering with primary aim to 
create software for real time graphical- based applications and 
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computer games. Goal of these studies is to learn basic 2D and 3D 
programming techniques, how to optimize computer resources to 
enable efficient real-time rendering and how to attribute physically 
realistic and intelligent behavior to virtual worlds. 

After finishing studies at bachelor level students are able to create 
their own simple game or similar interactive graphical application 
using programming language (e.g. C++ C#, or other). 

Master and doctoral level of studies are also available at BMU, 
both at FDA and FIT and more advanced 3D modelling and rendering 
techniques make part of it.  

Virtual Reality systems are studied at FDA going beyond traditional 
artistic limits - study includes also programing aspects of creating VR 
worlds. On the other hand, studies at FIT, although primarily oriented 
towards programing virtual worlds and real time simulation, include 
also modeling techniques in order to produce simple 2D  and 3D assets 
for virtual worlds. 

More details on curriculums implementation at BMU may be found 
in references [1-5]. 

5.3. Computer games and VR at BMU - advanced topics 

Master studies at BMU are focused on low cost virtual reality 
systems and real time simulations, which largely coincide with so-
called serious games.  

Unlike traditional games designed primarily for entertainment, 
serious games have additional purpose (usually education or training). 
In fact, serious games attempt to serve as low cost version of more 
complex (and expensive) virtual reality based training and simulation 
systems (that's why are often called „light-weight simulators“). In 
other words, serious games exploit well developed game technology to 
solve (some of) the tasks in simulation and training, but also to 
preserve challenges and attractiveness of entertainment games. 

In serious game context virtual (or game) world should be more 
close to real world. It is also useful if this closeness could be 
objectively evaluated. Especially a class of simulation games used for 
training purposes should possess not only high visual realism but also 
realistic time behavior of virtual world.  

For this reason design of serious games often goes beyond basic 
game implementation techniques and requires more efficient and 
improved solutions. In the following text two such results will be 
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presented, obtained by students at master level, to illustrate both the 
study content and challenges in extended game application area. 

 

6. EXAMPLES OF STUDENTS WORK AT FIT 
 

6.1. Planar projection shadows 
 

Shadows, encountered in real life, are often omitted from the 3D 
real time rendering applications in order to simplify computations and 
to avoid the bottlenecks.  

On the other hand, shadows increase visual realism of the scene 
adding information on relative objects position and its shape, and 
therefore there is on-going interest to develop resource and time 
efficient algorithms for implementing shadows in low cost 3D real time 
rendering applications, like computer games.  

Figure 16. Planar projection shadows 

One simple and efficient technique, called Planar Projection 
Shadows has been studied in [6] in order to assess feasibility of 
implementation in 3D computer games. 

Although the technique is limited to shadow projection on flat 
surfaces, the conclusion of the study is that it will work in most of the 
typical 3D games, i.e. it will add satisfactory level of visual realism 
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without big increase in computational complexity or software 
complexity. 

Figure 16 shows illustrative example of object exposed to multiple 
light sources and its shadows on flat surface. 

 
6.2. Serious game 

One of the group projects associated with serious games and 
virtual reality study is car driving simulation game. It is planned as 
student project whose activities are split in series of homework and 
student individual or team projects, and series of iterations which will 
lead to realistic training environment. Each homework should 
contribute to the current version of simulator (in some aspects like 
study of alternative solutions), and each student’s project should 
result in new working prototype. 

Figure 17 shows screenshot of simulator with interior of a cockpit 
of a car in urban traffic environment.  

 
Figure 17. Car driving simulator – serious game 

The result of one of student’s project was distributed architecture 
of simulator on two computers. The first computer performs rendering 
of the virtual world (i.e. scene visible from driver’s eye in cockpit), 
while the second computer performs all other needed computational 
tasks. 

Figure 18 shows screenshot taken from the second computer which 
reads and displays driver controls. This screen could be replaced with a 
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commercial low cost car controller, and this will probably happen in 
some future version of the simulator. 
 

 
Figure 18. Car driving controls on the second computer  

 

7. EXPERIENCES IN TEACHING 3D MODELLING AND 
RENDERING AT AALBORG UNIVERSITY IN COPENHAGEN 

 

Media Technology (“Medialogy”) as a study line was established 
in 2002 at Faculty for Engineering and Natural Sciences at Aalborg 
University (AAU) in Denmark, at the Institute for Architecture, Design 
and Media Technology. It belongs to a kind of new multidisciplinary 
engineering studies, which combine engineering, humanities and 
design 7. Students’ main aim is developing interactive applications and 
interfaces for them.  Teaching methodologies combine Problem based 
learning 8 with classical teaching, as well as group collaborative 
working using appropriate software tools, like Matlab, for doing 
mathematics and statistics,  Maya, animation software tool that 
students use for production of images and animated movies, and Unity, 
a game-engine. Medialogy students are typically design/artistic 
inclined, so teaching them even slightly advanced 
mathematical/programming concepts, especially if they need to 
implement those concepts in projects they develop, is a challenging 
task. 

Computer Graphics Rendering course is 5ECTS course on the 5th 
semester of studies. Prerequisites for this course are Animation and 
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Graphic Design (1st semester) and Audio/Video Production (3rd 
semester). In parallel with this course, students follow closely related 
5ECTS course on Computer Graphics Programming (mostly focusing on 
programming geometry in 3D space), and need to do 15ECTS semester 
group-project on Audio-Visual Experiments – Pre-Rendered or 
Interactive Experiences. The course is essentially about lighting and 
rendering in 3D computer graphics, about thinking of the 3D rendering 
tool as a camera on equal terms with a regular digital camera, and 
about illumination in both totally virtual scenes, and in scenes with 
mixed content (real images mixed with virtual objects). In the course 
practice and theory are mixed with an emphasis on getting to an 
understanding of what happens when one presses the RENDER button in 
the modeling/rendering tool, e.g., 3DS Max or Maya. 

The course is organized as a serial of 11 4-hours lessons delivered 
in the first half of the semester.  Theoretical presentation and short 
exercises are mixed, and after each lesson there is a short obligatory 
homework. Two weeks after the course is finished there is a deadline 
for mid-term work, where the students have to demonstrate that they 
are in a rough command of practical aspects of the course. They get 
feedback both from the course teacher and their palls, and are 
welcome to discuss issues, obstacles and solutions. It is important to 
stress that during the classes only general theoretical issues are 
discussed, independently of the application tools. Students are 
expected to master needed tools by themselves, working individually 
or in groups (encouraged!), using on-line tutorials suggested by teacher 
or any other material they find.  Using scripting language or C# to fine-
tune special features in Maya or 3DS Max is encouraged, and the 
students are given several tutorials to follow. 
 
Lessons include: 
 

• Basic lighting model (Ambient, point, spot, directional and area  
light, as well as environmental spheres); 

• Global and local illumination, radiometry, radiance and 
irradiance, including mathematical formulas behind different 
kinds of light and how to cheat them (Phong, Blinn,…) 

• Special ligting and shadows (Functions of shadows, Depth map 
shadows, Raytraced shadows) 

• Basic of raytracing 
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• Mathematics needed for image augmentation (tracking issue: 
camera position, occlusion issue: scene geometry) 

• High dynamic range images and environment maps for image 
augmentation, including illumination issue: match lighting 
without reference data 

• Approximating environment maps with directional light sources 
and the Median Cut approximation algorithm 

To qualify for the exam, students need to prepare a rendered 
work, consisting of a 2D image of whatever scene they want, 
augmented with virtual object(s) of their choice. All lights, reflections, 
refractions and textures should be as faithful as possible, and for 
higher grades, difference between real and virtual objects on the 
scene should not be noticeable. Together with the image, 10-20 pages 
of technical documentation are required. The technical documentation 
has to contain all needed details (camera setup, Maya parameters, 
etc.), including relevant screen-shots and explanations why certain 
features have been chosen, so that somebody else, with decent 
rendering knowledge, but without a knowledge on the particular work, 
could repeat it. It should be a kind of step-by-step tutorial how to 
obtain raw data and how to modify them in order to obtain the final 
image. 
The final exam is oral, approximately 15-20 minutes per student. The 
delivered image serves as the starting point for the conversation, but 
teacher and censor could also chose to ask any theoretical or even 
mathematical question needed for explanation of various techniques 
and algorithms.  
 
 

8. EXAMPLES OF STUDENTS WORK AT AAU 
 

Three different students’ exam projects will be presented here: 
two of them using very well controlled indoor scene, and one using 
outdoor footage. Two are examples of successful projects, where all 
attention and background mathematical knowledge of proper positions 
and angles have been taken into consideration. The third one is a 
failure project, and illustrates that even powerful technological tools 
could not compensate for lack of planning and lack of knowledge. 
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Figure 19,20. Planning phase for real-scene footage, and modelling 
corresponding light sources and camera positions in Maya 

  

Figure 21,22 Good pre/post image: Environment mirrors in the reflexive jar, 
and real pencil can be seen through virtual glass bottle with proper 
refraction 

  

Figure 23,24. Good pre/post 2: Candelabras added with proper perspective, 
as well as reflective trash-can and sculpture 
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Figure 25,26. Example of a bad work: Technology cannot work alone - 
without a proper planning and understanding, shadows are quite unnatural 

9. CONCLUSION 

In this paper we have presented quite impressive students’ 
achievements in using contemporary 3D modelling tools  for three 
different courses in three different schools,  The technology used is 
similar, however theoretical background and implementation 
requirements are different: from urban planning, via scene 
augmentation to computer games. Our practice shows that the 
students need to be taught basic principles of their professional 
disciplines, and if properly motivated, they can master the tools 
themselves and be quite creative with them – from using many 
features of the tools, to enhancing and optimizing the tools 
themselves. Moreover, as 3D modeling and rendering in real time 
(virtual reality and games context) should be performed taking into 
account functional properties of the application in order to efficiently 
utilize computer resources. Present study at BMU gives encouraging 
results not only in teaching students how to create games and VR 
applications, but also shows that the students can contribute to 
development of low cost Virtual Reality technologies in South-East 
Europe. 
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Abstract 

This paper shows grading system for the professional courses on 
the study program of Computer Graphics - Engineering Animation at 
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1. INTRODUCTION 

Engineering Animation is an interdisciplinary program which 
connects the courses of electrical engineering and computer science 
with mathematics. Computer Graphics and Engineering Animation are 
areas which have been used in various technical disciplines. Also, they 
are an integral part of any product or development process today and 
involves almost all areas of life (traffic, electrical and electronic 
engineering, geodesy, architecture, civil engineering, medicine, 
industrial design, fine arts, film and video-game industry, web design, 
etc.). All this gives a strong social significance and justification of 
investments, both in developing the necessary technologies and in 
training of expert personnel who will deal with these widespread and 
necessary tasks of nowadays. 

Undergraduate Academic Studies last for four years and comprise 
of 40 subjects, of which 31 are compulsory subjects and nine elective 
positions with a choice of several subjects. During the studies, 
especially in professional courses, independent work is highly rated, 
students are encouraged to participate in professional and 
development projects, and the focus is on the development of the 
skills for solving real problems.  

A large portion of courses taught at the first few years of study 
contain the necessary knowledge which sets the basis for 
understanding the problems of Engineering Animation, whereas the 
senior years are mainly devoted to the specialized courses which 
provide necessary technical and applied knowledge. Side by side with 
professional courses, study program of Engineering Animation 
comprises four artistic/expert type of courses. Obradović [6] presented 
the importance of the introduction concerning artistic type of courses, 
emphasizing that students should be able to have a constructive 
cooperation with the Fine Arts associates, to understand 
communication standards with artists and to know how to explain their 
requirements and ideas to Fine Arts associates. In addition, Vujanović 
[7] exposed the program and the end results of students attending two 
Fine Art courses, with special focus on the adaptation of the courses to 
students who had no experience in fine art and drawing. 
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2. PROFESSIONAL COURSES – PROGRAM AND GRADING SYSTEM 

Among numerous professional courses, three courses were 
selected that will present their grading system, manner of evaluation, 
and students' success which was realized in the last three examination 
periods. The methodology of teaching in these subjects is identical and 
consists of lectures, practical classes in the computer laboratory and 
consultations. As an outcome of these three courses it is expected that 
students will be able to apply acquired knowledge in the further 
process of education as well as in the future of their professional work. 

2.1 Content of the courses  
Spatial Shape Design (SSD) is the course in the first semester and 

its main objective is enabling students for spatial visualization and 
generation of spatial models. 

The course contains: Graphic programme systems and models. 
Methods of information presentation: raster graphics and vectors 
graphics. Fundamentals of spatial shaping. Users interface. Structure 
of program systems for spatial shaping. Image: natural and generated. 
Object recording. Presentation of Projection and Views. Classic views. 
Orthogonal projections. Axonometric projections. Oblique projections. 
Perspective. View design at the computer. Camera position. Curves in 
Computer Graphics: cubic spline, normalized cubic spline, Bezier 
curves, NURBS. Surfaces in CG: surfaces of revolution, sweep surfaces, 
quadrics, ruled and developable surfaces, Coons linear surfaces, Coons 
bicubic surfaces, Piecewise surface representation, mapping 
parametric surfaces, bilinear surfaces, Bezier surfaces. Geometric 
primitives: cube, box, cylinder and sphere. Curves and surfaces 
intersection: algebraic methods, subdivision methods, discretization 
methods. Contour line of surfaces. Surfaces intersection on basic on 
geometric models. Boolean operations on solids. Visibility: Painter 
algorithm, Newell's algorithm, Warnock's algorithm, Z Buffer algorithm. 
Clipping Algorithms: Clipping, Cohen-Sutherland Line Clipping, Cyrus-
Beck. Changing the shape of objects. Global changes of shapes. 
Changes of free form. Transformations: 2D and 3D. Space 
configuration. Obtaining 3D image from the 2D sample. Fractals. 
Application of different application software. Sketching: 3D scene. 
Setting the scene: eye point and the plane of the figure. 
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The course of 3D Modeling (3DM) is intended to introduce methods 
of 3D object modeling and animation and students attend this course 
in the third semester.  

The course contains: Mapping. Mapping procedure, Interpolation, 
Interpolation parameters, linear interpolation in 3D. MIP map. Bump 
mapping. Dislocated map. Illumination map. Illumination. Definitions: 
light, lighting, shadows. Visualization of lights. Reflection: Phong 
model, Specular reflection, Diffuse reflection. White and colored light. 
Tinted light. Light and water, Caustics. Light sources: point and cone 
light. Cylindrical light and area light. Ambient and linear light. Basic 
components of light sources: position and orientation, color and 
intensity, shadow. Lighting scenes: Key light, Fill light, Kick and Rim 
light. Light position: frontal and laterally. Camera. 3D view: synthetic 
camera. Visible surfaces. Synthetic camera: position, orientation, Look 
and Up vectors. Aspect Ratio. Angle of view, camera lens. Front and 
Back clipping planes. Focal Length. Camera types: Target and Free. 
Camera view control. Depth of Field. Camera on Path. Types of 
Camera Shots. Dynamic camera. 

Fundamentals of Engineering Animation (FEA) is the course in the 
fifth semester and its main objective is enabling students to produce 
computer animation, introduction to the basic concepts and methods 
for animation generation. 

The course contains: Modeling hierarchal kinematics. Movable 
segments, types of joint connections. Simulation of physical effects. 
Surrounding. Coloring 3D models and rendering. Application of 
different application software. Sketching: 3D scene. Sketching as an 
animation base. History of animation and computer animation. 
Creative development of animation: scenario preparation, scene and 
character analysis. Character design, making production strategy, 
creating teams for technical realization of animation, scene assembly 
(image and sound). Modeling: space, objects and structures. 
Transformations, global and local. Modeling techniques, curves, 
primitives, surfaces. Fractal geometry, particles system, plant 
modeling, physical features modeling. Modeling skin, hair and clothing. 
Rendering: light, cameras and materials. Color models, RGB, HSL. 
Different rendering models: Z-buffer, Ray Tracing. Brightness and 
reflection. Shading: diffuse, specular, smooth, ambient, RenderMan 
Shading. Mapping images, creating maps, real time maps, positioning 
maps, blending maps. Surface reflection. 
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2.2 Grading System  
According to the Rules and regulations on teaching [3] at Faculty 

of Technical Sciences, pre-exam obligations can be evaluated with 30, 
50 and 70 points. We chose a model in which the pre-exam obligations 
carrying the maximum of 70 points, with the option for students to 
gain an additional 10 points, and the final exam carrying 30 points. Our 
expectation is that the continuously working students will pass the 
exam in the first two examination periods, were realized. 

This method of teaching requires a well-coordinated team of 
teachers and assistants, permanent work of both, students and 
teachers. Also, it is necessary to clearly define the rules for the pre-
exam obligations, then create tasks that represent logical units and 
that are following the rhythm of lectures and exercises. Building up 
such a grading system for the new subject is particularly difficult for 
teachers and assistants, but this grading system provides long-term 
positive results. Also, in this manner, the subjective impression of the 
individual student is reduced with multiple evaluations which gives a 
more realistic picture of the students' knowledge. Students are 
required to work continuously throughout the semester, to take active 
participation in practical classes, to actively and promptly complete 
their tasks. 

The adopted grading system is common for all three courses. The 
final grade is based on several things: lecture and exercise attendance, 
results of the pre-exam obligations and the success at the final exam. 
Student can earn a 100 points at the most, of which pre-exam 
obligations carry 70% and the final exam 30% of the points. Pre-exam 
obligations involve (in addition to the mandatory attendance at 
lectures and practical classes), solving specific tasks and problems of 
single thematic units using computer programs, and the final exam is 
written part of the exam which contains theory of specific areas. Pre-
exam obligations are structured through three mandatory tasks (the 
first project task, the second project task, the project) and one 
elective task (the task for the practice). 

 

 

 

 



 

342 

Obligations Points 
Pre-examination (PE) 70* 

Lecture attendance 0-5 

Exercise attendance 0-5 

First project task 0-15 

Second project task 0-15 

Project 0-30 

Exam 30 

Total 100 
*Task for the practice carries 10 points, so a students can earn  

70 + 10 points for PE 
 

Figure 1. Distribution of points 

3. ANALYSIS OF STUDENTS' SUCCESS RATES 

We presented students' success rates in the last three examination 
periods (January, February and April) and distribution of points for 
those who have passed at the example of the three above-mentioned 
professional courses. 

By the analysis of students' success rates in the last three 
examination periods, it can be concluded that more than 80% of 
students fulfill pre-exam obligations in the specified deadline and 
meet requirements for the final exam. Out of that number, 75% of 
students pass the exam in the first three examination periods right 
after finishing the course (more than half of these students pass in 
January). 

Regarding students' average grade per examination period, in 
January and April it is equal to the amount of 8,2 and in February it is 
slightly lower - 7,5. Furthermore, it can be concluded that the 
majority of students have received grade 10 in January (the first 
examination period). 
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Courses 
Total 

number of 
students 

Did not 
fulfill 

PE 

Passed Did not pass in 
the first 3 

exam. period 

Overall 
pass rate 

January February April 

 
SSD 

 
62 

 
7 

43 9 1  
2 85,5 % 

53 

 
3DM 

 
70 

 
11 

25 19 5  
10 70 % 

49 

 
FEA 

 
36 

 
7 

24 4 1 
0 80,6 % 

29 
 

Figure 2. Students' pass rates for the first three examination periods 

3.1 Spatial Shape Design (SSD) 

 
Figure 3. Pass rates per exam. per.   Figure 4. Students' grades per ex. per. 

3.2 3D Modeling (3DM) 

 
Figure 5. Pass rates per exam. per.  Figure 6. Students' grades per ex. per. 
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3.3 Fundamentals of Engineering Animation (FEA) 

 
Figure 7. Pass rates per exam. per.   Figure 8. Students' grades per ex. per. 

4. EXAMPLES OF PRE-EXAM TASKS FROM THE 3D MODELING COURSE 

The first project task - modeling the part of the interior, define 
and map materials for models. 

 
Figure 9. 3DM first project task, by Veljko Goločorbin 
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The second project task - light up the model (interior) with the 
standard lights in two scenarios: daylight and night light. 

 
 

 
Figure 10. 3DM second project task, daylight (above) and night light (below) 

by Dragana Vojvodić 

 

Project – modeling the part of the exterior, define and map 
materials, illuminate with the standard lights in two scenarios: 
daylight and night light. 
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Figure 11. 3DM project task, daylight (above) and night light (below) 

by Nikola Damjanović 

5. CONCLUSION 

With the program of professional courses, which are the basis for 
training students to identify and apply different techniques in solving 
specific problems and tasks, it is necessary to motivate students to 
work continuously throughout the semester. At the study program of 
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Engineering Animation this is achieved by introducing more dominant 
scoring of pre-exam obligations in relation to the scoring of the final 
exam. 

For the purpose of the successful implementation of each course, 
it is very important to continuously monitor efforts and achievements 
of students during lectures and practical classes, and frequent 
evaluation of their success at the final exam. Our expectation is that 
this specific grading system for each course will give optimal results 
after the third year of execution of the course, and this is the period 
that is required to form the course into a clear unit. 
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EFFECTS OF CAD (COMPUTER-AIDED DESIGN) PROGRAMS 
ON THE PERCEPTION OF SPACE WITHIN ARCHITECTURE 

STUDENTS 
 

Ninoslav Ćirić1 
 
 

Abstract 

We live in a time where CAD (computer-aided design, in further 
text CAD) programs increasingly take charge over tradicional methods 
of performing, but also 3d modeling within architecture student 
groups, designers, planners, architects and civil engineers. The 
purpose of the study was to determine relationship of an interaction 
between working in CAD programs and their current impact on the 
perception of space in architecture students, with a view to a better 
understanding of the subject, as well as creating a series of exercises 
in CAD programs that can, as soon as possible and efficiently, enhance 
the feeling of space with the architecture students, architects and 
other professions where the skill is required. Tests were conducted, 
which were intended to check on these interactions, thereby 
determining the reported limitations. Based on the processed tests it 
led to certain conclusions, but also to the direction of the further 
research and better knowledge of this topic. 

Key words: CAD, quantity, quality, visual perception  

                                            
1 - Ninoslav Ćirić, PHD student at Faculty for Civil Engineering and 
Architecture in Niš 
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1. INTRODUCTION 

It is more common, in the world and in Serbia, using of programs 
that facilitate the drawing and modeling of architecture structures. 
Using these programs, distances students of architecture from the use 
of traditional methods for the design such as a ruler, paper and 
pencils. The question is whether these programs are changing world of 
architecture today, but also other professions that use these programs 
for proper purpose. The idea for the research came from the work of 
James L. Mohler [5], which aims to create a control panel that will 
facilitate new AutoCAD users a better and more effective coping with 
this program. Furthermore, the research is based on the idea that 
there is a relationship between the user of AutoCAD software and their 
experience better space than those who do not use this program. The 
tests that were carried out were taken from "Psychometric Success, 
Spatial Ability" [2] test, written by Newton P. and Bristoll H. Tests are 
designed for those who work in fields such as architecture, design, 
engineering, and other areas that require a better sense of orientation 
in space than the other professions. Furthermore, idea also came from 
"Mixed reality benefits for design perception", paper written by 
Dunston P.S., Wang Y., Bilinghurst M., Hampson B., [1] where they 
seek to improve design and better understanding of CAD programs to 
improve ideas for modern architecture and civil engineering. This 
paper seeks to answer the question: Does AutoCad program, and to 
what extent, improve perception and a better sense of space? This 
question opens up possibility for further researches, which are also 
related to this topic. 

2. MATERIALS AND METHODS 

To get the most accurate data, it was accessed to experimental 
methods for answering the previous question. Based on the processed 
data that was analyzed, the conclusions were drawn as far as the 
problem itself, but also as a opening to new opportunities for better 
implementation of further testing, based on the experience factor and 
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seeing the flaws that were made, which should certainly bring down to 
a minimum in further research. 

2.1. Description of the procedure 

It was thoroughly enforced how to approach this issue, and to 
avoid, or at least greatly reduced external influential factors. As noted 
above, the basis for tests, which were implemented, was drawn from 
the test "Psychometric Success" [2], which is based on determining the 
spatial perception in humans (Figure 1.). 

 
Figure 1. Page example of "Psychometric Success" test 
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The test 0above was designed to be carried out for a certain time, 
namely 20 min, while the tests prepared for Participants, were 
designed to be done for 10 min. It was accessed in a manner which had 
purpose of not only obtaining answers to the question whether the 
Participants  that are working in AutoCAD for certain time, better 
solved tests, but whether they did it faster and more efficient, 
because the time of 10 min was almost impossible for Participants to 
complete the test, which was later proven to be a correct assumption. 
If it were to happen that the candidate has completed the test in less 
than 10 min, it were to be written down during which time the 
candidate did test 1 and test 2, this did not happen in the observed 
sample. Tests (Figure 2.) for this experiment were performed in two 
phases. 

 

Figure 2. Page example of the test conducted for this experiment 
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 Phase one involves testing the Participants prior to their work in 
AutoCAD, while the phase two  involves testing the Participants after 
working in AutoCAD. The most important thing to note is that the 
Participants were not informed about the existence of the first and 
second test, to minimize the factor of anticipation and mental 
preparedness. Participants were briefly explained what the tests are 
and what they need to do. The Participants were given test one before 
the start of the modeling in program, after 1 hour and 30 minutes of 
active work and modeling in the program, Participants were given test 
two. Test one and Test two are not identical (Figure 3.),  

 

Figure 3. Example of difference between test one and test two, same page - 
3 from test one (left), as page - 3 from test two (right) 

in Test two, there was a change in the sequence of responses 
compared to test one, and certain elements were changed in the form 
of a rotation, all in order that test one and test two have the same 
difficulty but are still different. The different order of response was 
deliberately given, in order to avoid memory response, which would 
contribute primarily to operating speed, and therefore influence (most 
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likely increase) the percentage of quantity done on test, therefore 
reduce the value of the sample. Tests were anonymous, test one, that 
was given to Participants, was labeled with Arabic numbers (1,2,3,4, 
...) and the test two was labeled with Arabic numbers that were added 
besides the letter P (1p, 2p, 3p , 4p, ...) in this way, applicant who has 
worked on test one, for example, and was given a number 3, when  
assigned to the test two, he was given test labeled 3p, all in order to 
avoid mixing of the sample results and evade inaccuracy. It is 
necessary to say that it was not taken in account what was the 
percentage of test done by the Participants, but the idea was to check 
the current changes in the visual perception of the Participants before 
and after the use of AutoCAD. For this study, it was important if on 
first test the Participants did 30% correct, will the other test be more 
or less or same percentage done accurately. After completion of the 
test two parameters were measured: 1. Percent of test done before 
and after working in AutoCAD,  2. percent done accurately before and 
after working in AutoCAD. It can be said that qualitative and 
quantitative parameters were taken in account. With this experimental 
approach to the implementation of the tests, it was not crucial age of 
Participants, their mental preparedness, or their previous experience 
from doing such tests because these are the same Participants who 
took the test before and after working in the program. In this way, 
problems that may occur in case of various groups in which the 
experiment is carried out are avoided. 

2.2. Limitations of the procedure 

After performing the experiment and gaining some experience, it 
was concluded that there were some limitations when performing the 
procedure. Two major limitations appeared : 1. A small number of 
Participants, 2. Participants experiential factor. 

A. Small number of Participants - The reason for this limitation 
was the low turnout of students in exercises, so the sample on which 
testing was performed reduced to eleven people. Certainly, the results 
vary on larger samples, so currently we can speak of a representative 
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sample, which may serve as a guideline for further research and 
comparison; 

B. Participants experiential factor - Participants were not 
informed about the existence of tests (nether the first one nor the 
second one), however, even without notice, there was certainly 
experience in taking second test, compared to the first one. This did 
not affect the qualitative aspect of the test, because there were no 
same answers in Test one and Test two, so it was not possible to 
compare, but it certainly, to some extent, affected the quantitative 
aspect, namely the number of questions that were answered in the 
second assay. 

2.3. Proposal for reducing restrictions in further research 

In order to avoid occurrence of limitations or, at least, reduce 
their number, concrete solutions need to be done. 
1) Low turnout of candidates - solution could be found in the selection 
of appropriate time for conducting the testing, specifically, counting 
the number of candidates who are present before splitting the first 
test, if the number is low, test should not be split; 
2) Experiential factors - could be reduced to a minimum by explaining 
the test more accurately before the split of test. Explain in detail what 
to do, and so the participants would have experience of the test 
before conducting test one. 

3. RESULTS 

Are given by table 1 and table 2, where table one represents 
quantitative and table two qualitative differences between the test 
one and test two conducted on participants. 
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Table 1. Quantitative difference between test one and test two displayed in 
percentage, participants are numbered 1-11 

 

Table 2. Qualitative difference between test one and test two displayed in 
percentage, participants are numbered 1-11 
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4. DISCUSION OF RESULTS 

Looking at Tables 1 and 2, of which Table 1. presents the 
quantitative aspect of the test, that is, the number of solved questions 
on test one and on test two, and Table 2. presents the qualitative 
aspect of solving tests, namely accuracy of Test one compared to 
accuracy of Test two, it can be seen that there is some change 
between the results of tests. Looking at the quantitative aspect, 
participants are in percentage far better on test two compared to test 
one. Except for the first two results, of 11 candidates, 9 of them done 
also qualitatively more accurate  test two compared to test one. Based 
on the results of the tests with the both aspects included, there was a 
presence of positive change within the participants on whom the 
experiment was conducted. 

1) Quantitative - test two 100% of the participants have done 
better than the first test, the number of issues done is greater with 
participants that did the test two than on test one (Table 1.); 

2) Qualitative - 81.1% of the candidates have done more 
accurately test two than test one. Test two was conducted after 1 hour 
and 30 minutes, and the participants were not informed of the re-
examination. On the basis of better results in test two, it has come to 
the conclusion that working in AutoCAD for one and a half hour 
contributes to better perception of space. 

In any case, the operation with a small sample (11 candidates) 
may be in some point questionable, but further research should work 
with the larger sample, and it should obtain better results. 

4.1. Conclusion 

After the research, it was concluded that there is a positive 
impact of CAD programs on the perception of space in architecture 
students. Quantitatively and qualitatively test two was better done 
after students worked in AutoCAD program for some period of time. As 
only a small sample was studied, it can be the only drawback in this 
paper, but it is possible to repeat the testing on a larger sample in 



 

357 

order to obtain better and more precise results. Apart from the 
number of respondents, the limit was also experience, but this factor 
may be taken into account in the following research. It would be 
necessary that participants get familiar with the first test, before they 
start working on it, which would lead to more valid results. All tests 
were conducted on students of architecture, who need to promptly 
develop the perception of space.  
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Abstract 

On the course of Computer Graphic-Engineering Animation studies 
in Novi Sad the subject Freehand drawing (Slobodno crtanje) is the 
first Fine Arts subject the students attend in the first semester of the 
first year. The majority of attendants have no experience in fine art 
and drawing before enrolling in this course that represents a basis for 
all other drawing courses in the senior years. The concept of 
geometrical optimization of real life models is one of the basic lessons 
of freehand drawing in animation introduced by the program of this 
subject. This paper shows that methodology applied in student works 
can improve overall understanding of form and space. 

Key words: geometrisation, drawing, visualization, measuring, 
Engineering Animation 
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1. INTRODUCTION  

There are two challenging things about teaching freehand drawing 
to the future Engineers of animation. The first one is the fact that 
majority of our students have insufficient knowledge or experience in 
art. The second is that this is one semester subject and during those 13 
weeks students need to learn to draw a human figure knowledgeable 
enough to be able to put it in movement in the following semesters. 
The main goal of the subject is to provide a solid ground for 
perspective drawing and basic form visualization in art and animation.  
Theoretical lectures and practical lessons-drawing exercises are 
defined in the manner of step by step application of geometrisation of 
real life models in drawing. 

The main goal of this paper is to present the program created for 
future engineers and the results of  applying this method. The 
following chapter describes the basic technique of measuring and the 
real life model geometry and basic perspective drawing on the 
example of wire cube. In the third chapter the geometrisation and 
simplifying the real life model is described and the results of applying 
this technique is shown on the examples of student works. 

2. THE BASIC TECHNIQUES OF MEASURING  

As it is mentioned in previous work (Vujanović, Janev, et. al., 
2012) the concept of practical drawing classes was to gradually 
introduce students to drawing starting with the simplest tasks. 
Students first learn to draw geometrical bodies in perspective. A 
lecture about perspective and measuring technique used in naturalistic 
drawing is taught at theoretical class. The first practical task is a still 
life drawing.  A cube made from wire is a model, and the task is to 
draw it precisely as seen so that exact angle from which the cube is 
observed, exact distance from the cube is transcended to the paper. 
Thereby the students master creating the illusion of 3D object in the 
2D medium. The understanding of the previous relations on the model 
of cube is one of the most important steps for students in the process 
of learning. The cube is made from wire so we see all 8 points that 
define it as it is seen on figure 1. We choose a line segment bounded 
by two angular cube points, and the best choice is usually a line 
segment that is closest to us and is vertical or horizontal. It is because 
it’s impossible to take exactly the same hand position when measuring 
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under angle than when measuring a horizontal or a vertical line, and 
there is always something horizontal or vertical in nature that we can 
look up to. This unit is taken to be a unit of measurement (figure 1. 
right). 

    
Figure 1.A unit of measurement on the wire cube: left-photography of a wire 

cube model, right-the measurement unit applied to the wire cube. 

This  is the same measuring technique used by most art courses, 
and it originates from the mid-fifteenth century Brunelleschi's 
experiments, where he demonstrated how  a real size model could be 
faithfully re-presented in its image. Damisch (1994) states that the 
image constructed this way holds a  certain truth that could be 
instantly validated.  The real importance of Brunelleschi's perspective 
representation as a method for representing, constructing and thinking 
about  the world was how it henceforth `conditioned the mind's eye to 
“see” three-dimensional  images' a-priori (Edgerton, 1991). 

When drawing from nature this technique enables the students to  
grasp the real proportions, angles, dimensions of observed object and 
to put it in composition as wished. It gives a control to the artist. Also, 
the advantage of this approach to measuring is that it doesn´t require 
great talent. One can learn it and master it through practice, learning 
to draw requires repeated practice through a trial-and-error process 
(Bernstein, 1967; Latash, 2002). 

We would use the unit to measure everything else - all other sides 
of the cube, slopes, angles, etc. It is  only used to measure what the 
observer  sees. It is not to be translated directly on the paper. All the 
proportions of the model are scaled in regard to the other elements of 
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the cube. That way for example one can draw a huge building on a 
small piece of paper. 

While measuring, one should sit or stand with the straight back, 
always in the same spot, in the same position, with the same hand 
stretched straight and looking through only one (always the same) eye 
(figure 2). Our brain forms 3d picture by using visual information from 
both our eyes, so by closing one eye it enables us to see in 2d and to 
easy translate three-dimensional situation into two-dimensional one. 
And that`s exactly what we`re doing this way - we use our stretched 
hand to measure all important points, line segments, angles of object 
we draw in the imaginary plane our hand forms and our one eye sees. 
This approach is appropriate for all types of observational drawing and 
for different subjects ranging from landscape and still life to figure 
drawing (Stanyer, 2005). 

Measuring horizontally or/and vertically is the correct method, for 
the reason mentioned above. For all the points that are not on the 
bottom of the cube, that means we need both vertical and horizontal 
dimension. 

 
Figure 2.Students using the measuring technique 

 Learning to control the composition of visual elements on the 
paper and the layout is the next important step for mastering the 
basics of drawing. On this course it is required that the drawn cube 
occupies the largest amount of the paper possible. That way a student 
learns to compose the drawing and visually organize the surface of the 
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paper. By making margins and translating proportions of height and 
width of the cube on them, the cube is roughly placed on the paper. 
The next step is marking the points that define the unit of 
measurement. Then, in the same way, all other points can be found by 
measuring horizontal distance from one side of the cube, and vertical 
distance from bottom or top of the cube (figure 3). 

 
Figure 3.Horisontal and vertical measuring of the wire cube 

3. THE APPLICATION OF THE BASIC MEASURING METHOD ON 
COMPLEX FORMS 

Based on the principals of measuring learned on the first part of 
the course, more complex geometrical shapes are drawn. The final 
goal of this subject is applying this technique to drawing the human 
figure. 

The first task in this stage of the program is drawing a pyramid 
with a square base.  
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Figure 4.Wire pyramid model 

Finding a unit of measurement is not so easy now because there 
are no vertical sides, and from the most angles of observing, there are 
no horizontal either. Students are encouraged to find their own 
solution (figure 4). They usually conclude it can be a vertical line 
segment connecting the top point and the center of the base, or 
projection of one side of a base on an imaginary horizontal straight 
line. 

 
Figure 5.Wire pyramid measuring technique 
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After drawing wire models students have the necessary skill set for 
solid model drawing. The first task is a still life made of cylindrical 
bottles. It is one of the most important steps towards drawing a human 
figure, because every limb can be viewed as a cylinder. Learning to 
draw a cylinder in perspective is, therefore, crucial for successful 
figure drawing. 

 
Figure 6.Still life with three identical cylindrical bottles  

A still life consists of three identical bottles on a horizontal plane 
(a desk, for example). One bottle is placed vertically (figure 6). The 
other two are put horizontally, but in such way that insure that every 
student views at least one bottle under an angle.  

The unit of measurement would be one of vertical dimensions of 
the vertical bottle, either the whole height or the height of the bottle 
neck (figure 7). 

 
Figure 7.The unit of measurement of still life with bottles 
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An important thing is to understand that the base of every bottle, 
which is circle watched directly from a front, becomes warped ellipse. 
The half of ellipse that is closer to us is longer. The axis is vertical 
because the bottles are on horizontal plane (figure 8). 

 
Figure 8. Observing bases of bottles as ellipses 

The next step in this course is the application of this principals 
described in drawing parts of the human body, hands and feet of the 
model, then to portrait drawing and the drawing of the whole human 
figure.  

The results of this program are shown in the next figures (9-11). 
This examples of student works show that they mastered the basic 
drawing techniques during the 13weeks of the duration of the course.  

 
Figure 9. Drawing of hand in different perspective view 
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Figure 10.Examples of portrait drawings 

 
Figure 11.Examples of figure drawing 



 

367 

 

4. CONCLUSION 

The conclusion is that simplifying object of drawing and viewing it 
as a combination of geometrical bodies can be very useful when 
sketching a first draft, can enable inexperienced students achieve 
professional results and teach them to observe and to notice important 
elements, points, angles on the figure they draw. 
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Abstract 

This paper brings up set of themes and methods in descriptive 
geometry education in a Belgrade secondary school of civil 
engineering. 

During the descriptive geometry course, with two classes per 
week, pupils of the 1st and the 2nd grade meet orthogonal and 
oblique projections of geometric objects, building parts and interiors; 
they construct sections and meshes; they solve out roof panes. 

In order to make the complex curriculum more approachable, 
interesting and easier to learn, to connect it with the other branch 
subjects and future occupation, the teaching is performed by the 
traditional, but improved,  means  and computer ,,animated 
geometry‘‘ , bringing the atmosphere and movement in the classroom, 
bearing the pupil age and profile always in mind. 

Refreshment and richness of the educational process by new, 
amusing samples from ordinary life, is the attempt to get this serious 
discipline closer to the young and their interests. 

 
Key words: descriptive geometry, pupils, animation, 

improvement,  
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1. EVERY BEGINNING IS HARD 
 

      There is nothing more confusing for pupils but the point in 
descriptive geometry. 
      Just as we have reached point at general pose walking along  x and 
y way, standing up and seating down /z way/, the nulls appear!There 
we can help us with rubbers and chalks fallen on floor, sponge prints 
on blackboard or footprints in snow,  nails on walls, insects on 
classroom window. Moving through the space, phisical activity and 
connecting to surrounding are the attempts of additional motivation 
and efect on adoption of new issues and relations in geometric space. 
      Cardboard demontable model of 1st octant with drawn point 
projections and additional model of point are always wellcome. 
      Fine exercise for general and special point pose would be vertices 
of box or cube with a vertex at coordinate beginning and edges parallel 
to x, y and z axes. 
      Very few curios pupils walk through octants with point differently 
far from projekcion planes, so we would finish with point equidistant 
from H, F and P, where the great surprise waits in 2nd and 8th octants 
when all three point projekcions match each other. 

 
2. DOES THE CONE HAVE BASE? 

 
      Throughout lines and plane geometric shapes in special pose we 
arrive to geometric objects, also in special pose. This is much concrete 
theme and appropriate models can contribute well. 
     First example of same straight square pyramid with base at 
horizontal, frontal and profil plane successively ilustrates three 
karacteristic poses of geometric object, similarities of projekcions and 
differences in their disposition due to pose. Problem of visibility with 
corniculate objects /prism and pyramid/ can be solved using solid and 
wire models, as well as objects  with differently coloured sides. 
      Rounded objects in formal course include cone and cylinder; 
sphere and hemisphere cause curiosity, they are well accepted already 
in 1st grade /Fig. 1/, and specialy intrigant when hollow hemisphere - 
bowl holds liquid /Fig. 2/, when dome light area should be presented 
or its arrayed apex arches /Fig. 3/. 
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Figures 1, 2 and 3.  hemisphere, calotte and segments 
      
Real fun begins by combining corniculate, rounded objects and  

these two groups mutually. Variating spatial relations, dimensions and 
poses of objects as solids or surfaces, pupils detach from seen and try 
to present new, abstract sets constantly connecting everyday life, 
theory and future tehnical practice. 

In example of composition of two same prisms, differently set in 
space, with shading of vertical prism, hidden part could be a problem 
although models are in front of pupils /Fig.  4.  i  5/. Different coloures 
of models bring up to better perception. 

 

 
 

Figures 4.  i  5. prisms with right/wrong visibility 
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The example of horizontal square prism /walls/ and wider 
triangular prism above /gable roof with eaves/ in simple way shows 
projekcions /Fig. 6/ of building object that we come to daily and 
probably first one we had drawn in early childhood. Simplicity and 
familiarity of the example are attempt to connect everyday life and 
way of presentation in future practice. 

The example of vertical square prism with square pyramid of less 
base as roof - tower /Fig. 7/ also in simple way shows often seen 
motive in building practice. 

While presenting both compositions, emphasis is on overhang and 
back up of roof panes in regard to main part, simulating expecting 
situacions in future practice. 

 

 
 

Figures 6. and  7. compositions of corniculate geom. objects      
  
The example of vertical cone, with vertex downside, and 

hemisphere above, cheerly shows „ice-cream“, making drawing of 
„upsidedown“ cone first, and „adding a ball“ afterwards. 

Generally, phase drawing of one and adding the other object 
gradually solves problem in case that completly set composition seems 
to be too complicated, and dislikable task at once. 

Imposing shallow cone shell on vertikal cone with common apex, 
connects 2 characteristic poses of same geometric object /Fig. 8/, with 
base on projekcion plane and base parallel to projekcion plane into 
composition which reminds on natural motives /mushroom, Chrmas 
tree/, emphasizing geometry in nature. 
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Figures  8. and  9. compositions of cones 
 

The most important moment comes on with questioning: „Does the 
cone have base?“, „Are the bases of same radius?“ If questions are 
asked, it means pupils can see differences in presenting solid/hollow 
composed object, composition or union of elements, as well as more 
complex image of bases with different radius, even three circles in 
case of 1st projekcion /Fig. 9/. In given examples cones are treated as 
separated hollow elements /Figures 8 and 9/. 

 

 
 

Figures 10. and 11. workshop and rezult 
 

Models of Chrmas trees /Fig.11/ were made within workshop 
/Fig.10/ according to calculation of central angles and lenghth of 
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developed shell for appointed ratio of cone heights and overhangs 
during mathematic class, with adoption of approximate values.  

The example of cone shell posted on vertical cylinder of less base 
/Fig. 12/ presents fine introduction for combining cone with square or 
triangular prism. On models of cone and cylinder one can notice 
characteristic contiguous circle, which should be imagined when 
combining cone and prism as circumscribed circle to square or 
triangular base of prism. 

The example of cone shell on vertical square prism has been solved 
in two ways looking at diagonal /Fig. 13/ and cross /Fig. 14/ section  
of composed object. 

 

 
 

Figures 12, 13. and 14. sets of rounded and corniculate geom.objects 
             

The examples of vertical semicylinders, same/different radius, 
moved horizontaly/verticaly, detached/attached, start from models of 
two same /Fig. 15/; theme has developed towards different, abstract 
elements and their combinations /Fig. 16, 17/, using tehnical symbols 
/elevation marks - Fig.16/, as an introduction and corelation to 
tehnical practice. 
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Figures 15, 16. and 17. compositions of semicylinders 
 

The examples of composed object formed by subtraction /cube 
hollowed by semicylinder/ reminding to bridge or tunel, differently 
posted to H, F, P with edges parallel to coordinate axes - 1st grade 
/Fig. 18/ or rotated cube – 2nd grade /Fig. 19, 20/, are fine exercises 
for presenting solid-hollow, external-internal space with easier notice 
of different presentation of geometric object with base at projekcion 
or auxiliary plane. Vertical combining, rotating upper in regard to 
groundfloor, as well as different colours, offers more variety and 
systemization. 

 

 
 

Figures 18, 19. and  20. sets of combined objects 
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3. ANIMATED GEOMETRY 
 

Term „animated geometry“ in this paper relates to animated 
drawing and animation of 3D modeling of spatial elements. 

When drawing becomes complex, large and hard to follow further, 
fall of interest and giving up are most likely outcomes in classroom. 
Power Point presentation is powerfull mean to present matter that it 
could be followed to the end and to result by complete drawings both 
in notebooks and blackboard! 

With oblique projection, sections, arbitrary and auxiliary planes, 
complex roofs phase drawing, graduallity with step dosage, capability 
of return to previous phase at any moment, as well as step further for  
skilful pupils, are key advantages of this way of teaching descriptive 
geometry over tradicional. The best effects could be achieved by 
inserting precise tehnical drawing /Acad/ with preplanned and 
prepaired objects /Fig. 21/. Drawings are not finished very often in 
terms of complete marks and data /Fig. 22/ in order to get and  
withhold attention during presentation by lively communication and 
direct involving of teacher - pupils like to see devoted efforts from 
other side of cathedra, not only mouse click. Possibility of remarks, 
write and erase options directly on slide during step by step 
presentation is commonly used. 

 
                   

Figures  21.  and  22. oblique projection of cutted pyramid; cylinder on 
auxiliary plane 

 

E’ 

E’’ 

 Ek 

 Dk 
 Ok 

 Ak 

 Ck 

 Bk 

 Sk 

1’’  

2’’  
3’’  

4’’  
5’’  

1  

2  3  

4  
5  

A’ 

A’’ 

B’ 

B’’ 

S’’ 

C’ D’ 

C’’ D’’ 

O’=S’ 



 

376 

With some tricks and 3D effects, line becomes surface, surface  
turns to solid, in front of pupils space „grows up“ from 2D projections, 
as in example of 3 prisms /Figure 23/ or part of interior /Figure 24/. 

 
Figures 23. and 24. ppt 3D models of prisms and interior 

 
Oblique projection of prisms at paper looks like in Fig. 25. but if 

someone is playful, even Easter egg can get same motive /Fig. 26/! 
 

  
 

Figures 25. and 26. oblique projection at paper; at egg 
 

4. ELLIPSE AT ONCE 
 
Cutting solids by auxiliary planes is gladly accepted topic, which 

often results even with oblique projekcion of section /Fig. 27/. 
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Figure 27. section of pyramid  
 

Imposing auxiliary plane to cut base of object, section polygon gets 
additional points and developed net becomes more interesting, some 
lateral edges survive whole while shell splits. Cube on frontal plane, 
cut by first auxiliary plane through both bases/Fig. 28/, gets hexagonal 
section, a lateral edge is whole but bases are truncated /Fig. 29/. 

 

 
Figures 28. and 29. section and net of cube 

 
Reversing task and starting from complex prismatic object as  

ground object of given layout and elevations, which should build up - 

1 

3 2 
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add to required roof pane, we can get case often seen in building 
practice /Fig. 30/, fine to excersise elements of sloped roof. 

 

 
 

Figure 30. layout and elevations of complex object 
  

If cylinder is cut by two planes at same time, there is opportunity 
to compare cut ellipses, and developed net is a fortune of curves. At 
Figure 31. vertiical cylinder is cut by 2nd and 3rd auxiliary planes of 
different slope, both cut ellipses are found and their real sizes by 
plane rotating. Part of cylinder between two sections is emphasized. 
On developed net one can follow phase difference of cutting lines and 
ellipses /Fig. 32/. 

 

 
 

 
Figures 31. and 32. sections and net of cylinder 
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To solve section of cylinder easier, everyone can slope transparent 

bottle looking instantly at ellipse on surface of liquid /Fig. 33/ and 
recognizing it on cup wall /Fig. 34/ at home! A square bottle can be 
used to show section of prism too. Changing the slope of model, it is 
easy to demonstrate different shapes of section, including special case 
of cutting through the base of prism or ellipse.  
  

 
 

Figures 33. and 34. ellipses at once 
 

Simplicity, demonstrability, no cost and applicability of widely used    
article as model /Fig. 33, 34/ in conditions of classroom send clear 
message to young about interlacing of life and science in every 
moment everywhere around us, just need to pay enough attention. 

It is up to us teachers to help pupils to see these relations, to 
simulate possible real cases such as complex roof of angular urban 
block /Fig. 35/ in order to approach to practice making descriptive 
geometry applied science. 

 
 

Figure 35. complex roof 
 

Closing this chapter of Portfolio, there is the message of graduates: 
„Who draws, can’t think badly“ 
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